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Abstract. I tell about different mathematical tool that is important in gen- 
eral relativity. The text of the book includes definition of geometrical object, 
concept of reference frame, geometry of metric-affinne manifold. Using this 
concept I learn few physical applications: dynamics and Lorentz transforma- 
tion in gravitational fields, Doppler shift. 

A reference frame in event space is a smooth field of orthonormal bases. 
Every reference frame is equipped by anholonomic coordinates. Using an- 
holonomic coordinates allows to find out relative speed of two observers and 
appropriate Lorentz transformation. 

Synchronization of a reference frame is an anholonomic time coordinate. 
Simple calculations show how synchronization influences time measurement 
in the vicinity of the Earth. Measurement of Doppler shift from the star 
orbiting the black hole helps to determine mass of the black hole. According 
observations of Sgr A, if non orbiting observer estimates age of S2 about 10 
Myr, this star is 0.297 Myr younger. 

We call a manifold with torsion and nonmctricity the metric-affine mani- 
fold. The nonmctricity leads to a difference between the auto parallel line and 
the extreme line, and to a change in the expression of the Frenet transport 
and moving basis. The torsion leads to a change in the Killing equation. We 
also need to add a similar equation for the connection. 

The analysis of the Frenet transport leads to the concept of the Cartan 
transport and an introduction of the connection compatible with the metric 
tensor. The dynamics of a particle follows to the Cartan transport. We need 
additional physical constraints to make a nonmctricity observable. 

Learning how torsion influences on tidal force reveals similarity between 
tidal equation for geodesic and the Killing equation of second type. The rela- 
tionship between tidal acceleration, curvature and torsion gives an opportunity 
to measure torsion. 
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CHAPTER 1 



Introduction 

1.1. About This Book 

Sometimes is very hard to give name for book that you want to write. Even 
you wrote this book the whole life. And may be for this reason. The way is not 
finished. However I feel it is time to share with people my discoveries. Only future 
will tell which parts of this research will be useful. This book starts from learning 
of geometric object, turns to reference frame in physics, then suddenly changes its 
course to learn metric affine manifolds. 

Since Einstein introduced general relativity, the close relation between geometry 
and physics became a reality. At the same time, quantum mechanics introduced 
new concepts that contradicted a tradition established during centuries. This meant 
that we need new geometrical concepts that will become part of the language of 
quantum mechanics. This is the reason for returning to the beginning. 

The whole my life was dedicated to solve one of the greatest mysteries that I 
met in the beginning of my life. When I learned general relativity and quantum me- 
chanics I felt that language of quantum mechanics is not adequate to phenomenon 
that it observes. I mean the geometry. 

I dedicated chapter 2 to small essay that I wrote when I was young. 1,1 

1.2. Geometrical Object and Invariance Principle 

Sections 4.1 and 4.4 was written under the great influence of the book [23]. The 
studying of a homogenous space of a group of symmetry of a vector space leads 
us to the definition of a basis of this space. A basis manifold is a set of bases of 
particular vector space and is an example of a homogenous space. As it is shown 
in [23] it gives ability to define concepts of invariance and of geometrical object. 

We introduce two types of transformation of a basis manifold: active and pas- 
sive transformations. The difference between them is that the passive transforma- 
tion can be expressed as a transformation of an original space. 

This definition can be extended on an arbitrary manifold. However in this case 
we generalize the definition of a basis and introduce a reference frame. In case of 
an event space of general relativity it leads us to a natural definition of a reference 
frame and the Lorentz transformation. A reference frame in event space is a smooth 
field of orthonormal basis. 

The invariance principle which we studied theorem 4.4.4 is limited by vector 
spaces and we can use it only in frame of the special relativity. Our task is to 
describe structures which allow to extend the invariance principle to general rela- 
tivity. 

1 ' 1 Unfortunately some references are lost. If somebody recognize familiar text, I will appreciate 
if he let me know exactly reference. 
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A measurement of a spatial interval and a time length is one of the major tasks 
of general relativity. This is a physical process that allows the study of geometry 
in a certain area of spacetime. From a geometrical point of view, the observer 
uses an orthonormal basis in a tangent plane as his measurement tool because an 
orthonormal basis leads to the simplest local geometry. When the observer moves 
from point to point he brings his measurement tool with him. 

Notion of a geometrical object is closely related with physical values measured 
in space time. The invariance principle allows expressing physical laws indepen- 
dently from the selection of a basis. On the other hand if we want to examine a 
relationship obtained in the test, we need to select measurement tool. In our case 
this is basis. Choosing the basis we can define coordinates of the geometrical object 
corresponding to studied physical value. Hence we can define the measured value. 

Every reference frame is equipped by anholonomic coordinates. For instance, 
synchronization of a reference frame is an anholonomic time coordinate. Simple 
calculations show how synchronization influences time measurement in the vicinity 
of the Earth. Measurement of Doppler shift from the star orbiting the black hole 
helps to determine mass of the black hole. 

Sections 7.3 and 7.4 show importance of calculations in orthogonal frame. Co- 
ordinates that we use in event space are just labels and calculations that we make in 
coordinates may appear not reliable. For instance in papers [25, 26] authors deter- 
mine coordinate speed of light. This leads to not reliable answer and as consequence 
of this to the difference of speed of light in different directions. 

Paper [32] drew my attention. To explain anomalous acceleration of Pioneer 
10 and Pioneer 11 ([21]) Antonio Ranada incorporated the old Einstein's view 
on nature of gravitational field and considered Einstein's idea about variability of 
speed of light. When Einstein started to study the gravitational field he tried to 
keep the Minkowski geometry, therefore he assumed that scale of space and time 
does not change. As result he had to accept the idea that speed of light should vary 
in gravitational field. When Grossman introduced Riemann geometry to Einstein, 
Einstein realized that the initial idea was wrong and Riemann geometry solves his 
problem better. Einstein never returned to idea about variable speed of light. 

Indeed, three values: scale of length and time and speed of light are correlated in 
present theory and we cannot change one without changing another. The presence 
of gravitational field changes this relation. We have two choices. We keep a priory 
given geometry (here, Minkowski geometry) and we accept that the speed of light 
changes from point to point. The Riemann geometry gives us another option. 
Geometry becomes the result of observation and the measurement tool may change 
from point to point. In this case we can keep the speed of light constant. Geometry 
becomes a background which depends on physical processes. Physical laws become 
background independent. 

There are few papers dedicated to a variable speed of light theory [27, 28]. Their 
theory is based on idea that metric tensor may be scaleable relative dilatation. This 
idea is not new. As soon as Einstein published general relativity Weyl introduced his 
idea to make theory invariant relative conformal transformation. However Einstein 
was firmly opposed to this idea because it broke dependence between distance and 
proper time. You can find detailed analysis in [29]. 

We have strong relation between the speed of light and units of length and time 
in special and general relativity. When we develop new theory and discover that 
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speed of light is different we should ask ourselves about the reason. Did we make 
accurate measurement? Do we have alternative way to exchange information and 
synchronize reference frame? Did transformations between reference frames change 
and do they create group? 

In some models photon may have small rest mass [30] . In this case speed of light 
is different from maximal speed and may depend on direction. Recent experiment 
[31] put limitation on parameters of these models. 

1.3. Torsion Tensor in general relativity 

Close relationship between the metric tensor and the connection is the basis of 
the Riemann geometry. At the same time, connection and metric as any geomet- 
rical object are objects of measurement. When Hilbert derived Einstein equation, 
he introduced the lagrangian where the metric tensor and the connection arc inde- 
pendent. Later on, Hilbert discovered that the connection is symmetric and fonud 
dependence between connection and metric tensor. One of the reasons is in the 
simplicity of the lagrangian. 

Since an errors of measurement are inescapable, analysis of quantum field the- 
ory shows that either symmetry of connection or dependence between connection 
and metric may be broken. This assumption leads to metric-affine manifold which 
is space with torsion and nonzero covariant derivative of metric (section 6.1). In- 
dependence of the metric tensor and the connection allows us to see which object 
is responsible for different phenomenon in geometry and therefore in physics. Even 
we do not prove empirically existence of torsion and nonmetricity we see here very 
interesting geometry. 

The metric-affine manifold appears in different physical applications. It is very 
important to understand what kind of geometry of this space is, how torsion in- 
fluences on physical phenomena. This is why small group of physicists continue to 
study gravitation theory with torsion [12, 13, 14, 15, 16]. 

In particular we have two different definitions of a geodesic curve in the Rie- 
mann manifold. We consider a geodesic curve either as line of extreme length (such 
line is called extreme), or as line such that tangent vector keep to be tangent to 
line during parallel transfer (such line is called auto parallel). Nonmetricity means 
that parallel transport docs not conserve a length of vector and an angle between 
vectors. This leads to a difference between definitions of auto parallel and extreme 
lines ([17] and section 8.1) and to a change in the expression of the Frenet trans- 
port. The change of geometry influences the second Newton law which we study in 
section 9.1. I show in theorems 8.6.1 and 9.1.1 that a free falling particle chooses 
an extreme line transporting its momentum along the trajectory without change. 

Patcrn of the Newton second law depends on choice of potential. In case of 
scalar potential the Newton second law holds the relationship between force, mass 
and acceleration. In case of vector potential analysis of motion in a gravitational 
field shows that the field-strength tensor depends on the derivative of the metric 
tensor. 

Nonmetricity dramatically changes law how orthogonal basis moves in space 
time. However learning of parallel transport in space with nonmetricity allows us 
to introduce the Cartan transport and an introduction of the connection compat- 
ible with the metric tensor (section 8.6). The Cartan transport holds the basis 
orthonormal and this makes it valuable tool in dynamics (section 9.1) because the 
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observer uses an orthonormal basis as his measurement tool. The dynamics of a 
particle follows to the Cartan transport. The question arises from this conclusion. 

We can change the connection as wc show in section 8.6. Why we need to learn 
manifolds with an arbitrary connection and the metric tensor? The learning of the 
mctric-afnnc manifold shows why everything works well in the Ricmann manifold 
and what changes in a general case. What kind of different physical phenomena may 
result in different connections? Physical constraints that appear in a model may 
lead to appearance of a nonmetricity [15, 18, 19]. Because the Cartan transport is 
the natural mechanism to conserve orthogonality we expect that we will interpret 
a deviation of the test particle from the extreme line as a result of an external to 
this particle force 1,2 . In this case the difference between two types of a transport 
becomes measurable and meaningful. Otherwise another type of a transport and 
nonmetricity are not observable and we can use only the transport compatible with 
metric. 

I see here one more opportunity. As follows from the paper [18] the torsion 
may depend on quantum properties of matter. However the torsion is the part 
of the connection. This means that the connection may also depend on quantum 
properties of matter. This may lead to breaking of the Cartan transport. However 
this opportunity demands additional research. 

The effects of torsion and a nonmetricity are cumulative. They may be small 
but measurable. We can observe their effects not only in strong fields like black hole 
or Big Bang but in regular conditions as well. Studying geometry and dynamics 
of point particle gives us a way to test this point of view. There is mind to test 
this theory in condition when spin of quantum field is accumulated. We can test a 
deviation from second Newton law or measure torsion by observing the movement 
of two different particles. 

To test if the spacctime has the torsion we can test the opportunity to build 
a parallelogram in spacctime. We can get two particles or two photons that start 
their movement from the same point and using a mirror to force them to move 
along opposite sides of the parallelogram. We can start this test when we do not 
have quantum field and then repeat the test in the presence of quantum field. If 
particles meet in the same place or we have the same interference then we have 
torsion equal in this thread. In particular, the torsion may influence the behavior 
of virtual particles. 

1.4. Tidal Acceleration 

Observations in Solar system and outside are very important. They give us an 
opportunity to see where general relativity is right and to find out its limitation. It 
is very important to be very careful with such observations. NASA provided very 
interesting observation of Pioneer 10 and Pioneer 11 and managed complicated 

12 For instance if we extend the definition (9.1.2) of a force to a general case (9.1.1) we can 
interpret a deviation of a charged particle in electromagnetic field as result of the force 

F j = A;9 ij F u u l 
cu v 

The same way we can interpret a deviation of the auto parallel line as the force 
I remind that the Cartan symbol is the tensor 
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calculation of their accelerations. However, one interesting question arises: what 
kind of acceleration did we measure? 

Pioneer 10 and Pioneer 11 performed free movement in solar system. Therefore 
they move along their trajectory without acceleration. However, it is well known 
that two bodies moving along close geodesies have relative acceleration that we call 
tidal acceleration. Tidal acceleration in general relativity has form 

(i.4.i) ^ = i 4 fcfa vv 

where v l is the speed of body 1 and 5x k is the deviation of geodesic of body 2 from 
geodesic of body 1. We see from this expression that tidal acceleration depends on 
movement of body 1 and how the trajectory of body 2 deviates from the trajectory 
of body 1. But this means that even for two bodies that are at the same distance 
from a central body we can measure different acceleration relative an observer. 

Section 9.3 is dedicated to the problem what kind of changes the tidal force 
experiences on metric affine manifolds. 

Finally the question arises. Can we use equation (9.3.5) to measure torsion? 
We get tidal acceleration from direct measurement. There is a method to measure 
curvature (see for instance [20]). However, even if we know the acceleration and 
curvature we still have differential equation to find torsion. However, this way may 
give direct answer to the question of whether torsion exists or not. 

Deviation from tidal acceleration (1.4.1) predicted by general relativity may 
have different reason. However we can find answer by combining different type of 
measurement. 
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Space and Time in Physics 

2.1. Geometry and Physics 

Reason, of course, is weak, when measured 
against its never-ending task. Weak, indeed, com- 
pared with the follies and passions of mankind, 
which, we must admit, almost entirely control 
our human destinies, in great things and small. 
Yet the works of the understanding outlast the 
noisy bustling generations and spread light and 
warmth across the centuries. 

[6], p. 219 

Geometric ideas are not creations of free intellect, but on the contrary, they are 
product of human activity. Ideas about space and time changed as knowledge 
developed. 1 ' 1 

Law cannot be exact at least because concepts on the base, which we 
formulate it, may develop and may become insufficient. Signs of dogma 
of impeccability remain on the bottom of any thesis and any proof. 



Mathematics originated from specific needs of human practice and developed 
along complex and contradictory way of knowledge. From one hand, this is the 
most abstract area of science. Mathematician freely operates with abstract ideas, 
learns their properties, generalizes, creates new ideas and definitions, and wanders 
from practice. This makes more surprising success of applied mathematics. Its 
success always surprised people, mostly in XX century when such abstract parts 
of mathematics like group theory, functional calculus, and differential geometry 
became language of modern physics. Contact of mathematics with any other field 
of science leads to mutual enrichment of both. 

One reason why mathematics enjoys special esteem, above all other 
sciences, is that its laws are absolutely certain and indisputable, while 
those of all other sciences are to some extent debatable and in constant 
danger of being overthrown by newly discovered facts. In spite of this, the 
investigator in another department of science would not need to envy the 
mathematician since the laws of mathematics referred to objects of our 
mere imagination, and not to objects of reality For it cannot occasion 
surprise that different persons should arrive at the same logical conclusions 
when they have already agreed upon the fundamental laws (axioms), as 
well as the methods by which other laws are to be deduced therefrom. 
But there is another reason for the high repute of mathematics, in that it 
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is mathematics which affords the exact natural sciences a certain measure 
of security, to which without mathematics they could not attain. 

At this point an enigma presents itself which in all ages has agitated 
inquiring minds. How can it be that mathematics, being after all a product 
of human thought which is independent of experience, is so admirably 
appropriate to the objects of reality? Is human reason, then, without 
experience, merely by taking thought, able to fathom the properties of 
real things. 

w 

Mathematics has empiric roots. Algebra associated with necessity of calcula- 
tions. Geometry was created by necessity of measurement on earth surface. Logic 
is abstract expression of causal relationship. Calculus studies movement. This is 
exactly why on a certain phase of development it becomes possible to describe real 
processes using mathematical models of different level of complexity. Gradually 
statements of theoretical mathematics become instrument of applied mathematics; 
mathematics becomes empiric field of science. 

Only main concepts and such called axioms remain in mathematics as 
evidence of empiric origin of geometry. People tried to reduce number of 
this logically irreducible concepts and axioms. Tendency to take out all 
geometry from dim area of empiric insensibly leads to erroneous conclusion 
which we can liken to conversion of heroes of antiquity into gods. People 
gradually accustomed to point of view on main concepts as obvious, i.e. 
objects and qualities which belong to human mind. According to this point 
of view, objects of intuition correspond to main concepts of geometry and 
negation of any axiom of geometry cannot be done consistently. In this 
case, possibility of application of this main concepts and axioms to objects 
of reality becomes the problem from which Kant's understanding of space 
appeared. 

Physics gave second cause for denial geometry from its empiric foun- 
dation. According to more refined point of view about nature of solid body 
and light, in nature there are no such objects, which exactly correspond 
to main concepts of Euclidean geometry by their property. We cannot 
assume solid body as steady. Ray of light does not reproduce nor straight 
line, nor any one-dimension image. According to modern science view, 
geometry taken separately does not correspond ... to any tests. It should 
be applied to explanation together with mechanics, optics, etc. Geome- 
try has to appear as science logically preceding any experience and any 
empirical verification because geometry has to precede physics as long as 
laws of physics cannot be expressed without help of geometry. 

[5], P 170 

... As far as the laws of mathematics refer to reality, they are not 
certain; and as far as they are certain, they do not refer to reality ... 

w 

. . . Question about applicability or no applicability of Euclidean geom- 
etry obtains clear meaning from this point of view. Euclidean geometry 
as geometry in general keeps nature of mathematical science because de- 
duction of its theorems from axioms is still logical problem. However, it 
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becomes physical science because its axioms hold inside statements rela- 
tive objects of nature and correctness of these statements may be proved 
only by experiment. 

[5], P 181 

Form of object is not something external relative to this object. The 
form belongs to object and object defines this form. This is why forms of 
existence of real world are common structure defined by its fundamental 
properties... Efficient theory of spacctimc essentially derives properties of 
spacetime from properties of matter. This was the source of geometry. 
First of all it reflected general properties of relations between solid bodies 
which were defined in particular by ability to move. 

[9], P 117 

... it is certain that mathematics generally, and particularly geometry, 
owes its existence to the need which was felt of learning something about 
the relations of real things to one another. The very word geometry, which, 
of course, means earth measuring, proves this. For earth measuring has to 
do with the possibilities of the disposition of certain natural objects with 
respect to one another, namely, with parts of the earth, measuring-lines, 
measuring- wands, etc. It is clear that the system of concepts of axiomatic 
geometry alone cannot make any assertions as to the relations of real 
objects of this kind, which we will call practically rigid bodies. To be able 
to make such assertions, geometry must be stripped of its merely logical- 
formal character by the co-ordination of real objects of experience with 
the empty conceptual framework of axiomatic geometry. To accomplish 
this, we need only add the proposition: 

- Solid bodies are related, with respect to their possible dispositions, 
as are bodies in Euclidean geometry of three dimensions. Then the propo- 
sitions of Euclid contain affirmations as to the relations of practically rigid 
bodies. 

Geometry thus completed is evidently a natural science... Its affir- 
mations rest essentially on induction from experience, but not on logical 
inferences only. We will call this completed geometry practical geometry, 
and shall distinguish it in what follows from purely axiomatic geometry. 
The question whether the practical geometry of the universe is Euclidean 
or not has a clear meaning, and its answer can only be furnished by ex- 
perience. All linear measurement in physics is practical geometry in this 
sense, so too is geodetic and astronomical linear measurement, if we call 
to our help the law of experience that light is propagated in a straight 
line, and indeed in a straight line in the sense of practical geometry. 

w 

This discussion shows that mathematics is not separate area of knowledge that 
develops independently from cognitive and reformatory practice of human. In deed, 
practice is initial source for mathematics and finally mathematics is indispensable 
instrument in human practice. 



14 



2. Space and Time in Physics 



2.2. Spacetime 

... Space and time are not simple forms of 
phenomena but objective and real forms of exis- 
tence. There is nothing in the world except mov- 
ing matter and moving matter can move only in 
space and time... Changeability of human repre- 
sentations of space and time deny objective real- 
ity of both as little as changeability of scientific 
knowledge about structure and forms of move- 
ment of matter do not deny of objective reality 
of exterior world. 

Lenin, 110 

... Not objects assume existence of space and 
time, but space and time assume existence of ob- 
jects because space or extent assumes existence 
of something that is extensive and time assumes 
movement. Time is only idea derived from move- 
ment and assumes existence of something that 
moves. Everything is spatial and temporal. 

Fuerbach 

Before study of interaction of geometry and general relativity we have to make 
clear definition of main concepts. Main concept of geometry is space. Space filled 
by physical contents is spacetime. 

... Idea "mater object" has to exist before ideas related to space. 
This is logically initial idea. We can easily make sure this analyzing such 
spatial terms as "near", "contact", etc. and looking for their equivalence 
in experiment. 

109, p 135 

Physical idea of time responds to idea of intuitive mind. However, 
such idea traces back to order in time of sensations of person and we 
have to accept this order as something initially given. Somebody feels ... 
perception at this moment and this perception is connected with remem- 
brance about (previous) perceptions. This is a reason that perceptions 
create time series based on estimations " before" and " after" . These se- 
ries may be repeated and then we can identify them. In addition, they 
may be repeated inaccurately, with replacement of some events by oth- 
ers. Moreover, we do not lose pattern of repetition. We come this way to 
introduction of time like one-dimensional frame that we can fill different 
way by sensations. The same series of sensations respond to the same 
subjective intervals of time. 

Transition from this "subjective" time ... to concept of time in pre- 
scientific mind is linked with rise of idea of existence of real world that 
is independent from subject. In the sense, they establish correspondence 
between (objective) event and subjective sensation; they compare "sub- 
jective" time of sensation with "time" of corresponding "objective" event. 
External events and their order claim to truth for all subjects contrary to 
sensations. 
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... At more detailed examination of idea of objective world of external 
events it required to establish more complex dependence between events 
and sensations. At first, it was done with help of instinctive rules of mind 
where of space plays the most important role. Process of complication of 
concepts leads finally to natural fields of science. 

109, p 242, 243 

Form of object ... is set of relations between its parts. Therefore, we 
should speak about matter connections of elements of the world, which in 
their totality define spacetime. 

The simplest element of world is something that we call event, ft 
is "point" phenomenon like flash of bulb. Using visual concepts about 
spacetime this is phenomenon that we can disregard its extent in space 
and time... Event is like point in geometry... Any phenomenon, any 
process occurs as connected set of events. 

Abstracting from all properties of event apart from it exists we repre- 
sent it as ... "world point", spacetime is set of all world points. 

[9], p 133, 134 

However, such definition is incomplete. It does not consider that any 
event ... influences on any other events and it itself is influenced by other 
events. In general, an influence is movement that connects one event with 
other through row of intermediate events... Using concepts of physics, we 
can define influence transmission of momentum and energy. 

[9], P 134 

Geometry of spacetime in that way is inseparable from physical processes run- 
ning in spacetime. 

Spacetime is set of all events in the world such that they are abstract 
from all its properties except ones that are defined by relation of influence 
one event on another. 

Spacetime structure of the world is its causal-investigatory structure 
acquired in proper abstraction. 

[9], P 135 

Next question that we want to study is question about physical content of 
concept of coordinates. To understand all importance of this question let recall 
how introduced Einstein common time in relativity. First, each observer has its own 
clock. To insure that time of each observer is coordinate we need synchronization 
of the clocks. However, process of synchronization is based on physical phenomena. 

If at the point A of space there is a clock, an observer at A can deter- 
mine the time values of events in the immediate proximity of A by finding 
the positions of the hands which are simultaneous with these events. If 
there is at the point B of space another clock in all respects resembling the 
one at A" , it is possible for an observer at B to determine the time values 
of events in the immediate neighbourhood of B. But it is not possible 
without further assumptions to compare, in respect of time, an event at 
A with an events at B. We have not defined a common "time" for A and 
B, for the latter cannot be defined at all unless we establish by definition 
that the "time" required by light to travel from A to B equal the "time" 
it requires to travel from B to A. Let a ray of light start at the "A time" 
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tA from A toward B, let it at the n B time" ts to be reflected at B in the 
direction of A, and arrive again at A at "A-timc" t' A . 

In accordance with definition the two clocks synchronize if 

tB — tA = t A — ts 

We assume that this definition of synchronism is free from contra- 
dictions, and possible for any number of points; and that the following 
relations are universally valid: - 

1) If the clock at B synchronizes with the clock at A, the clock at A 
synchronizes with the clock at B; 

2) If the clock at A synchronizes with the clock at B and also with 
the clock at C, the clocks at B and C also synchronize with each other. 

[1], PP- 39, 40 

Similar construction based on measurement of distance between observers (we 
can do it also with help of light signal) leads to concept of space coordinates. 

Problem of coordinates in general relativity is more complex; however, its main 
point remains: coordinates are concentrated expression of interaction of different 
observers in spacetime. 

2.3. Covariance Principle 

Movement is essence of time and space, be- 
cause it is universal; to understand it means to 
tell its essence in form of concept. 

Gegel, Lectures about history of philosophy 
Movement is essence of time and space. Two 
main concepts express this essence: (infinite) con- 
tinuity and "punctuality" (= negation of conti- 
nuity, discontinuity). Movement is unity of con- 
tinuity (of time and space) and discontinuity (of 
time and space). Movement is contradiction, is 
unity of contradictions. 

Lenin, Philosophic notebooks 
After definition of space, we can turn to main principles of general relativity. Gen- 
eral covariance principle and equivalence principle are main principles of general 
relativity. There is close connection between them. Einstein formulates main prin- 
ciples guided by Mach principle. 

Let K is Galiley coordinate system, i.e. certain mass enough remote 
from others moves straightforward and uniformly relative this system (at 
least in considered 4 dimension area). Let K' is second coordinate sys- 
tem which moves uniformly accelerated relative K. Than enough isolated 
from other mass performs relative K' accelerated movement; moreover 
nor acceleration nor direction does not depend from chemical structure or 
physical state of this mass. 

Can observer, rest relative coordinate system K', conclude from this 
that he is in " really" accelerated coordinate system? Answer on this ques- 
tion has to be negative because we can differently; explain behavior of 
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masses free moving relative K' . Coordinate system K' does not have ac- 
celeration, however in considered area of spacetime there is gravitational 
field which causes accelerated movement of bodies relative K' . 

[2], pp. 521, 522 

However, Einstein made in this manuscript two mistakes. Stating foundations 
of general relativity he writes 

We see from the considerations that creation of general relativity must 
lead to theory of gravitation because we can "create" gravitational field 
simply changing coordinate system. 

[2], P. 522 

First, close connection of main principles does not mean their equality. Equiv- 
alence principle was historically first and the most simple principle formulated in 
general covariant form. Later Einstein realized that he cannot reduce general rela- 
tivity to gravitational field. He spent the rest of his life to development of covariance 
principle. 

Second. Einstein by mistake identified Lorentz transformation with general 
coordinate transformation as result of identification reference frame and coordinate 
system. The grossest error was that Einstein supposed that it is possible to create 
gravitational field in inertial reference frame using Lorentz transformation even we 
did not observe it before. However this contradicts to covariance principle. Actually, 
we have here transfer to nonincrtial reference frame expressed in appearance of 
nonholonomity of coordinates used by observer. 

... It is impossible to substitute field of gravity by state of movement of 
system without gravitational field as well as it is impossible to transform all 
points of arbitrarily moving thread to rest by relativistic transformation. 

107, p 166 

However, isolated observer does not know which coordinate he uses. From 
other side in inertial reference frame and in gravitational field free bodies move 
along trajectory which does not depend on mass. 

Equivalence principle is statement about complete equivalence of all 
physical processes and phenomena in homogeneous field of gravity and 
in appropriate uniformly accelerated reference frame. In general case we 
speak about enough small spacetime areas. Equality of inertial mass and 
gravitational mass follows from equivalence principle because otherwise 
mechanical movement in accelerated system would be different from me- 
chanical movement in field of gravity. 

Ginzburg, 105, p 339 
Analysis that I made recently shows that equivalence principle does 
not relates to equality of two different types of mass. The main point 
of equivalence principle is that no one phenomenon can distinguish one 
reference frame from another and laws of physics do not depend on which 
reference frame we use. Learning of electro magnetic fields shows that 
mass is less important in general relativity than we believed before. Not 
mass but momentum-energy tensor creates gravitational field. Light does 
not have mass but it has momentum. Einstein fixed his errors and formu- 
lated main principles next way: Let K is inertial system without field of 
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gravity, K 1 is coordinate system which moves uniformly accelerated rel- 
ative K. Then behavior of matter point relative system K' will be the 
same as when K' is inertial system where homogeneous field of gravity ex- 
ists. Thus, definition of inertial system appears unfounded on the base of 
known from experience properties of gravity. Arises idea, that from point 
of view formulating law of nature each any way moving reference frame 
tantamount any other and therefore for areas of finite extent there are 
no physically chosen (privileged) states of movement (general relativity) . 
Consistent realization of this idea demands more deep then in special rel- 
ativity modification of geometric and kinematics fundamentals of theory... 
Generalizing we come to next result: field of gravity and metrics represent 
different forms of manifestation of the same physical field. 

w 

Modern formulating of covariance principle does not depend on equivalence 
principle. Main point is that Lorentz transformations create definite group and 
physical values are invariant structures relative this group. 

I want to point out, different erroneous interpretations of statements of general 
relativity and Einstein's statements (in particular, early) deplete content of general 
relativity. Thus identifying both principles Fock claimed that general relativity 
would be better called gravitation theory. Others authors consider that either 
principle like the Mach principle served as midwife and is not the basic principle of 
the theory anymore. Ambiguity of definition of Lorentz transformation caused wide 
research. Researchers mistaken simplified problem, chooscd privileged reference 
frame. However, this contradicts to equivalence principle. 

Essential achievement of general relativity consists in escape of physics 
to introduce " inertial system" . The latter concept is unsatisfactory be- 
cause it chooses some systems from all conceptually possible coordinate 
systems without any proof. Then it assumes that laws of physics apply 
only for such inertial systems... On this way, space as such receives part 
choosing it from other elements of physical description, ft plays certain 
part in all processes but does not meet back action. Such theory is possi- 
ble; however, it does not appear satisfactory. Newton quite realized this 
imperfection; but he as well realized that he does not have another way 
at his time. Ernst Mach put particular attention on this circumstance 
between physicists of posterior time. 

106, p 854, 855 

Ginzburg writes systematizing erroneous conceptions 

... Name "general relativity" is completely naturally and we do not 
have reasons to decline it. Also change of this name seems impossible 
because of established custom. 

Unfortunately, the questions of terminology and word usage interlace 
such close with existing problems that they very often prevent discussion of 
these problems ... and force to argue about words... Question about name 
of theory ... such clear terminological and cannot create divergence of the 
essentials. However, we cannot tell the same about problem of existing 
privileged reference frame in general relativity... Privileged reference frame 
in general relativity exists for small enough area in spacetime ... i.e. free 
falling local inertial reference frame ... where there are no forces of gravity 
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and special relativity is correct. However, such systems ... do not coincide 
with incrtial systems of classical mechanics... 

We do not sec any analogue of incrtial system, any so privileged sys- 
tem for area of finite extend. Opportunity of terminological disagreement 
appears here. Research of specific problems is associated with simplifica- 
tion, approximation, idealization of situation... However quite obviously 
particular case of such privilege which is different from privilege of incrtial 
system of classical mechanics. 

105, p 343 - 345 

2.4. Spacetime and Quantum 

Every man is prisoner of his own ideas, and 
everybody must to blow up it in his youth to 
try comparing his ideas with reality. However, it 
is possible through several centuries that other 
man will reject his ideas. It is impossible in case 
of artist for his peculiarity. It happens only on 
the way to truth. And this is not sorrow. 

w 

Ideas are close associated with physics. In macrophysics, all bodies have accu- 
rately definite form and move along accurately definite trajectories and geometry (in 
the variety of representations and theories) describes uniquely defined structures. 
General relativity is not exception. 

In particular simple event is event that we can disregard duration and size. 
When we consider quantum processes such definition becomes incorrect. Point in 
space, trajectory of movement, form of body become abstractions, which do not 
have real analogue. However, we cannot disregard duration or size in most cases. 
Disappearance of border existing in macrophysics between waves and particles leads 
to washing out accurate geometric forms. Therefore, geometric forms come to 
contradiction with physics. 

Joint analysis of equations of quantum mechanics and general relativity leads 
to paradoxical conclusion: we need to quantize metrics. We still do not have 
appropriate geometry. We yet not have corresponding geometry, However simple 
constructions allow to say something definite about geometrical structure of space 
of general relativistic quantum mechanics. 

To understand the kernel of new geometrical consepts let us consider visual 
geometrical example. Let us consider the manifold of dimcntion 2. Assume that as 
result of problem solving we have got two metrics describing spheres of raddii R and 
r. Thus, in any point of manifold observer will be simultaneously on both spheres. 
Assume that we are on north pole. Then we discover that both spheres are tangent 
in north pole. Let us move to south. However the question arises: along which 
sphere will we move? Assume that we will move along large sphere. Then we stop 
to be tangent to small sphere. However this contradicts to assumption. Therefore, 
during movement along large sphere we carry along small sphere. Similarly, moving 
along small sphere, we carry along large sphere. 

Undoubtedly, this picture does not depend neither from dimention of manifold 
nor from number and value of metrics. Now we can sum up. 
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- Quantization of metric tensor leads to foliating of main manifold (according 
to value of metric tensor) . 

- Quantization of metric tensor pushes out moving object from main manifold 
into manifold of tangent plains. We saw this process in general relativity: system 
of measuring instruments of observer is in tangent plains. During movement of 
observer the main manifold moves without sliding along plains and is tangent to 
them all time. 

- Parallel transfer along given line is ambiguous and apparently is irreversible 
operation. Geodesic line is no more line as we use it in regular geometry and 
disintegrate into set of lines. Movement along these lines occurs certain probability. 
This leads to ambiguous representation of measuring instrument which observer 
uses. 

Terra incognita of mathematical and physical effects follows farther. The time 
is not far distant when we are witnesses of new achivemcnts in geometry, physics, 
phylosophy. 

Before I turn to question about completion of general relativity, I must 
to state my position relative physical theory that achieved the greatest 
progress from all physical theories of our time. I keep in mind statistic 
quantum mechanics... This is only modern theory giving orderly explana- 
tion to our knowledge of quantum nature of micro-mechanical processes. 
This theory from one hand and general relativity from other are considered 
correct in a sense although merging these theories did not turn out well 
so far though all efforts. This may be the reason that between modern 
physicist-theorist there are absolutely different opinions how theoretical 
foundation of future physics will look like. Will it be field theory? 

[8], p. 288, 289 

B. Field theory is not yet completely defined by system field equa- 
tions. Must we acknowledge existence of singularity? Must we postulate 
boundary conditions? 

C. May we think that field theory will allow to understand atomistic 
and quantum structure?.. I suppose nobody knows know something re- 
liable because we do not know how and to what extent elimination of 
singularities reduces set of solutions. We do not have at all any method 
for methodical getting of solutions that are free from singularities... Now 
prevails opinion that before we need transfer field theory to statistic theory 
of probability using "quantization"... I see here only attempt to describe 
relationship of essentially nonlinear nature using linear methods. 

D. We can conclusively prove that reality cannot be described by 
continuous field. It follows from quantum phenomena that finite system 
with finite energy may be described by finite set of numbers (quantum 
numbers) . It does not allow combining this with theory of continuum and 
demand algebraic theory to describe reality. However now nobody knows 
how to find basis for such theory. 

106, p 872, 873 

Before we find new geometry we can study what may happens if we join ideas 
of general relativity and quantum mechanics. 
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Representation of Group 

3.1. Representation of Group 
Definition 3.1.1. Wc call the map 

t:M^M 

nonsingular transformation, if there exists inverse map. □ 

Definition 3.1.2. Transformations is left-side transformations if it acts 
from left 

u = tu 

We denote l(M) the set of left-side nonsingular transformations of set M. □ 

Definition 3.1.3. Transformations is right-side transformations if it acts 
from right 

u = ut 

We denote r(M) the set of right-side nonsingular transformations of set M, □ 
We denote 6 identical transformation. 

Definition 3.1.4. Let l(M) be a group and 8 be unit of group 1{M). Let G 
be group. We call a homomorphism of group 

/ : G -> l(M) 

left-side covariant representation of group G in set M if map / holds 

(3.1.1) f(ab)u = f(a)(f(b)u) 

□ 

Definition 3.1.5. Let l(M) be a group and 6 be unit of group l(M). Let G 
be group. We call an antihomomorphism of group 

f :G—> l(M) 

left-side contravariant representation of group G in set M if map / holds 

(3.1.2) f(ba)u=f(a)(f(b)u) 

□ 

Definition 3.1.6. Let r(M) be a group and 8 be unit of group r(M). Let G 
be group. We call a homomorphism of group 

f :G —* r(M) 

right-side covariant representation of group G in set M if map / holds 

(3.1.3) uf(ab) = (uf(a))f(b) 

□ 
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Definition 3.1.7. Let r(M) be a group and S be unit of group r(M). Let G 
be group. We call an antihomomorphism of group 

/ : G -+ r(M) 

right-side contravariant representation of group G in set M if map / holds 
(3.1.4) uf(ab) = (uf(a))f(b) 

□ 

Any statement which holds for left-side representation of group holds also for 
right-side representation. For this reason we use the common term representation 
of group and use notation for left-side representation in case when it does not lead 
to misunderstanding. 

Theorem 3.1.8. For any g G G 

(3-1.5) fig- 1 ) = f(g)- 1 

Proof. Since (3.1.1) and 

(3.1.6) /(e) = 5 
we have 

u = 5u = f{gg- 1 )u = f{g){f{g- 1 )u) 
This completes the proof. □ 

Example 3.1.9. The group operation determines two different representations 
on the group: the left shift which we introduce by the equation 

(3.1.7) b' = L(a)b = ab 

and the right shift which we introduce by the equation 

(3.1.8) b' = R(a)b = ba 

□ 

Theorem 3.1.10. Let representation 

u = f(a)u 

be covariant representation. Then representation 

u' = h(a)u = f(a )u 
is contravariant representation. 

Proof. Statement follows from chain of equations 

h(ab) = /((ab)- 1 ) = fib^a- 1 ) = /(ir 1 )/^" 1 ) = h(b)h(a) 

□ 

Definition 3.1.11. Let / be representation of the group G in set M. For any 
v G M we define orbit of representation of the group G as set 

0(v, g G G, f(g)v) = {w = f(g)v : g G G] 

□ 

Since /(e) = 8 we have v G 0(v,g G G,f(g)v). 
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Theorem 3.1.12. Suppose 

(3.1.9) veO(u,geGJ(g)u) 
Then 

0{u l9 e GJ(g)u) = 0(v,g € GJ(g)v) 
Proof. From (3.1.9) it follows that there exists a G G such that 

(3.1.10) v = f(a)u 

Suppose w G 0(v,g G G, f(g)v). Then there exists b G G such that 

(3.1.11) w = f(b)v 
If we substitute (3.1.10) into (3.1.11) we get 

(3.1.12) w = f(b)(f(a)u) 

Since (3.1.1), we see that from (3.1.12) it follows that w G 0(u, g G G, f(g)u). Thus 
0(v,geGJ(g)v)CO(u 7 geGJ(g)u) 
Since (3.1.5), we see that from (3.1.10) it follows that 

(3.1.13) u = f{a)~ l v = fia'^v 

From (3.1.13) it follows that u G 0(v,g G G,f(g)v) and therefore 

0(u,geGJ(g)u)CO(v,geGJ(g)v) 
This completes the proof. □ 

Theorem 3.1.13. Suppose f\ is representation of group G in set Mi and 
is representation of group G in set M-i- Then we introduce direct product of 
representations f\ and f-j of group 

/ = A ® h ■ G -> M 1 ® M 2 

/(<?) = (/l(<?),/2(<?)) 

Proof. To show that / is a representation, it is enough to prove that / satisfies 
the definition 3.1.4. 

f(e) = (f 1 (e),f 2 (e)) = (8 1 ,6 2 )=S 
f{ab)u = (/i(o6)ui, f2{ab)u 2 ) 

= (/i(o)(/ 1 (6)«i) > / 2 (a)(/ 2 (6)« a )) 
= /(o)(/i(6)ui,/ a (6)« a ) 
= /(a)(/(6)«) 

□ 



24 



3. Representation of Group 



3.2. Single Transitive Representation of Group 

Definition 3.2.1. We call kernel of inefficiency of representation of 
group G a set 

K f = {g G G : /(<?) = 6} 
If Kf = {e} we call representation of group G effective. □ 

Theorem 3.2.2. A kernel of inefficiency is a subgroup of group G. 

Proof. Assume /(ai) = S and /(a 2 ) = 5. Then 

f(aia 2 )u = f{ai)(f(a 2 )u) = u 

f(a- 1 ) = f- 1 (a) = S 

□ 

If an action is not effective we can switch to an effective one by changing group 
G\ = G\Kf using factorization by the kernel of inefficiency. This means that we 
can study only an effective action. 

Definition 3.2.3. We call a representation of group transitive if for any 

a, b G V exists such g that 

a = f(g)b 

We call a representation of group single transitive if it is transitive and effective. 

□ 

Theorem 3.2.4. Representation is single transitive if and only if for any a, b G 
V exists one and only one g £ G such that a = f{g)b 

Definition 3.2.5. We call a space V homogeneous space of group G if we 

have single transitive representation of group G on V . □ 

Theorem 3.2.6. If we define a single transitive representation f of the group G 
on the manifold A then we can uniquely define coordinates on A using coordinates 
on the group G. 

If f is a covariant representation than f[a) is equivalent to the left shift L(a) 
on the group G. If f is a contravariant representation than f{a) is equivalent to 
the right shift R(a) on the group G. 

Proof. We select a point v € A and define coordinates of a point w G A as 
coordinates of the transformation a such that w = f(a)v. Coordinates defined this 
way are unique up to choice of an initial point v G A because the action is effective. 

If / is a covariant representation we will use the notation 

f{a)v = av 

Because the notation 

f(a)(f(b)v) = a(bv) = (ab)v = f(ab)v 

is compatible with the group structure we see that the covariant representation / 
is equivalent to the left shift. 

If / is a contravariant representation we will use the notation 

f(a)v = va 

Because the notation 

f{a)(f(b)v) = (vb)a = v(ba)=f(ba)v 
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is compatible with the group structure we see that the contravariant representation 
/ is equivalent to the right shift. □ 

Theorem 3.2.7. Left and right shifts on group G are commuting. 

Proof. This is the consequence of the associativity on the group G 

(L{a)R{b))c = a(cb) = (ac)b = (R(b)L(a))c 

□ 

Theorem 3.2.8. If we defined a single transitive representation f on the man- 
ifold A then we can uniquely define a single transitive representation h such that 
diagram 

h{a) 



M ■ 



M 



f(b) 



/(*>) 



M 



M 



h(a) 

is commutative for any a, b G G. 31 

Proof. We use group coordinates for points v G A. For the simplicity we 
assume that / is a covariant representation. Then according to theorem 3.2.6 we 
can write the left shift L(a) instead of the transformation f(a). 

Let points vq, v G A. Then we can find one and only one a G G such that 

v = vqo = R{o)vq 

We assume 

h(a) = R(a) 

For some b G G we have 

u'o = f(b)vo = L(b)v Q w = f(b)v = L{b)v 
According to theorem 3.2.7 the diagram 

/ o o 1 \ h{a)=R(a) 

(3.2.1) vo >-v 



f(b)=L(b) 



f(b)=L(b) 



W 



h(a)=R(a) 



is commutative. 

Changing b we get that wo is an arbitrary point of A. 

We see from the diagram that if Vq = v than wo = w and therefore h(e) = 6. On 
other hand if vo ^ v then wo ^ w because the representation / is single transitive. 
Therefore the representation h is effective. 

In the same way we can show that for given u>o we can find a such that w = 
h(a)wo- Therefore the representation is single transitive. 

In general the representation / is not commutative and therefore the represen- 
tation h is different from the representation /. In the same way we can create a 
representation / using the representation h. □ 



3' lr rhe theorem 3.2.8 is really very interesting. However its meaning becomes more clear when 
we apply this theorem to basis manifold, see section 4.1. 
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Remark 3.2.9. It is clear that transformations L(a) and R(a) are different 
until the group G is nonabelian. However they both are maps onto. Theorem 3.2.8 
states that if both right and left shift presentations exist on the manifold A we 
can define two commuting representations on the manifold A. The left shift or the 
right shift only cannot present both types of representation. To understand why 
it is so let us change diagram (3.2.1) and assume h(a)Vo = L(a)vo = v instead of 
h(a)vo = R(a)VQ = v and let us see what expression h(a) has at the point Wq. The 
diagram 

h(a)—L(a) 



f(b)=L{b) 



f(b)=L(b) 



W 



is equivalent to the diagram 



vo 



h(a) 



h(a)—L(a) 



/- 1 (6)=i(6- 1 ) 



f(b)=L(b) 



W 



h(a) 



and we have w = bv = bat'o = bab~~ 1 wo- Therefore 

h(a)wo = (bab~ 1 )wo 
We see that the representation of h depends on its argument 

3.3. Linear Representation of Group 

Suppose we introduce additional structure on set M. Then we create an addi 
tional requirement for the representation of group. 

Since we introduce continuity on set M , we suppose that transformation 

u' = f(a)u 

is continuous in u. Therefore, we get 

du' 



□ 



7^0 



Suppose M is a group. Then representations of left and right shifts have great 
importance. 

Definition 3.3.1. Let M be vector space V over field F. We call the represen- 
tation of group G in vector space V linear representation if f(a) is homomor- 
phism of space V for any a E G. □ 

Remark 3.3.2. Let transformation f(a) be linear homogeneous transforma- 
tion. fP(a) are elements of the matrix of transformation. We usually assume that 
the lower index enumerates rows in the matrix and the upper index enumerates 
columns. 

According to the matrix product rule we can present coordinates of a vector as 
a row of a matrix. We call such vector a row vector. We can also study a vector 
whose coordinates form a column of a matrix. We call such vector a column 
vector. 
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Left-side linear representation in column vector space 
v! = f(a)u u' a = fP{a)u/3 aeG 
is covariant representation 

< = f?(ba)u = /«(&)(/£ (o) U/3 ) = (f«(b)f? (a))u p 
Left-side linear representation in row vector space 

u' = f(a)u u' a = f^(a)u p aeG 
is contravariant representation 

u"~< = fJ(ba)uP = /2(6)(/|(a)^) = (f$(a)f2(b)W 3 
Right-side representation in column vector space 

u' = uf(a) u' a = upfg(a) aeG 
is contravariant representation 

u» = u f?{ab) = (u p f?(a))f«(b) = up(f«(b)f?(a)) 
Right-side representation in row vector space 

u' = uf(a) u' a =u p f%(a) aeG 
is covariant representation 

u"~< = uPfJ(ab) = (ul>f$(a))fZ(b) = u1(f$(a)f2(b)) 



□ 



Remark 3.3.3. Studying linear representations we clearly use tensor notation. 
We can use only upper index and notation u* a instead of u a . Then we can write 
the transformation of this object in the form 

u" a = f' a . u-- p 

This way we can hide the difference between covariant and contravariant represen- 
tations. This similarity goes as far as we need. □ 
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Basis Manifold 

4.1. Basis in Vector Space 

Assume we have vector space V and contravariant right-side effective linear 
representation of group G = G(V). We usually call group G(V) symmetry group. 
Without loss of generality we identify element g of group G with corresponding 
transformation of representation and write its action on vector v £ V as vg. 

This point of view allows introduction of two types of coordinates for element 
g of group G. We can either use coordinates defined on the group, or introduce 
coordinates as elements of the matrix of the corresponding transformation. The 
former type of coordinates is more effective when we study properties of group G. 
The latter type of coordinates contains redundant data; however, it may be more 
convenient when we study representation of group G. The latter type of coordinates 
is called coordinates of representation. 

A maximal set of linearly independent vectors e =< en\ > is called a basis. In 
case when we want to show clearly that this is the basis in vector V we use notation 
fy 

Any homomorphism of the vector space maps one basis into another. Thus we 
can extend a covariant representation of the symmetry group to the set of bases. 
We write the action of element g of group G on basis e as R(g)e. However not every 
two bases can be mapped by a transformation from the symmetry group because 
not every nonsingular linear transformation belongs to the representation of group 
G. Therefore, we can present the set of bases as a union of orbits of group G. 

Properties of basis depend on the symmetry group. We can select basis e vectors 
of which are in a relationship which is invariant relative to symmetry group. In this 
case all bases from orbit 0(e,g £ G,R(g)e) have vectors which satisfy the same 
relationship. Such a basis we call G-basis. In each particular case we need to prove 
the existence of a basis with certain properties. If such a basis does not exist we 
can choose an arbitrary basis. 

Definition 4.1.1. We call orbit 0(f,g £ G, i?(g)f) of the selected basis f the 
basis manifold B(V) of vector space V. □ 

Theorem 4.1.2. Representation of group G on basis manifold is single transi- 
tive representation. 

Proof. According to definition 4.1.1 at least one transformation of represen- 
tation is defined for any two bases. To prove this theorem it is sufficient to show 
that this transformation is unique. 

Consider elements gi, gi of group G and a basis e such that 

(4.1.1) i? 91 f = i? 92 f 
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From (4.1.1) it follows that 

(4.1.2) R g -,R g Jt=R gig -,t = =e 

Because any vector has a unique expansion relative to basis e it follows from (4.1.2) 
that R gig - 1 is an identical transformation of vector space V. <?i = gi because 
representation of group G is effective on vector space V. Statement of the theorem 
follows from this. □ 

Theorem 4.1.2 means that the basis manifold B(V) is a homogenous space of 
group G. We constructed contravariant right-side single transitive linear repre- 
sentation of group G on the basis manifold. Such representation is called active 
representation. A corresponding transformation on the basis manifold is called 
active transformation ([24]) because the homomorphism of the vector space in- 
duced this transformation. 

According to theorem 3.2.6 because basis manifold B(V) is a homogenous space 
of group G we can introduce on B(V) two types of coordinates defined on group G. 
In both cases coordinates of basis e are coordinates of the homomorphism mapping 
a fixed basis cq to the basis e. Coordinates of representation are called standard 
coordinates of basis. We can show that standard coordinates e\ of basis e for 
certain value of k are coordinates of vectors e^ee relative to a fixed basis eg. 

Basis e creates coordinates in V. In different types of space it may be done 
in different ways. In affinc space if node of basis is point A than point B has the 

same coordinates as vector AB relative basis e. In a general case we introduce 
coordinates of a vector as coordinates relative to the selected basis. Using only 
bases of type G means using of specific coordinates on A n ■ To distinguish them we 
call this G-coordinates. We also call the space V with such coordinates G-space. 

According to theorem 3.2.8 another representation, commuting with passive, 
exists on the basis manifold. As we sec from remark 3.2.9 transformation of this 
representation is different from a passive transformation and cannot be reduced 
to transformation of space V. To emphasize the difference this transformation is 
called a passive transformation of vector space V and the representation is called 
passive representation. We write the passive transformation of basis e, defined 
by element g £ G, as L{g)e. 

4.2. Basis in Affine Space 

We identify vectors of the affine space A n with pair of points AB. All vectors 
that have a common beginning A create a vector space that we call a tangent vector 
space TaAtl- 

A topology that A n inherits from the map A n — ► R n allows us to study smooth 
transformations of A n and their derivatives. More particularly, the derivative of 
transformation / maps the vector space TaA u into Tf^A n . If / is linear then its 
derivative is the same at every point. Introducing coordinates A , A n of a point 
A G A n we can write a linear transformation as 

(4.2.1) A a = l':.\ J + R i det P ^ 

Derivative of this transformation is defined by matrix \\Pj\\. and does not depend 
on point A. Vector (R 1 , R n ) expresses displacement in affine space. Set of 
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transformations (4.2.1) is the group Lie which we denote as GL(A n ) and call affine 
transformation group. 

Definition 4.2.1. Affine basis e =< 0,ei > is set of linear independent vec- 
tors e-i = OAi = [e\, e") with common start point O = (O , O n ). □ 

Definition 4.2.2. Basis manifold B(A n ) of affine space is set of bases of 
this space. □ 

An active transformation is called affine transformation. A passive trans- 
formation is called quasi affine transformation. 

If we do not concern about starting point of a vector we see little different type 
of space which we call central affine space CA n . In the central affine space we can 
identify all tangent spaces and denote them TCA n - If we assume that the start 
point of vector is origin O of coordinate system in space then we can identify any 

point A € CA n with the vector a = OA. This leads to identification of CA n and 
TCAn- Now transformation is simply map 

o" /'//•' detP/0 

and such transformations build up Lie group GL n . 

Definition 4.2.3. Central affine basis e =< e, > is set of linearly indepen- 
dent vectors e, = (ej, ef). □ 

Definition 4.2.4. Basis manifold B{CA n ) of central affine space is set of 

bases of this space. □ 

4.3. Basis in Euclid Space 

When we introduce a metric in a central affine space we get a new geometry 
because we can measure a distance and a length of vector. If a metric is positive 
defined we call the space Euclid £ n otherwise we call the space pseudo Euclid £ n m- 

Transformations that preserve length form Lie group SO(n) for Euclid space 
and Lie group SO(n, m) for pseudo Euclid space where n and m number of positive 
and negative terms in metrics. 

Definition 4.3.1. Orthonornal basis e =< Hi > is set of linearly indepen- 
dent vectors ei = (ef , e") such that length of each vector is 1 and different vectors 
are orthogonal. □ 

We can prove existence of orthonormal basis using Gram-Schmidt orthogonal- 
ization procedure. 

Definition 4.3.2. Basis manifold B(£ n ) of Euclid space is set of orthonor- 
nal bases of this space. □ 

A active transformation is called movement. An passive transformation is 
called quasi movement. 

4.4. Geometrical Object of Vector Space 

An active transformation changes bases and vectors uniformly and coordinates 
of vector relative basis do not change. A passive transformation changes only the 
basis and it leads to change of coordinates of vector relative to basis. 
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Let passive transformation L{a) G G defined by matrix (a*-) maps basis e =< 
ei >e B{V) into basis W =< e- >G S(V) 

(4.4.1) = a)e l 
Let vector u£ V have expansion 

(4.4.2) v = v i e l 
relative to basis e and have expansion 

(4.4.3) v = ir- 
relative to basis f. From (4.4.1) and (4.4.3) it follows that 

(4.4.4) v = v' j a)ei 
Comparing (4.4.2) and (4.4.4) we get 

(4.4.5) v* = v' 3 a) 
Because a* is nonsingular matrix we get from (4.4.5) 

(4.4.6) v H = v j a- u 3 

Coordinate transformation (4.4.6) does not depend on vector v or basis e, but is 
defined only by coordinates of vector v relative basis e. 

Suppose we select basis e. Then the set of coordinates (v l ) relative to this basis 
forms a vector space V isomorphic to vector space V. This vector space is called co- 
ordinate vector space. This isomorphism is called coordinate isomorphism. 
Denote by 5k = (S l k ) the image of vector G e under this . 

Theorem 4.4.1. Coordinate transformations (4.4.6) form right-side contravari- 
ant effective linear representation of group G which is called coordinate repre- 
sentation. 

Proof. Suppose we have two consecutive passive transformations L(a) and 
L(b). Coordinate transformation (4.4.6) corresponds to passive transformation 
L{a). Coordinate transformation 

(4.4.7) v" k = v H b-^ 

corresponds to passive transformation L^. Product of coordinate transformations 
(4.4.6) and (4.4.7) has form 

(4.4.8) v" k = iPar u ^r' l \ = v^ba)- 1 ] 

and is coordinate transformation corresponding to passive transformation L^ a . It 
proves that coordinate transformations form contravariant right-side linear repre- 
sentation of group G. 

Suppose coordinate transformation does not change vectors 6k- Then unit of 
group G corresponds to it because representation is single transitive. Therefore, 
coordinate representation is effective. □ 

Let homomorphism of group G to the group of passive transformations of vec- 
tor space W be coordinated with symmetry group of vector space V. This means 
that passive transformation L(a) of vector space W corresponds to passive trans- 
formation L(a) of vector space V. 

(4.4.9) E' a = Ai{a)E f3 
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Then coordinate transformation in W gets form 
(4.4.10) w' a = w p Aia- 1 )^ = w p A(a)- la p 

Definition 4.4.2. Orbit 

0((w,f v ),a G G, (wA(ay 1 ,L(a)f v )) 

is called geometrical object in coordinate representation defined in vector 
space V. For any basis e' v = L(a)ey corresponding point (4.4.10) of orbit defines 
coordinates of geometrical object relative basis e' v . □ 

Definition 4.4.3. Orbit 

0((w, e>v, ey), a £ G, (wA(a)^ 1 , L(a)e~w , L(a)ey)) 

is called geometrical object defined in vector space V. For any basis e' v = 
L(a)ey corresponding point (4.4.10) of orbit defines coordinates of a geometrical 
object relative to basis e' v and the corresponding vector 

w = w' a E' a 

is called representative of geometrical object in basis e' v . □ 
We also say that w is a geometrical object of type A 

Since a geometrical object is an orbit of representation, we see that according 
to theorem 3.1.12 the definition of the geometrical object is a proper definition. 

Definition 4.4.2 introduces a geometrical object in coordinate space. We assume 
in definition 4.4.3 that we selected a basis in vector space W. This allows using a 
representative of the geometrical object instead of its coordinates. 

Theorem 4.4.4 (invariance principle). Representative of geometrical object 
does not depend on selection of basis e' v . 

Proof. To define representative of geometrical object, we need to select basis 
ey, basis eyy = (E a ) and coordinates of geometrical object /. Corresponding 
representative of geometrical object has form 

w = w a E a 

Suppose we map basis ey to basis e' v by passive transformation L(a). According 
building this forms passive transformation (4.4.9) and coordinate transformation 
(4.4.10). Corresponding representative of geometrical object has form 

w' = w la E' a = A{a)- la p Al{a)E 1 = w' p E' p = w 

Therefore representative of geometrical object is invariant relative selection of basis. 

□ 

Definition 4.4.5. Let 

w\ = W\E a 
w 2 = w^E a 

be geometrical objects of the same type defined in vector space V. Geometrical 
object 

w = (wf +w%)E a 

is called sum 

W = lUi + W2 

of geometrical objects wi and W2- □ 
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Definition 4.4.6. Let 

be geometrical object defined in vector space V over field F. Geometrical object 

w 2 = (kwf)E a 

is called product 

of geometrical object w\ and constant k G F. □ 

Theorem 4.4.7. Geometrical objects of type A defined in vector space V over 
field F form vector space over field F . 

Proof. The statement of the theorem follows from immediate verification of 
the properties of vector space. □ 
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Reference Frame in Event Space 

5.1. Reference Frame on Manifold 

As is shown in section 4.1 we can identify frame manifold of vector space and 
symmetry group of this space. Our interest was not details of structure of basis, 
and stated theory can be generalized and extended on an arbitrary manifold. The 
details of structure of basis did not interest us and stated theory can be generalized. 
In this section we generalize the definition of a frame and introduce a reference frame 
on a manifold. In case of an event space of general relativity it leads us to a natural 
definition of a reference frame and the Lorentz transformation. 

When we study manifold V the geometry of tangent space is one of important 
factors. In this section, we will make the following assumption. 

• All tangent spaces have the same geometry. 

• Tangent space is vector space V of finite dimension n. 

• Symmetry group of tangent space is Lie group G. 

Definition 5.1.1. Set e =< eu\,i e I > of vector fields eu\ is called G-refer- 
ence frame, if for any x € V set e(x) =< e^(x), i G / > is a G-basis 5,1 in tangent 
space T x . 5 2 We use notation eu\ £ e for vector fields which form G- reference frame 
f. □ 

Vector field a has expansion 

(5.1.1) a = a^e (i) 

relative reference frame e. 

If we do not limit definition of a reference frame by symmetry group, then 
at each point of the manifold we can select reference frame d =< di > based on 
vector fields tangent to lines x l = const. We call this field of bases the coordinate 
reference frame. Vector field a has expansion 

(5.1.2) a = a% 

relative coordinate reference frame. Then standard coordinates of reference frame 
e have form 

(5.1.3) e (i) = efcdk 

Because vectors are linearly independent at each point matrix ||e^|| has inverse 
matrix \\e^ \\ 

(5.1.4) d k - 4% } 

^' -^According to section 4.1 we can identify basis e(x) with an element of group G. 
^' 2 In each particular case we need to prove existence of G-reference frame on manifold. 
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We use also a more extensive definition for reference frame on manifold, pre- 
sented in form e= (e(k) > & ) where we use the set of vector fields and dual 
forms such that 

(5.1.5) eW(e (0 ) = <5[f ) ) 

at each point. Forms are defined uniquely from (5.1.5). 

In a similar way, we can introduce a coordinate reference frame (<9j;, ds l ). These 
reference frames are linked by the relationship 

(5.1.6) e (fc) = e* (fc) d 4 

(5.1.7) e (fe) = ej*W 
From equations (5.1.6), (5.1.7), (5.1.5) it follows 

(5.1.8) «i%=*[? 

In particular we assume that we have Gi(n)-refcrence frame (9, dx) raised by 
n diffcrentiablc vector fields di and 1-forms dx 1 , that define field of bases d and 
cobases dx dual them. 

If we have function <p on V than we define pfaffian derivative 

dip = ditpdx 1 
5.2. Reference Frame in Event Space 

Starting from this section, we consider orthogonal reference frame e = (e.(k) , ) 
in Ricmann space with metric gij . According to definition, at each point of Ricmann 
space vector fields of orthogonal reference frame satisfy to equation 

9ii e (k) e li) = 9(k)(i) 

where = 0, if (k) ^ (I), andg (fc)(fe) = 1 org (fc)(fc) = -1 depending on signature 

of metric. 

We can define the reference frame in event space V as 0(3, l)-reference 
frame. To enumerate vectors, we use index k = 0, 3. Index k = corresponds to 
time like vector field. 

Remark 5.2.1. We can prove the existence of a reference frame using the 
orthogonolization procedure at every point of space time. From the same procedure 
we get that coordinates of basis smoothly depend on the point. 

A smooth field of time like vectors of each basis defines congruence of lines 
that are tangent to this field. We say that each line is a world line of an observer 
or a local reference frame. Therefore a reference frame is set of local reference 
frames. □ 

We define the Lorentz transformation as transformation of a reference frame 

x' 1 = P{x^x\x\x^) 

(5.2.1) 4)=°#S)4) 
where 

, dx H 



dx'? 



d m)°u) b (k) = d um 
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We call the transformation a l rj the holonomic part and transformation b^ the an- 
holonomic part. 

5.3. Anholonomic Coordinates 

Let E(V, G, 7r) be the principal bundle, where V is the differential manifold of 
dimension n and class not less than 2. We also assume that G is symmetry group 
of tangent plain. 

We define connection form on principal bundle 

(5.3.1) uj l = \%da N + Tfdx 1 uo = \ N da N + Tdx 

We call functions i\ connection components. 

If fiber is group GL(n), than connection has form 

(5.3.2) u a h = T a bc dx c 

1 i — 1 bi 

A vector field a has two types of coordinates: holonomic coordinates a 1 
relative coordinate reference frame and anholonomic coordinates relative 
reference frame. These two forms of coordinates also hold the relation 

(5.3.3) a i {x)=e\ i) {x)a®{x) 
at any point x. 

We can study parallel transfer of vector fields using any form of coordinates. 
Because (5.2.1) is a linear transformation we expect that parallel transfer in an- 
holonomic coordinates has the same representation as in holonomic coordinates. 
Hence we write 

da k = I J'// '(/.!•■' 

da^ = -rg^aWdxW 
It is required to establish link between holonomic coordinate of connection 
and anholonomic coordinates of connection 

(5.3.4) a l {x + dx) = a\x) + da 1 = c\x) - T l kp c k (x)dx p 

(5.3.5) a®(x + dx) = a®(x)+da® = c (l} (x) ~ T$ )(p) c w (x)dx® 
Considering (5.3.4), (5.3.5), and (5.3.3) we get 

a>(x)-Tl p a k (x)dxP 
(5 ' 3 - 6) = + dx) ( a M(x) - Tg {p) ef(x)a i (x)ei p \x)dx^ 
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It follows from (5.3.6) that 

Y^ ){p) ef\x)e p p \x)a\x)dx' p = a {i) (x) - ef(x + dx) (a\x) - Y\ p a k {x)dx p ) 

= a i {x)ef{x) - ef{x + dx) (a l (x) - T l kp a k {x)dx p ) 
= a\x) (ef^x) - ef{x + dxj\ + ef {x)T{ p a l {x)dx p 

= e { ;\x)Ti p a\x)dxP - a % {x)^^-d^ 

Because a 1 (x) and dx p are arbitrary we get 

r W e {k) (x)e^(x)-e (i) (x)r j 

1 (k)(pfi \ X > e p \ X >- e 3 \ X ) L ip Q x p 

, „ def> 



We introduce symbolic operator 



(5-3.8) i = f 



From (5.1.8) it follows 



de (k) . {k) de (l) 



(5.3.9) e} n — — +e ; — ^=0 
v ; {l > dxP 1 dxP 

Substitude (5.3.8) and (5.3.9) into (5.3.7) 

\ b - 6 -^) 1 (km - e (k)%fj L ip e * dx ( P) 

Equation (5.3.10) shows some similarity between holonomic and anholonomic 
coordinates. We introduce symbol d^) for the derivative along vector field e^) 



Then (5.3.10) takes the form 



p( fe ) _ „i p T p(k) V j _ i o (fc) 

Therefore when we move from holonomic coordinates to anholonomic, the con- 
nection transforms the way similarly to when we move from one coordinate system 
to another. This leads us to the model of anholonomic coordinates. 

The vector field e^) generates lines defined by the differential equations 

or the symbolic system 

Keeping in mind the symbolic system (5.3.11) we denote the functional t as x^ and 
call it the anholonomic coordinate. We call the regular coordinate holonomic. 
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From here we can find derivatives and get 
(«-12) %r = e? 

The necessary and sufficient conditions of complete integrability of system (5.3.12) 
are 

c W - 
c (k)(i) - u 

where we introduced anholonomity object 

(5.3.13) .&-«W>(&-|r) 

Therefore each reference frame has n vector fields 

d 

which have commutator 

[%),%)] = (4A e U) - 4)M*)) e( i m) 9(m) = 



For the same reason we introduce forms 

dx W = e « = e (*W 
and an exterior differential of this form is 
d 2 x^ = d (ef W) 

(5-3.14) = ( S . e f)_s ie f) 



Therefore when cft,^ 7^ 0, the differential efe^) is not an exact differential 
and the system (5.3.12) in general cannot be integrated. However we can create 
a meaningful object that models the solution. We can study how function x^ 1 ' 
changes along different lines. We call such cordinates anholonomic coordinates 
on manifold. 

Remark 5.3.1. Function x' 1 ' is a natural parameter along a flow line of vector 
field e(j). We study an instance of such function in section 7.1. The proper time 
is defined along world line of local reference frame. As we see in remark 5.2.1 
world lines of local reference frames cover spacetime. To make proper time of local 
reference frames as time of reference frame we expect that proper time smoothly 
changes from point to point. To synchronize clocks of local reference frames we use 
classical procedure of exchange light signals. 
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From mathematical point of view this is problem to integrate differential form. 
However, a change of function along a loop is 



Ax^ = j dx {i) 
(5.3.15) = / / c % { i) dx[k) Adx(l) 



c% {l) e { k k) e^dx k Adx l 



Somebody may have impression that we cannot synchronize clock, however 
this conflicts with our observation. We accept that synchronization is possible until 
we introduce time along non closed lines. Synchronization breaks when we try 
synchronize clocks along closed line. 

This means ambiguity in definition of anholonomic coordinates. □ 

From now on we will not make a difference between holonomic and anholonomic 
coordinates. Also, wc will denote b9X as a~ m the Lorcntz transformation 
(5.2.1). 

Even form dx^ is not exact differential, we can see that form d 2 x^ is exterior 
differential of form dx w . Therefore 

(5.3.16) d 3 x (k) = 

We can represent exterior differential of form, written in anholonomic coordi- 
nates, as 

d{a {ll) ,„ {ln) dx {n) A ...Adx M ) 
= a {n)...(i n ),pdx p A dx^ A ... A dx^^ 

-a (il) ... (in) ddx^ A ... A dx^ - ... - (-l) n - 1 a {il) ... {in) dx ( - i ^ A ... A ddx^ 
=a {il) ... (inUp) e^e p (r) dx^ A dx™ A ... A dx^ 

- a iii)-Ain) c (p)\r) dx{p) A dxir) A - A dx{in) - - 
-{-l) n - 1 a { . ll) ... [ln) dx^ A ... A cfa\ r) dxM A dx^ 

=(o(i 1 )...(i n ),( P ) ~ a (r)...(i„)cjp] (il) - .- - O( il )...(r)c£j (iB) )dx< f0 A dx {ll) A ... A dx M 
In case of form d 3 x^ we get equation 

C5 17 V WO) ' 

[ ' -(c (k) -c [k) c (r) -c (k) c (r) )dx& A darW A dx® 

~~ ^ c (*)Cj).Cp) %)U) c {p){i) c {i)(r)%){j)> ax Aax /xax 

From equations (5.3.16) and (5.3.17) it follows 

(5 3 18 s ! (r {k) - r {k) r {r) - r {k) r {r) Wr W A rfr W A dr^ - f) 
It is easy to see that 

(5 3 191 - f-c (fe) c (r) 4- c (fe) c (r) 1<£e«> A 

— — 9r (fe ' r' r ^ rf-rW A rfrW) 
~ ZC (r)Uf(p)(i) aX /XClX 
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Substituting from (5.3.19) into (5.3.18) gives 

( 5 - 3 - 20 ) ( c £k(P) - K)ufU^ dxiP) A dxil) A dxU) = 

From (5.3.20), it follows 

(fc) (fc) (fc) 

(5.3.21) ^^it^P^^ >> 

We define the curvature form for connection (5.3.1) 

Q = du> + [lo, u>] 

n D = duj D + C% B w A A lo b = R°dx l A da^ 
where we defined a curvature object 

b° = diTf - s 3 -rf + c^rf rf + rf 4 

The curvature form for the connection (5.3.2) is 

(5.3.22) ft^ = du a c + loI A u b c 
where we defined a curvature object 

(5.3.23) R? = R bij = diTl- - djT^ + T a ci T c bj - T a cj T c bi + T bk ( 
We introduce Ricci tensor 

p pa a j^a a j^a ■ T^a t^c j^a t^c , j^a k 

Itbj — It ba j — a Q l b j Ojl ba -f 1 CQ 1 y 1 CJ -1 6a -f 1 hfc C aJ - 
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6.1. Metric-affine Manifold 

For connection (5.3.2) we defined the torsion form 

(6.1.1) T a = d 2 x a + uj b A dx b 
From (5.3.2) it follows 

(6.1.2) uj a b A dx b = (r^ c - T a cb )dx c A dx b 
Putting (6.1.2) and (5.3.14) into (6.1.1) we get 

(6.1.3) T a = T? b dx c A dx b = -c a cb dx c A dx b + (r£ c - T a cb )dx c A dx b 
where we defined torsion tensor 

(6.1.4) T a cb = r a bc - r a cb - c a cb 

Commutator of second derivatives has form 
(6-1.5) u? kl — u" k = RpikU 13 — Tf k v,? p 

From (6.1.5) it follows that 

(6.1.6) & b - a = R a d a d - ?;x 

In Rieman space we have metric tensor and connection T^. One of the 
features of the Rieman space is symetricity of connection and covariant derivative of 
metric is 0. This creates close relation between metric and connection. However the 
connection is not necessarily symmetric and the covariant derivative of the metric 
tensor may be different from 0. In latter case we introduce the nonmetricity 

(6.1.7) qy /// • i ;,/y" ! • \ 

Due to the fact that derivative of the metric tensor is not 0, we cannot raise 
or lower index of a tensor under derivative as we do it in regular Riemann space. 
Now this operation changes to next 

This equation for the metric tensor gets the following form 

n ab ai bj 

9;k - -9 9 9ij;k 

Definition 6.1.1. We call a manifold with a torsion and a nonmetricity the 
metric-affine manifold [12]. □ 

If we study a submanifold V n of a manifold V n + m , we see that the immersion 
creates the connection that relates to the connection in manifold as 

de l 

pa J — P m p k J £ 

1 /3 7 e a - 1 mfe e /3 e 7 + q u1 

43 



-14 



6. Geometrical Object 



Therefore there is no smooth immersion of a space with torsion into the Riemann 
space. 

6.2. Geometrical Meaning of Torsion 

Suppose that a and b arc non collincar vectors in a point A (see figure 6.2.1). 



We draw the geodesic L a through the 
point A using the vector a as a tan- 
gent vector to L a in the point A. Let 
r be the canonical parameter on L a 
and 

dx k fc 

We transfer the vector b along the 
geodesic L a from the point A into a 
point B that defined by any value of 
the parameter r = p > 0. We mark 
the result as b'. 

We draw the geodesic Lb> through 
the point B using the vector b' as a 
tangent vector to L{,> in the point B. 
Let ip' be the canonical parameter on 
Lf>> and 

d% _ , ik 
d<p' 

We define a point C on the geodesic 



We draw the geodesic L& through the 
point A using the vector 6 as a tan- 
gent vector to Lb in the point A. Let 
tp be the canonical parameter on Lb 
and 

— - b k 
dp 

We transfer the vector a along the 
geodesic Lb from the point A into a 
point D that defined by any value of 
the parameter tp = p > 0. We mark 
the result as a'. 

We draw the geodesic L a > through 
the point D using the vector a' as a 
tangent vector to L a i in the point D. 
Let t 1 be the canonical parameter on 
L a i and 

dxk ,k 

We define a point E on the geodesic 
L a < by parameter value r' = p 



Lb> by parameter value ip' = p 
Formally lines AB and DE as well as lines AD and BC are parallel lines. 
Lengths of AB and DE are the same as well as lengths of AD and BC are the 
same. We call this figure a parallelogram based on vectors a and b with the origin 
in the point A. 

Theorem 6.2.1. Suppose CBADE is a parallelogram with a origin in the point 
A; then the resulting figure will not be closed [17]. The value of the difference of 
coordinates of points C and E is equal to surface integral of the torsion over this 
parallelogram 6 1 



±CEX 



T k dx m Adx n 



Proof. We can find an increase of coordinate x k along any geodesic as 
dx k 1 d 2 x k 
~dr~ T+ 2~dr T 

dx k 



Ax k 



0(t 2 



- T - in 



dx m dx r 



+ 0(r^) 



dr ' 2~ mn dr dr 
where r is canonical parameter and we take values of derivatives and components 
T k nn in the initial point. In particular we have 

1, 



A AB x k = a k p 



-T« mn (A)a m a n p 2 + Q(p 2 ) 



"•■'■Proof of this statement I found in [22] 
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Figure 6.2.1. Meaning of Torsion 
along the geodesic L a and 

(6.2.1) A BC x k = b' k P - l -T k mn {B)b lm b' n p 2 + 0( P 2 ) 
along the geodesic . Here 

(6.2.2) b' k = b k - T k nn {A)b m dx n + 0(dx) 
is the result of parallel transfer of b k from A to B and 

(6.2.3) dx k = A AB x k = a k p 

with precision of small value of first level. Putting (6.2.3) into (6.2.2) and (6.2.2) 
into (6.2.1) we will receive 

A BC x k = b k p - T k mn (A)b m a n p 2 - ±T k mn (B)b m b n p 2 + 0{p 2 ) 

Common increase of coordinate x K along the way ABC has form 

A ABC x k = A AB x k + A BC x k = 



(6.2.4) = (a k + b k )p - T k ln (A)b m a n p 2 - 

-\T k mn {B)b m b n p 2 - l -T k mn {A)a m a n p 2 + 0(p 2 ) 
Similar way common increase of coordinate x K along the way ADE has form 
A ADE x k = A AD x k + A DE x k = 

(6.2.5) ={a k + b k )p-T k mn {A)a m b n p 2 - 

-\T k mn {D)a m a n p 2 - ^T k nn (A)b m b n p 2 + 0(p 2 ) 
From (6.2.4) and (6.2.5), it follows that 

A ADE x k - A ABC x k = 

= T k mn {A)b m a n p 2 + l -T k nn {B)b m b n p 2 +\T k nn {A)a m a n p 2 - 
A 1 A 2 

-T k mn (A)a m b n p 2 - \v k mn {D)a m a n p 2 - l -T k m {A)b m b n p 2 + 0(p 2 ) 
A 2 A i 
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6. Geometrical Object 



For small enough value of p underlined terms annihilate each other and we get 
integral sum for expression 

A ADE x k - A ABC x k = JJjKm ~ ? k mn )dx m A dx n 

However it is not enough to find the difference 

A AD EX k - A ABC x k 

to find the difference of coordinates of points C and E. Coordinates may be anholo- 
nomic and we have to consider that coordinates along closed loop change (5.3.15) 

Ax k = I dx k = - [[ c k mn dx m A dx n 

J EC BADE J JT, 

where c is anholonomity object. 

Finally the difference of coordinates of points C and E is 

A CE x k = A ADE x k - A ABC x k + Ax k = JJjF k m ~ r„„ ~ c k mn )dx m A dx n 

Using (6.1.4) we prove the statement. □ 

6.3. Relation between Connection and Metric 

Now we want to find how we can express connection if we know metric and 
torsion. According to definition 

-Qkij = 9ij;k = 9ij,k ~ 1 '!/,.'//... ~ V 'ji.9v' 

— Qkij = 9ij,k — ^ik9pj ~ ^kjdpi ~ Sjk9pi 

We move derivative of g and torsion to the left-hand side. 

(6.3.1) g ijtk + Q ktj - S p jk g pi = T p k g pj + T p kj g pi 
Changing order of indexes we write two more equations 

(6.3.2) g jk>i + Q ijk - S^gpj = T p jigpk + T p k g pj 

(6.3.3) gki,j + Qjki - Sf^pk = ^lj9 pi + ^i9 P k 

If we substruct equation (6.3.1) from sum of equations (6.3.2) and (6.3.1) we get 

9ki,j + 9jk,i - 9ij,k + Qi 3 k + Qjki - Qkij - S p jg p k - S p ki g pj + S p k g pi = 2r^sr pfc 
Finally we get 

= -^9 pk {9kL + 9jk,i - gij.k + Qijk + Qjki - Qktj - S^grk ~ S ki g r j + S r jk g n ) 



CHAPTER 7 



Application in General Relativity 



7.1. Synchronization of Reference Frame 

Because an observer uses an orthogonal basis for measurement at each point 
we can expect that he uses anholonomic coordinates as well. We also see that the 
time coordinate along a local reference frame is the observer's proper time. Because 
the reference frame consists of local reference frames, we expect that their proper 
times are synchronized. 

We introduce the synchronization of reference frame as the anholonomic 
time coordinate. 

Because synchronization is the anholonomic coordinate it introduces new physi- 
cal phenomena that we should keep in mind when working with strong gravitational 
fields or making precise measurements. I describe one of these phenomena below. 

7.2. Anholonomic Coordinates in Central Body Gravitational Field 

We will study an observer orbiting around a central body. The results arc only 
estimation and arc good when eccentricity is near because we study circular orbits. 
However, the main goal of this estimation is to show that we have a measurable 
effect of anholonomity. 

We use the Schwarzschild metric of a central body 

(7.2.1) ds 2 = '—^c 2 dt 2 —dr 2 - r 2 d<f> 2 - r 2 sin 2 

r r — r„ 



r, 



n 

_ 2Gm 

9 — ~3~ 



G is the gravitational constant, m is the mass of the central body, c is the speed of 
light. 

Connection in this metric is 



r° - 

1 io — 


T 9 


2r(r - r a ) 


1 oo — 


r g (r-r g ) 


2r 3 


1 ii — 


r 9 


2r(r - r g ) 


1 22 — 


-(r-r g ) 



r 33 = -(r-rg) sin 2 

r 2 

1 12 — 

r 

r 2 3 = — sin (f> cos <f> 
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7. Application in General Relativity 



r 3 — ± 

1 13- r 

r 3 3 = cot <(> 

I want to show one more way to calculate the Doppler shift. The Doppler shift 
in gravitational field is well known issue, however the method that I show is useful 
to better understand physics of gravitational field. 

We can describe the movement of photon in gravitational field using its wave 
vector k % . The length of this vector is 0; J-r = const; a trajectory is geodesic and 
therefore coordinates of this vector satisfy to differential equation 

(7.2.2) dk l = -T l kl k k dx l 

We looking for the frequency u> of light and k° is proportional ui. Let us consider 
the radial movement of a photon. In this case wave vector has form k = (fc°, fc 1 , 0, 0). 
In the central field with metric (7.2.1) we can choose 



1 r 


r 




r 






r 


1 


T 



k° 

dt = —rdr = dr 

k L c r — r g 

Then the equation (7.2.2) gets form 

dk° = -r? (fc 1 tft + jfc°dr) 



do: 



'a 

If we define to — luq when r = oo, we get finally 




OJ = UJQ 

7.3. Time Delay in Central Body Gravitational Field 

We will study orbiting around a central body. The results are only an estimation 
and are good when eccentricity is near because we study circular orbits. However, 
the main goal of this estimation is to show that we have a measurable effect of 
anholonomity. 

Let us compare the measurements of two observers. The first observer fixed his 
position in the gravitational field 



s 

t = - 

C y , - , g 

r = const, 6 = const, 8 = const 



7.3. Time Delay in Central Body Gravitational Field 
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The second observer orbits the center of the field with constant speed 

t = 



(r — r g )c 2 — a 2 r 3 
r 

(r — r g )c 2 — a 2 r 3 
r = const, 8 = const 
We choose a natural parameter for both observers. 

The second observer starts his travel when s — and finishes it when returning 
to the same spatial point. Because is a cyclic coordinate the second observer 
finishes his travel when 4> = 2tt. We have at this point 



2n (r — r a )c 2 — a 2 r 3 

S2 = —\ " 

a V r 
2ir 

t = T = — 
a 

The value of the natural parameter for the first observer at this point is 



2rr 
— c 



r — r a 



a V r 

The difference between their proper times is 



As = s\ 




(r — Tg)c 2 — a 2 r 3 



We have a difference in centimeters. To get this difference in seconds we should 
divide both sides by c. 




Now we get specific data. 

The mass of the Sun is 1.989io33 g, the Earth orbits the Sun at a distance of 
f.495985iol3 cm from its center during 365.257 days. In this case we get At = 
0.155750625445089 s. Mercury orbits the Sun at a distance of 5.791i 12 cm from 
its center during 58.6462 days. In this case we get At = 0.145358734930827 s. 

The mass of the Earth is 5.977io27 g. The spaceship that orbits the Earth at 
a distance of 6.916io8 cm from its center during 95.6 mins has At = 1.8318m — 6 
s. The Moon orbits the Earth at a distance of 3.84ml0 cm from its center during 
27.32 days. In this case we get At = 1.372m — 5 s. 

For better presentation I put these data to tables 7.3.1, 7.3.2, and 7.3.3. 

Because clocks of first observer show larger time at meeting, first observer 
estimates age of second one older then real. Hence, if we get parameters of S2 orbit 
from [10], we get that if first observer estimates age of S2 as 10 Myr then S2 will 
be .297 Myr younger. 
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7. Application in General Relativity 

Table 7.3.1. Sun is central body, mass is 1.989iq33 g 



Sputnik 


Earth 


Mercury 


distance, cm 


1.495985i 13 


5.791i 12 


orbit period, days 


365.257 


58.6462 


Time delay s 


0.15575 


0.14536 



Table 7.3.2. Earth is central body, mass is 5.977i 27 g 



Sputnik 


spaceship 


Moon 


distance, cm 


6.916io8 


3.84i 10 


orbit period 


95.6 mins 


27.32 days 


Time delay, s 


1.8318io - 6 


1.372io - 5 



Table 7.3.3. Sgr A is central body, S2 is sputnik 



mass, Mq 


4.1io6 


3.7i 6 


distance sm 


1.4692 10 16 


1.1565i 16 


orbit period, years 


15.2 


15.2 


Time delay, min 


164.7295 


153.8326 



7.4. Lorentz Transformation in Orbital Direction 

The reason for the time delay that we estimated above is in Lorentz transforma- 
tion between stationary and orbiting observers. This means that we have rotation 
in plain (em, £(2))- The basis vectors for stationary observer are 

e (o) = (V— ,0,0,0) 
c V r — a 

e (2 ) = (0,0, p0) 

We assume that for orbiting observer changes of </> and t are proportional and 

d<f> = ujdt 

Unit vector of speed in this case should be proportional to vector 

(7.4.1) (l,0,w,0) 
The length of this vector is 

(7.4.2) I? = r —^c 2 - r 2 co 2 

r 

We see in this expression very familiar pattern and expect that linear speed of 
orbiting observer is V — ujr. 

However we have to remember that we make measurement in gravitational field 
and coordinates are just tags to label points in spacctimc. This means that we need 
a legal method to measure speed. 

If an object moves from point (t, </>) to point (t + dt, <f> + d(j>) we need to measure 
spatial and time intervals between these points. We assume that in both points 
there are observers A and B. Observer A sends the same time light signal to B 



7.4. Lorentz Transformation in Orbital Direction 
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and ball that has angular speed uj. Whatever observer B receives, he sends light 
signal back to A. 

When A receives first signal he can estimate distance to B. When A receives 
second signal he can estimate how long ball moved to B. 

The time of travel of light in both directions is the same. Trajectory of light is 
determined by equation ds 2 = 0. In our case we have 

— ^c 2 dt 2 - r 2 df- = 
r 

When light returns back to observer A the change of t is 



dt 



iJ—^—c^rd^ 
V r-r g 



The proper time of first observer is 

ds 2 = r _Il c 2 4 ^_ c -2 r 2 d ^2 

r r — r g 

Therefore spatial distance is 

L = rd(f> 

When object moving with angular speed u> gets to B change of t is The proper 
time at this point is 

ds 2 = r _J^ c 2 d ,2^2 



Therefore the observer A measures speed 

T y r-r g 

We can use speed V as parameter of Lorentz transformation. Then length 
(7.4.2) of vector (7.4.1) is 



9 - -^—r 2 co 2 

r - r g 



c 2 



Therefore time ort of moving observer is 



e' (0) = I p 0,^,0 



6 ' (0) ^^ r -r g C 4 /( 1 _^'°' a; V ' r ~r g C 



Spatial ort e', 2 \ = (A,0, B,0) is orthogonal and has length —1. Therefore 

(7.4.3) r _IlL c ?\ A _ r ^B = Q 

r L L 

(7.4.4) L^Il^A 2 -r 2 B 2 = -1 

r 

We can express A from (7.4.3) 
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7. Application in General Relativity 



and substitute into (7.4.4) 

c" 2 — r^LU A B A -r A B z - 

r-r g 

V 2 

-^-r 2 B 2 -r 2 B 2 = -1 
c l 

Finally spatial ort in direction of movement is 

1 „ 1 1 




V „ 1 

11 



*'m = F _,0,-^_,0 



Therefore we get transformation 

1 V 1 



V 2 



e (o) = , e(o) H , e (2 ) 

(7 - 4 - 5 ' V 1 1 

(2) — , e (0) H , e (2) 



If a stationary observer sends light in a radial direction, the orbiting observer ob- 
serves Dopplcr shift 



1 - ^ 



We need to add Doppler shift for gravitational field if the moving observer receives 
a radial wave that came from infinity. In this case the Doppler shift will take the 
form 



i 



i-K 



We see the estimation for dynamics of star S2 that orbits Sgr A in tables 7.4.1 
and 7.4.2. The tables are based on two different estimations for mass of Sgr A. 

If we get mass Sgr 4.1i 6M Q [10] then in pericentre (distance 1.868iol5 cm) 
S2 has speed 738767495.4 cm/s and Doppler shift is u'/cj = 1.000628. In this case 
we measure length 2.16474^m for emitted wave with length 2.1661/xm (Br 7). In 
apocentre (distance 2.769iol6cm) S2 has speed 49839993. 28cm/s and Doppler shift 
is uj' juj = 1.0000232. We measure length 2.166049^m for the same wave. Difference 
between two measurements of wave length is 13.098A 

If we get mass Sgr 3.7io6M Q [11] then in pericentre (distance 1.805iol5cm) 
S2 has speed 713915922.3cm/s and Doppler shift is lu'/lu = 1.000587. In this 
case we measure length 2.16483^m for emitted wave with length 2.1661/i?n (Br 7). 
In apocentre (distance 2.676io16cto) S2 has speed 48163414. 05cm/s and Doppler 
shift is lu'/lu = 1.00002171. We measure length 2.1666052/xm for the same wave. 
Difference between two measurements of wave length is 12.232A 

Difference between two measurements of wavelength in pericentre is 0.9A An- 
alyzing this data we can conclude that the use of Dopplcr shift can help improve 
estimation of the mass of Sgr A. 
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Table 7.4.1. Dopplcr shift on the Earth of a wave emitted from 
S2; mass of Sgr A is 4.1 10 6M Q [10] 





pericentre 


apocentre 


distance cm 


1.868iol5 


2.769i 16 


speed cm/s 


738767495.4 


49839993.28 


LU 1 /lU 


1.000628 


1.0000232 


emitted wave (Br 7) \xm 


2.1661 


2.1661 


observed wave fim 


2.16474 


2.166049 



Difference between two measurements of wavelength is 13.098A 

Table 7.4.2. Dopplcr shift on the Earth of wave emitted from S2; 
mass of Sgr A is 3.7io6M Q [11] 





pericentre 


apocentre 


distance cm 


1.805i 15 


2.676i 16 


speed cm/s 


713915922.3 


48163414.05 


LU 1 /LU 


1.000587 


1.00002171 


emitted wave (Br 7) jj,m 


2.1661 


2.1661 


observed wave fj,m 


2.16483 


2.1666052 



Difference between two measurements of wavelength is 12.232A 



7.5. Lorentz Transformation in Radial Direction 

We see that the Lorentz transformation in orbial direction has familiar form. 
It is very interesting to see what form this transformation has for radial direction. 
We start from procedure of measurement speed and use coordinate speed v 

(7.5.1) dr = vdt 

The time of travel of light in both directions is the same. Trajectory of light is 
determined by equation ds 2 = 0. 

^Zl°c 2 dt 2 - ^—dr 2 = 
r r — r g 

When light returns back to observer A the change of t is 

dt = 2 r c~ x dr 
r~r g 

The proper time of observer A is 

ds 2 = r _l£ c 2 4 ^^ c ~2 dr 2 = 

r r — r g 

= A—^—dr 2 

r-r g 

Therefore spatial distance is 
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When object moving with speed (7.5.1) gets to B change of t is — . The proper 
time of observer A at this point is 

dg 2 = r _^ c 2 dr 2 y -2 



r 

Therefore the observer A measures speed 

V = T 



r 

= v 

r-r g 

Now we are ready to find out Lorentz transformation. The basis vectors for 
stationary observer are 



r-r g 



Unit vector of speed should be proportional to vector 
(7.5.2) (1,«,0,0) 
The length of this vector is 

L 2 = r _l± c 2 r _ y 2 = 

r r — r„ 

r \ c 2 
Therefore time ort of moving observer is 

e '(o)=(^0,0 



— c~ 1 ^= 1 ,vj— — cr 1 —, 



\_Y1\ \r-r g J (1 _Z1 ] 



r 1 V r — r g 



; ,~\ , ,0,0 

'1-^1 cV r J(l-K) 



Spatial ort e'ry. = (A, B,0, 0) is orthogonal and has length —1. Therefore 

(7.5.4) !Jll9 c 2l A _^_« B = 

r L r — r g L 

(7.5.5) r —^c 2 A 2 — B 2 = -1 



7.6. Dopplcr Shift in Friedman Space 



We can express A from (7.5.4) 

2 

A = c~ 2 . r . vB = c^—^—VB 
(r - T g y r-r g 

and substitute into (7.5.5) 

r - r„ o r 2 



9 c 2 c- \ V 2 B 2 - — - — B 2 = -1 

[r-r g y r-r g 

1 - -Cl 



r — r 



B 2 = r —^>^ 



r \-Yl 



B=-I r ~ rg 



l-Yl 



A = c- 2 ^—vJ r - ra 



< a v r I 1 _Y1 



Finally spatial ort in direction of movement is 



e '(D= \ C ^ V \I— T^=J r i 1 



Therefore we get transformationin in familiar form 

1 V 1 

e (o) = , e (o) H , e (i) 

(7.5.6) , V 1 1 

e (i) = , e( ) H e ( i) 



7.6. Doppler Shift in Friedman Space 

We consider another example in Friedman space. Metric of the space 
ds 2 = a 2 (dt 2 - d X 2 - sin 2 X (d9 2 - sin 2 9d(/> 2 )) 
for closed model and 

ds 2 = a 2 {dt 2 - d X 2 - sinh 2 X (d0 2 - sin 2 0d(/) 2 )) 
for open one. Connection in this space is (a, j3 get values 1, 2, 3) 

o ^ 

V a — — S a 
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7. Application in General Relativity 



Because space is homogenius we do not care about direction of light. In this 

case 

dk° = -r?,fcV 

Because k is isotropic vector tangent to its trajectory we have 



Because k° = — , than 



to da da ,„,„ n da 

d— = t uj H g aa k k = -2^tlu 

a a* oja a z 

aduj + ujda = 
auj = const 

Therefore when a grows u> becomes smaller and length of waves grows as well. 

a grows during light travel through spacctimc and this leads to red shift. We 
observe red shift because geometry changes, but not because galaxies runs away 
one from other. 

Now we want to see how red shift changes with time if initial and final points 
do not move. For simplicity I will change only x- Initial value is Xi an d final value 
is X2- Because dt = dx on light trajectory we have 

X = Xi+t-h <2 = X2~Xi+ i i 
Therefore a(ti)u>i = a(t2)u%- Doppler shift is 

' wi a{t 2 ) 

If initial time changes t'l = tl + dt then K(tl + dt) = a(tl + dt) / a(t2 + dt) 
Time derivative of K is 

• d\a2 — a\a,2 

K = 2 

a 2 2 

For closed space a — coshi. Then a = sinht. 

• sinhii cosh £2 — sinht2 coshti sinh(ti — ^2) 

K = 5 = 2 

cosh t2 cosh t2 

K decreases when t\ increases. 

7.7. Lorentz Transformation in Friedman Space 

To learn Lorentz transformation in Friedman space I want to use metric in form 

ds 2 = c 2 dt 2 - a 2 (d X 2 + b 2 (d9 2 - sin 2 6># 2 )) 

Now I have 2 observers. One does not move and has speed (1, 0, 0, 0), and another 
moves along x and his speed is C = (1, v, 0, 0) and we assme V = av. 

Metric is diagonal and coordinates 8, </> do not change. We have transformation 
in plane t, x- 

Unit speed of first observer is 

e = (-,0,0,0) 

c 



and vector orthonormal this one is 



ei = (0,-,0,0) 
a 



7.7. Lorcntz Transformation in Friedman Space 
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The length of vector C is 



L = \J c? — a 2 v 2 = cy 1 
Therefore unit vector of speed of second observer is 

e' = (~ 0,0) 

We look for vector 

ei = (4,-8,0,0) 

that is orthogonal to vector e' . For this we have 

(7.7.1) c 2 A 2 - a 2 B 2 = -1 

(7.7.2) c 2 Ay - a 2 By = 
We get from the equation (7.7.2) 

a 2 

(7.7.3) A = —vB 

c l 

We substitute (7.7.3) into (7.7.1) and get 

B 2 (^v 2 -a 2 ) = -l 
1 

B = 



V 1 



Therefore basis of second observer is 

c'o = ( 7= =' 7^— ,0,0) 

e'i = ( ^=,—=^=,0,0) 



Now we can express e' through e 



1 V 1 

=e H . ei 



l_v- c Jl-K 



' V 1 1 

ei = , e H ei 

c /i_ vi Ji-Yl 



CHAPTER 8 



Geometry of Metric- Affine Manifold 



8.1. Line with Extreme Length 

There are two different definitions of a geodesic curve in the Ricmann man- 
ifold. One of them relies on the parallel transport. We call an appropriate line 
auto parallel. Another definition depends on the length of trajectory. We call 
an appropriate line extreme. In a metric-amne manifold these lines have differ- 
ent equations [17]. Equation of auto parallel line docs not change. However, the 
equation of extreme line changes 8 ' 1 . 

Theorem 8.1.1. Let x l = x l (t,a) be a line depending on a parameter a with 
fixed points at t = t\ and t = ti and we define its length as 

, n f t2 I dx 1 dx 3 , 

(8.1.1) s=l Xhi^^dt 



Then 



1 , , dx dx 3 , „dx J 



(8.1.2) 8s = ^ ^- (g kj .i - g ik .j - g ijik ) ——ds - 9ijD— ) 8x l 

where Sx k is the change of a line when a changes. 
Proof. We have 

ds I dx 1 dx 3 

and 



dt \l 9lJ dt dt 



ss = I ^ d ; m * dt 

We can estimate the numerator of this fraction as 

k dx 1 dx 3 dx 1 dx 3 

9 ^ kSx -dt^r +29 ^^r = 

. h , ,• ,,dx 3 „ _ 4 . h dx l dx 3 „ fix 1 dx 3 
= 9ij , k 5x dx dt— + 2 9ij T] k 5x —— + 2 9ij d— — 

r jl dx 1 dx 3 DSx 1 dx 3 

= 9ij;kSx —r- — |- 2gtj 



and we have 



dt dt 31 dt dt 

Ss = 



* 2 giJ , k Sx k dx^ + 2 giJ D8x^ 



O ds 
Z dt 

To derive the equation (8.1.3) I follow the ideas that Rashevsky [23] implemented for the 
Ricmann manifold 



5!) 



(,() 



8. Geometry of Mctric-Affinc Manifold 



1 . k , j dx j ^ r .dx 3 
-g irk 5x k dx l — + g %j D5x l — 



1 . , dx k , cfa j , / . , dx j 
-^9kj-i0x -jj ds -^r + d [9ij dx - 



ds 



dx , dx 3 



dx 3 



9ij D—8x 



dx j \ 



+ 



1 cfe fc cfe J n^'i 

2 (5fcj;i - 9ij;k ~ 9ik;j) -fa-fa ds ~ 9i 3 D ~ds ' 



First term is because points, when t = ti and t = £2, are fixed. Therefore, we 
have got the statement of the theorem. □ 



Theorem 8.L2. An extreme line satisfies equation 



(8.1.3) 



as 

ds 



1 



dx dx J 



Proof. To find a line with extreme length we use the functional (8.1.1). Since 
5s = 0, 

1 dx k dx 1 * dx 3 

77 [9kj;i ~ ~ 9ik;j) ——<'■- - 9ijD- 



follows from (8.1.2). 



ds 







□ 



Theorem 8.1.3. Parallel transport along an extreme line holds length of tan- 
gent vector. 



Proof. Let 



dx 1 
ds 



be the tangent vector to extreme curve. From theorem 8.1.2 it follows that 
Dvl u l 1 \ k 4 

-T- = 9 2 [9kj;i ~ g l k;j ~ giy.k) V V 3 



and 



Dg u v k v L Dg M 



,k„,l 



v v + 9kv 



Dv k , h Dv l 
— — v l +g k iv k — 
ds ds 



9ki- P v p v k v l + 



+9kig lk ^ (g rJ ;i - 9ir;j ~ 9ij;r) V T V 3 V l + 9klV k g U ^ i .</,•..:, - 9irJ - 9ij;r) V r V 3 

= gki-pV p v k v l + (g rj -i - gir-j - gij. r ) v r v 3 v l = 
Therefore length of the vector v l does not change along extreme curve. 



□ 



8.2. Frenet Transport 

All equations that we derived before are different, however they have something 
common in their structure. All these equations express movement along a line and 
in the right side of them we can see the curvature of this line. 

By definition curvature of a line is 



D dx 
as 



lis 



Therefore we can introduce unit vector e\ such that 



8.2. Frenet Transport 
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Knowledge of the transport of a basis along a line is very important, because it 
allows us to study how spacetime changes when an observer moves through it. Our 
task is to discover equations similar to the Frcnct transport in the Ricmann space. 
We design the accompaniment basis v' l k the same way we do it in the Ricmann 
space. 

Vectors 

5 U dt ' dt ' "' dt™- 1 
in general are linearly independent. We call plane that we create on the base of 
first p vectors as p-ih osculating plane R p . This plane does not depend on choice 
of paramctr t. 

Our next task is to create orthogonal basis which shows us how line changes. 
We get vector v\ E R\ so it is tangent to line. We get vector v % G R p , p > 1 such 
that v p is orthogonal to R p -\. If original line is not isotropic then each v p also is 
not isotropic and we can get unit vector in the same direction. We call this basis 
accompaniment . 

Theorem 8.2.1. The Frenet transport in the metric- affine manifold gets the 
form 

Dvt 1 ■ 

(o 2 -y\ = ^ \9kl:m ~ 9km:l ~ 9 m l;k) V l V p~ 

— £p£p-l^p-lfp_i + S, p v p+ i 
e k = sign{g pq vlv q k ) 
Here v k is vector of basis, moving along line, 

e k = sign(g pq vlv q k ) 
Proof. We introduce vectors v k in this way that 

D4 = i t 

dt 2 i 

where a' = when q > p + 1. Now we can determine coefficients a'. If we get 
derivative of the equation 

gijV p v 3 q = const 
and substitute (8.2.2) we get the equation 

ds ~ d S v - v b + ^j ds n+9»v a ds - 

= 9ij;kVlVa v l + 
+9 l j(^9 im (9kl; m - 9km;l ~ gmkk)viV l a + + 

+9tjVa{-g :im {gki; m - gkm-i - g m i;k)v\v\ + 4,V q ) = 

= 9,j:>-l>'><,l'i ■ 

+9i]^9" n {9ki V m - 9kmd - g m i;k)v\v l a v{ + g lJ a q y q ^ J b + 
+9ijt / l^9 jm (9kl;m ~ gkm-i - g m i:k)v\v\ + g^v l a a\v l q = 

v l u a v b(^j;k + .<//-.:.. - 9kj;i - 9ji;k + 9kj;i - 9ki;j - 9ij;k) + 



■2.2) = -g m (g k i- m - gkrnu - g m i;kHv l p + a%v\ 



1 
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+e b a a + +e a al = 
= when q > p + 1 by definition. Therefore a* = when q < p — 1. 
Introducing £ p = a^" 1 " 1 we get 

a p+i ~ — e p e p+i^p 



When q = p we get 



a£ = 



We get (8.2.1) when substitute a$ in (8.2.2). □ 

8.3. Lie Derivative 

Vector field £ k on manifold generates infinitesimal transformation 

(8.3.1) x' k = x k + e£ k 

which leads to the Lie derivative. Lie derivative tells us how the object changes 
when we move along the vector field. 

Theorem 8.3.1. Lie derivative of metric has form 

(8.3.2) C^cjab = C,< a >9kb + C,<b>9ka + T l ka gib£, k + T l kb gia£, k + g a b;<k>S, k 
Proof. We start from transformation (8.3.1). Then 

9ab(x') = g a b(x) + gab, c e£, c 

= gab - e£,aSc& - ^%9ac 

According to definition of Lie derivative we have 

££9ab = 9ab{x') ~ g' ab (x') 

= 9ab,c^ C + ^ a 9cb + e£%gac 

= (9ab;<o + Ti c g db + Tf c g ad )e^ c 

+ <%<a> Wat^cb + e(£f <b> Tf^gao 
(8 g 3) ^9ab = 9ab;<c>e + f^dbC + Wc9ad^ 

+ Z-<a>9cb - Wa^9cb + C<b>9ac ~ T%^9ac 

(8.3.2) follows from (8.3.3) and (6.1.4). □ 
Theorem 8.3.2. Lie derivative of connection has form 



(8-3.4) A r 6c ~ ~ R bcp£ P - T bp;<c>i V ~ T beC<c> + £;<!>c> 

Proof. We start from transformation (8.3.1). Then 



rg^) = n c (x>) + Ai(x') 

.3.5) = Tt c (x) + Tt^e? + A a bc (x) + A^e? 



n c (x)+ r bc, P ze 
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_ dx' a dx f dx 9 dx' a d 2 x e dx' a dx f dx 9 

~~dx^dx^dx^ i9 ^ X > + dx e dx' b dx' c + ~dx T dx^dx^ /s( 

= ?bc + < e rSc - <bKc - ^cKe + + <e)(-<c6)) 
+ ^be + £ Ce^bc — e Cb^ec ~ 6 ^c^be 



(8.3.6) rg (*') = r- + e ^ e r- - e^ b T ic - e^r- - e^ cb 

By definition 

t« — c a i p^tp 

S;<e> ~~ S,e ' 1 peS 

(8.3.7) c e ^e <e> -W e e 



co _ co , pa cP pP c a 

?;<e/> — S;<e>,/ + 1 p/?:<e> ~ 1 e/?:<p> 



ca I pa rt I pa CP i pa CP _ pP to 
S,e/ "r 1 pe,/? "r 1 pe?,/ 1 p /?;<e> 1 e/?;<p> 



ta I pa CP j_ pa CP _ pa pP C T i pa CP _ pP C a 
">,e/ ' 1 pe,/? " l " i pe?;</> 1 pe 1 r/S "1" 1 p/?:<e> 1 e/?;<p> 



(8.3.8) £ a e/ — £ : a < e /> - Tp e / ^ P - rj; e ^ </> + r£ e r r/ £ r - r^£. <e> + r e y£.° <p> 

We substitute (8.3.8) and (8.3.7) into (8.3.6) and get 

m^> _ _ _ _ _ _ 



_ ,/ca _ pa CP pa CP i pa pP C r _ f" £ p 4- F p P a "\ 

fc V i ;;<c6> 1 pc : 6? 1 pcV<b> 2 ^ 1 pe 1 rb^ 1 1 pb?;<e> 3 ^ 1 cbS;<p> 4 / 1 

(8J3.9) 

r£ (*') = Tg + e(^ e> T^ b - Tf e erfc + z:<c>T b a e + rfcerl, - C< co > + r^ b e) 

According definition of Lie derivative we have using (8.3.5) and (8.3.9) 



i bc e lS;<e> i c6 i pe^ 1 be + ? ; <c> J be + 1 pe? 1 be ?;<cb> + 1 pe : b? ^ e 

(8.3.10) 

/',fr_™ CP _ ca T^e , plFcPpe - _ ce 7™ _fTtPrT i « __ pa CP 
• , ~?- L be — 1 bc,p? ?;<e> J cb ' 1 peS 1 b c S;<c> J be 1 pe? 1 be ' ?;<cb> 1 pe,b? 

From (8.3.10) and (6.1.4) it follows 



r.pn _ pa CP _ pa CP 
be — 1 eb,pS 1 C p, 6? 



pa pe CP _ pa pe CP i pa pe CP _ pa pe CP i pa pe CP 
_P£_^£2_3-T _!P_^£_3 _fP_b£2_4-T e P <=?>? d ' 1 ep 1 c b? 

peT^CP i Y^pa~f'P — T^T^CP -L pa"!^ - CP — f^Te" PP 
1 pc 1 be^ 1 , T ~ 1 pe 1 e.b? 1 eb 1 pe? ? , T ~ 1 eb 1 cp^ ? 1 eb 1 epS 

ca ry-ie c e T^a i c a T^a cP T 10 CP 

i i;<e> 1 cb ~ S;<c> 1 be ' S;<cb> ~ ^ep,bs — 1 bc,p^ 
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/vpa _ pa cp _ pa fp -u r" r e pp — r a re 

^C 1 be — 1 cb,p? 1 cp,6? t 1 ep l C0 C, eb 1 cp? 

_ pa pe - CP _ pa~"pe CP _ T<e~rpa cp _ ycTjie cp 
pe 1 be? t y 1 ep J be? ^ ^pe^eb? 1 eb cp? ; 

.3.11) - ?7<e>^cb ~~ £f<c>Tbe + ?7<eb> 

_ pa cp i pa pe cp p e ma CP pe t« cp 

J cp:<b>? f 1 eb^cp? g _|_cbj_epS_ 4 1 pb- t ceS 

a cp 



_ p a CP i pa pe CP _ pe pa pp _ p e ^a c 

bc;<p>? ^ ep ks ^ bp ee? g cp be? 

From (8.3.11) and (5.3.23) it follows 



-^-C 1 be -"cpb? 

pe pa cp pa pe cp pe pa cp 

ep eb? pe cb? bp ce? 

Ca pe ce pa _i_ c a 

?;<e> J cb ?;<c> J be ' ?;<cb> 

pa cp _ pa cp 

J cp;<b>? J bc;<p>? 



.3.12) 



/Tin Tie . rria rpe i aid rrie \ CP 

_ \ 1 eb 1 cp ' 1 ep 1 bc "+" 1 ec 1 pb)$ 

Ca pe ce pa _i_ c a 

?;<e> J cb ?;<c> J be "+" ?;<cb> 

pa CP p a CP 

J ep;<b>? J bc;<p>? 

From (8.3.12) and (8.4.1) it follows 

/vpS - _ pa CP 
■^f 1 be — ^epb? 



_ E>a CP E>a CP _ oa CP 

-"-bep? -"-pbc? ^cpb? 

i pa CP i pi CP i pa CP 

j_b£<p>?_ 3 ^ J pb;<c>? ' J cp;<b>? 2 

ca pe c e pa _i_ pa 

?;<e> J cb ?;<c> J be ' ?;<eb> 

pa cp p a CP 

^cp;<b>? 2 J bc;<p>? 



(8.3.13) £^r^ c — Rbcp£ P Rpbc£ P ^bp;<c>?" P ~ C<e>^cb _ ^<c>^be + C<eb> 

We substitute (6.1.6) into (8.3.13) 



(8.3.14) £^rg c — -Rb C pC - Tb p - <C> ^ P - Tc b tj'? < e> 1 - Tbe^KO — T bc^<p> + ?T<bc> 

(8.3.4) follows from (8.3.14). □ 
Corollary 8.3.3. Lie derivative of connection in Rieman space has form 

(8.3.15) C^ a bc = -R a cbp e+^ cb 

PROOF. (8.3.15) follows from (8.3.4) when T 6 a c = □ 

8.4. Bianchi Identity 

Theorem 8.4.1. The first Bianchi identity for the space with torsion has form 

rpk I pfc I rjih I rpk rpP . rpk rpP , rpk rpP 

. . ij\<m> "T" J mi;<j> > 1 jm\<i> ' 1 pi 1 jm < pra 1 ij "T" J pj 1 mi 

(8.4.1) 

- /?^' -I- /?k -4- 

jmi ' ijm ' mij 
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Proof. Differential of equation (6.1.3) has form 



T^ rn 9 m A0 i A0>' = (r). m - Y%J9 m A # A P 
Two forms are equal when their coefficients are equal. Therefore 



rpk _i_ rpk _i_ rpk _ pfc p/e i pfc pfc _i_ pfc pfc 

- L ij,m ' ± rai,j ' 1 jm,i 1 ji,m ij,m ' im,j mi,j mj,i jrn,i 

We express derivatives using covariant derivatives and change order of terms 

rpk _ pfc rpp , T~p rpk _ pP rpk 

± ij;<m> L pm- L ij ~r L im ± pj 2 . T 1 jm pi ^ ^ 

I rpk _ pfe rpP I pP rpk _ pP rpk 

' ± mi\<j> 1 pj mi^ ' mj pi^ ijpm^^ 

+ tL.^-tEt? +tItL -hlTt*- 



jm;<i> pi jrrig ' ji pr, 



_ pfc 

ji.m 


_ p& j_ pfe pP 
jm,i ' pm 1 - ji 


_ pfc pP 

pi jm 


pfc pP 


f-r fc r p 

r P« JTOg 


+ r k ■ 


pfc _i_ pfc pP 

ij,m pi vm 


_ V k pp. 


-r fe r p h 

P3 ™ 5 


_pfc pP. 



.4.2) 



pfc pfc I pfc pP pfc pP pfc pP _|_ pfc pP 

mj.i mi,j pi mj pi mi pi m 3 q P3 mi^ 

rpk _i_ rpP rpk | rrip ry-ifc , rpk _j_ rpP rpk _i_ mfc 

ij;<m> mi pj ' jm pi ' mi;<j> * ij pm * jm;<i> 



Dfc _|_ Dfc I Dfc 

jmi -^ijm ' mij 



(8.4.1) follows from (8.4.2). □ 

If we get a derivative of form (5.3.22) we will see that the second Bianchi 
identity does not depend on the torsion. 

8.5. Killing Vector 

Invariancc of the metric tensor g under the infinitesimal coordinate transfor- 
mation (8.3.1) leads to the Killing equation. 

Theorem 8.5.1. Killing equation in the metric-affine manifold has form 

(8.5.1) £ ;<a>9kb + C,<b>9ka + T ka9lbC + T{, b giaC + 9ab:<k>r = 

Proof. Invariance of the metric tensor g means that its Lie derivative equal 

(8.5.2) C i9ab = 

(8.5.1) folows from (8.5.2) and (8.3.2). □ 

Theorem 8.5.2. The condition of invariance of the connection in the metric- 
affine manifold has form 



(8-5.3) £ : a <bc> — Rbcp£ P + r ^bp;<c>^ P + ^bp^-KO 

Proof. Because connection is invariant under the infinitesimal transformation 
we have 

(8.5.4) Arfc = o 

(8.5.3) follows from (8.5.4) and (8.3.4). □ 

We call equation (8.5.3) the Killing equation of second type and vector £ a 
Killing vector of second type. 
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Theorem 8.5.3. Killing vector of second type satisfies equation 



551 o = Rt P e + R a cpb e + R a pbc e 

' I rpa cp I Tin f p , /rip rt i CP i T^a 

i - t 6p;c? ~r J pe;&? ' J cb?:<p> J &pS;<c> ~r J pc ? ; <b> 

PROOF. From (8.5.3) and (6.1.6) it follows that 



pa tV _ T p f a — U a £P J- T a fP -l_ T° P p 

/-g g g\ - rL p&c'> J fcc < ;;<p> — ^cbp? ^-'cp^JOS ' - t cp?;<h> 

_ "pa cp _ rpa cp _ rpa cP 

n bcp^ 1 bp;<c>^ 1 bp^;<c> 

(8.5.5) follows from (8.5.6). □ 

COROLLARY 8.5.4. The Killing equation of second type in the Riemann space 
is the identity. The connection in the Riemann space is invariant under any infin- 
itesimal transformation (8.3.1) 

Proof. First of all the torsion is 0. The rest is the consequence of the first 
Bianchi identity. □ 

8.6. Cartan Transport 

Theorems 8.1.2 and 8.2.1 state that the movement along a line causes an addi- 
tional to the parallel transport transformation of a vector. This transformation is 
very important and we call it the Cartan transport. We introduce the Cartan 
symbol 

r(C)feJ = -g lm {gkhm - 9km-l - 9rnl;k) 

and the Cartan connection 

Ffez = rjy - r(cy kl = V kl - -g" n {gki- m - gkrnj - g m i-,k) 
Using the Cartan connection we can write the Cartan transport as 

da 1 = -T^ a k dx l 
Respectively we define the Cartan derivative 

'vTa 4 = a l {l} = d i a l +'rCa k 

'"dV = da 1 + 'vQa k dx l 

Theorem 8.6.1. The Cartan transport along an extreme line holds length of 
the tangent vector. 

Proof. Let 

i _ <W_ 
ds 

be the tangent vector to an extreme curve. From theorem 8.1.2 it follows that 

Dv l 1 a , ski 

-^T = 2# Wkj;i ~ 9ik;j ~ gij;k) V V J 

and 

Dguv k v l Dg kl k , Dv k , k Dv< 

-, = — j— v K v l +g k i—7—v l +g k iv K -j- = 

ds ds ds ds 

= gkl;pV P V k V l + 
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+9kig lk lj (grj;l ~ 9ir,j " gij;r) V T V J V l + 

+gkiv k g d ^ {g r j-,i - gir V j - !/.,:, ) = 

= gki; P v p v k v l + (g rj .i - gi r .j - g tj . r ) v r v 3 v l = 
Therefore the length of the vector v % does not change along the extreme curve. □ 

We extend the Cartan transport to any geometrical object like we do for the 
parallel transport. 

Theorem 8.6.2. 

9ij-,{l} = 

Proof. 

V; //,, = dtgy - 1% g kj - I g ik = 

= 9ij;l + -^g km {gil\m — gim-l ~ 9ml;i)9kj + ^9 m (9jl;m ~ gjmd ~ 9ml;j)9ik = 

□ 

The Cartan connection T\i differs from the connection T kl by additional term 
which is symmetric tensor. For any connection we introduce standard way de- 
rivative and curvature. Statemants of geometry and physics have the same form 
independently of whether I use the connection T\, or the Cartan connection. To 
show this we can generalize the idea of the Cartan connection and consider connec- 
tion defined by equation 

(8.6.1) r£ = rt,+4, 

where A is 0, or the Cartan symbol or any other symmetric tensor. Respectively 
we define the derivative 

Via 1 = a] <t> = d l a i +ffca k 



Da 1 = da 1 + T l kl a k dx L 



and curvature 



(8-6.2) R a bij = dpi. - a,r& + - r«.r- 

This connection has the same torsion 

(8-6.3) T« b =Tf c -Tf b 

In this context theorem 8.6.1 means that extreme line is geodesic line for the 
Cartan connection. 

Theorem 8.6.3. Curvature of connection (8.6.1) has form 

(8-6-4) R bde = R bde + A be . d — A bd . e + A a cd A% e — A a ce A% d + S de A bp 

where R bde is curvature of connection T kl 
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Proof. 

do pa _ pa I pa pc _ p a pc 

■"-hde ~~ 1 be,d 1 bd,e ' 1 cd 1 fee 1 ce 1 &d 
pa i <ia pa _ 

— 1 be,d ' A be,d 1 bd,e ^bd.e 

+ (r°d + ^cd)(rfc e + Ai e ) — (r° e + A^. e ){vi d + Ai d ) 

pa | a a pa j a 

— 1 be,d "T ^be^d ~ 1 bd,e — ^bd.e 

i -pa pc I pa ic I W rc i \a Ac 
+ 1 cd 1 be T 1 cd A be + ^cd 1 be + A cd A be 

_ P a P c _ 4 a P c _ P a 4 C _ 4 a 4 C 
1 ce 1 bd ^ce 1 bd 1 ce^bd A ce A bd 

- 7? a -I- 4 a — 4 a 

— n bde + ^be.d ^bd.e 

i pa ac | ^a pc , Aa ac 
> 1 cd^be ' A cd l be ' A cd A be 

— A a Y c — Y a A c — A a 4° 
^ce 1 bd 1 ce A bd A ce A bd 

pa 

— n bde 

, Aa _ pa , pp m , TP 4a 

+ A bc:d L pd /i be 2 + 1 bd A pc + 1 eri A fep 1 , g 

— 4 a _l p a 4P _ pP 4 a _ pP 4 a 

^bdie + i pe^ 1 bd 3 1 be A pd 5 j_def^bp_ 1 

, pa jc , pc , jo ac 

+ 1 ed^be , + 1 be A cd ^ + A cd A be 

— T c A a — r a 4 C — 4 a A c 
1 bd^ce .j 1 ce^bd ;. A ce A bd 

Corollary 8.6.4. Cartan curvature has next form 

5) ^bde = Rbde ~ V {^)be;d + V (^)bd;e 

+ T(Cy cd T(C)t e - T(Cy ce T{C)i d - TlT{C)l p 
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Metric Affine Gravity 



9.1. Newton's Laws: Scalar Potential 

The knowledge of dynamics of a point particle is important for us because we 
can study how the particle interacts with external fields as well as the properties 
of the particle itself. 

To study the movement of a point particle we can use a potential of a certain 
field. The potential may be scalar or vector. 

In case of scalar potential we assume that a point particle has rest mass m and 
we use lagrangian function in the following form 

L = —mcds — Udx° 

where U is scalar potential or potential energy. 

Theorem 9.1.1. (First Newton law) If U = (therefore we consider free 
movement) a body chooses trajectory with extreme length. 

Theorem 9.1.2. (Second Newton law) A trajectory of point particle satisfies 
the differential equation 

(9-1.1) 4^ = -F l 

ds mc 

i dx l 
u J = — — 
ds 

where we introduced force 

f)TI 

(9.1.2) ^=»ft? 

Proof. Using (8.1.2), we can write variation of the lagrangian as 

T^mc {g m - g ik .i - g a . k ) u k v?ds - mcg^Dv? + ^~ dx ° = 
The statement of the theorem follows from this. □ 

9.2. Newton's Laws: Vector Potential 

In section 9.1 we learned dynamics when potential is scalar. However in elec- 
trodynamics we have vector potential A k . In this case action is 

r*2 



J (—mcds Aidx 1 ^ 

A c = g cd A d 
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Theorem 9.2.1. The trajectory of a particle moving in the vector field satisfies 
the differential equation 

D e 



ds 

3 - 

ds 



where we introduce a field-strength tensor 

F dc = A d , c - A c , d + S P C A P = 'v? A d - V d A c + S P C A P 
Proof. Using (8.1.2), we can write the variation of the action as 



SS 

«2 



^-mc Q (g k j-,i - gij-k ~ 9%k;j) u k u J ds - g^Du 3 ^ 8x % - ~ (SAidx 1 + Arfdx 1 )^ 



We can estimate the second term like 

e 



e 



(Ai t kdx l 5x k + AidSx 1 ) = 
= -- (Ai, k dx l Sx k + T p k A p dx l Sx k + AidSx 1 ) = 
(A k -idx l Sx k + (Ai- k - A k -i)dx l 8x k + Sf k A p dx l 6x k + T p kl A p dx l 5x k + AidSx 1 ) = 
= -- (DA k 5x k + A k D5x k + (Ai ;k - A k ,i) dx l 5x k + Sf k A p dx l 6x k ) = 

= -- ( d (A k 5x k ) + (A llk - A kd + S p k A p ) dx l 5x k ) 

The integral of the underlined term is because points, when t = t\ and t = ti, 
are fixed. Therefore 

-mc Q (g k j-,i - gij-k ~ g%k-,j) u k u ds - gijDu J J - ^F H dx l = 

The statement of the theorem follows from this. □ 

The dependence of field-strength tensor on derivative of metric follows from 
this theorem. It changes form of Einstein equation and momentum of gravitational 
field appears in case of vector field. 

Theorem 9.2.2. A field- strength tensor does not change when vector potential 
changes like 

A , j =Aj + d j k 
where A is an arbitrary function of x. 

Proof. Change in a field-strength tensor is 

(d d A), c - {d c K), d + S p dc d p A = 
d cd A - T p dc d p A - d dc A + T p cd d p A + S p dc d p A = 
This proves the theorem. □ 
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9.3. Tidal Equation 

I consider generalized connection (8.6.1). We assume that considered bodyes 
perform not geodesic but arbitrary movement. 

We assume that both observers start their travel from the same point 91 and 
their speed satisfy to differential equations 

(9.3.1) M = a; 

where / = 1, 2 is the number of the observer and dsj is infinitesimal arc on geodesic 
/. Observer / follows the geodesic of connection (8.6.1) when ai = 0. We assume 
also that dsi = ds 2 = ds. 

Deviation of trajectories (9.3.1) Sx k is vector connecting observers. The 
lines are infinitesimally close in the neighborhood of the start point 

x 2 {s 2 ) = x\(si) + 5x z (si) 

vl(s 2 ) = uj(ai) + 5v i (s 1 ) 

Derivative of vector 8x l has form 

dSx 1 d(x l 2 - x\) i . , 

— — = - , — =v%- v] = Sv l 

ds ds 2i 

Speed of deviation 8x l is covariant derivative 

D5x l d5x l -j- k , 
— ; — = — ; V ri,<5x k v\ 

(9.3.2) ds ds kl 1 

From (9.3.2) it follows that 

DSx i 
ds 

Finally we are ready to estimate second covariant of vector 8x l 



(9.3.3) 5v l = - r^Sx^i 



DHx i _ d BSf DSx k 
ds? ~ ds + kl ds 1 



dtfv* + r kl Sx k v[) t —D5x k i 
11 ki j„ v i 



ds kl ds 

d6v l dfjT , . — dSx k , — . k dv[ —D5x k . 

+ —f L 5x k v\ + T l M — — v[ + T l kl 5x k —± + Tl l ——v[ 
ds ds kl ds m ds kl ds 



D 2 Sx l d6v l —. — nc . k , — ■• — u j — „ ,.dv\ —DSx 1 

(9-3.4) = + vi^SxH + nMv[ + viM^ + rL-sr 

Theorem 9.3.1. Tidal acceleration of connection (8.6.1) has form 

(9.3.5) ^ = ^+n m .,<i>)^H 

+ 4 - a\ + T) nl 8x m a[ 



91 l follow [20], page 33 
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(9.3.6) _l = _l + P H ( a , 1 )«W=«i 



Proof. The trajectory of observer 1 satisfies equation 

Dvl = dv\, — ,„ \..k„.i 
ds ds 

(9.3.7) ^.=a\-fi l v k 1 v{ 
The same time the trajectory of observer 2 satisfies equation 
Dv% dvX — — . . i, , 

1 n&Mvi 



ds ds 

= d M+M + fr {xi + 6x)[v k + Sv k )( £ + Sv i } 

= lb + ^7 + + T km Sxm )( v i v i + 5vkyl i + v i SvL + 6vk6vL ) 



We can rewrite this equation up to order f 
Using (9.3.6) we get 

rfXnji 



dSv 1 



(9.3.8) — = -r kl 5v«v[ - T\ k 5v«v[ - Tl lm Sx m vfv[ +a\- a\ 

We substitute (9.3.3), (9.3.7), and (9.3.8) into (9.3.4) 
D 2 Sx i -r r h , —,DSx 



==- t k — D5x r ' 



+ p m jx m (a n 1 -r- l v k 1 v l 1 ) + r nl - 



ds 

LPSx 1 



~ i^mk.l r L,m + ^In^mk ~ ^mn^kl )8x m V 1 v\ 

—D5x n , —D5x r ' 
+ r*. ; — v\ - vi 



ds 2 



nl ds 1 ln ds 



+ a l 2 ~a\+Tl ln 6x m a^ 

LPSx 1 



ds 2 



^ mfc,Z 1 bl,I ^ 1 km,l L 



kl, 



I pi pn pz pn i p? pn p? pn _j_ pz pn 

in mfe nl mk nl mk nl km nl km 



pi -pn I -pi -pn _ pi pn \ Xrr m n M I 
L mn L kl ' nm L kl L nrn L kl> ud ' u l u l 
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D^5x l , DSx r 



rpl ' nt l 

— 1 lr 



ds 2 m ds 



(9.3.9) 



rpl pn i pi rpn _|_ pi pn 
1 rd L mk r> ' nl krn ' nl km y 



Terms underscored with symbol 1 are curvature and terms underscored with symbol 
2 are covariant derivative of torsion. (9.3.5) follows from (9.3.9). □ 

Remark 9.3.2. The body 2 may be remote from body 1. In this case we can 
use procedure (like in [21]) based on parallel transfer. For this purpose we transport 
vector of speed of observer 2 to the start point of observer 1 and then estimate tidal 
acceleration. This procedure works in case of not strong gravitational field. □ 

Remark 9.3.3. If in central field observer 1 has orbital speed V$, observer 2 
moves in radial direction and both observers follow geodesic then tidal acceleration 
has form 



ds 2 



= (Rl 01 v°v° + R^v^Sx 1 



□ 



Remark 9.3.4. If observer 2 follows geodesic in central field, but observer 1 
fixed his position at distance r then 

r„ 



a 1 = T\,v k v l 



kl v v - n 2 2 

Acceleration follows inverse square law as follows from (9.3.5). □ 

Remark 9.3.5. Theorem 9.3.1 has one specific case. If observer 1 moves along 
an extreme line we can use Cartan connection. In this case a\ = 0. If observer 2 
moves along geodesic then 

(9.3.10) 4 = -T{C)lAv k 2 = -T(Cy kl (v k v k + 2v[Sv k ) 

If we substitute (9.3.3) into (9.3.10) we get 

D/)T k 

4 = -nC)\iV k v k - 2T(Cy kl v[— + 2T{C)l nl T^ n vlv[5x k 
In this case (9.3.5) gets form 

(Rl k +V n Ti k )v[v?Sx k + Ti k - L 



(9.3.11) ds ds 



T(Cy kl v k v k 2Y{C)lA^^- + 2T(Cy ml TMv[Sx k 
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In case of initial conditions 

5x k = 
DSx k 





ds 

(9.3.11) is estimation of acceleration (9.1.1). □ 
9.4. Tidal Acceleration and Lie Derivative 

(9.3.5) reminds expression of Lie derivative (8.3.4). To see this similarity we 
need to write equation (9.3.5) different way. 
By definition 

Da k _ da k ^ ;da? 
ds ds lp ds 
= a k p v p +f[ p a l v p 

(9.4.1) ^ =a * <p>v P 
Because is vector we can easy find second derivative 



D 2 a k D D^_ D ( a k <p>v P) 



(9.4.2) ds 2 ds ds 

= a k <pr> v p v r + a k <p> vf r v r 

On the last step we used (9.4.1) when a k = v k . When v p is tangent vector of 
trajectory of observer 1 from (9.3.1) it follows that 

Dv l 
ds 

and from (9.4.2) and (9.4.3) it follows that 



(9.4.3) 



(9.4.4) ^ =a k prVPv r + a k <p>a P 

Theorem 9.4.1. Speed of deviation of two trajectories (9.3.1) satisfies equation 

(9.4.5) £m*^liv k v l = a\ - a\ + f^6x m a[ 
PROOF. We substitute (9.4.1) and (9.4.4) into (9.3.5). 



5x\ <hl> v k v l + Sx k <p> a p = Tijx^ k> v k v[ + {W klm + Tl m . t<l> )8x m v k v[ 
+ a 2 -a[+f^ l 6x m a[ 



fQAR . = (T} n 5x? <k> ~ SxUkt> + Bl lm 5x m + n^Sx^vH 

(9.4.6) 

ill P 

+ a 2 — a 1 — ox p a\ 

(9.4.5) follows from (9.4.6) and (8.3.4). □ 

At a first glance one can tell that the speed of deviation of geodesies is the 
Killing vector of second type. This is an option, however equation 



9.4. Tidal Acceleration and Lie Derivative 
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does not follow from equation 

(9.4.7) £o^JliV k v l = 

However equation (9.4.7) shows a close relationship between deep symmetry of 
spacetime and gravitational field. 
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IIpeo6pa30BaHHe Jlopemja 

H npHHD,Hn 06lIl,eK0BapHaHTH0CTH 
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AHHOTAqiifl. 51 paccKa3MBaio o pa3jiHHHbix MaTeMaTunecKnx HHCTpyMeHTax, 

KOTOptie BajKHH B 06meii TeOpHH OTHOCHTejIbHOCTH. TeKCT KHHm BKJIKJiaeT 

onpe^ejieHne reoMeTpnHecKoro o6 r t>eKTa, KOHi^ennnfO cncTeMH OTcneTa, reo- 
MeTpHfO MeTpHKO-acpcpHHHoro MHoroo6pa3HH. Onnpaacb Ha sth noHaTHa a 
H3ynafO HecKOJibKO cph3hhgckhx npnjio>KGHHH; flHHaMHKa h npeo6pa30BaHHe 
JIopeHna b rpaBHTauHOHHOM nojie, 9cp4> eKT flonnjiepa. 

CucTGMa OTcneTa b npocTpaHCTBG co6biTHH - 3to HenpepbiBHoe nojie opTO- 
HopMajibHbix 6a3HCOB. Ka>Kflaa CHCTeija OTCieTa CHa6jKeHa HerojiOHOMHbiMH 
KOop^HHaTaMH. Hcnojib30BaHHe HerojiOHOMHbix xoop^HHaT no3BOJiaeT Haft™ 
OTHOCHTejibHyfO CKopocTb flByx Ha6jiroflaTejieii h cooTBeTCTByronjee npeo6pa- 
30BaHHG Jlopemja. 

CHHxpoHH3au;Ha CHCTeMbi OTCieTa - sto HerojiOHOMHaa KOopflHHaTa Bpe- 
mghh. IlpocTbie paccneTbi noKa3biBafOT, KaK CHHxpoHH3anna BjinaeT Ha H3- 
MepeHHe BpeMeHH b OKpecTHOCTH 3eMjiH. H3MepeHHe 94>4 )eKTa flonnjiepa ot 
3Be3flbi, Bpamaiomeftca BOKpyr nepHoft flbipbi nonioraeT onpeflejiHTb Maccy 
lepHoii flbipbi. CorjiacHO Ha6jiKmeHHHM Sgr A, ecjin HenoflBHjKHbiit Ha6jiKma- 
Tejib oijeHHBaeT B03pacT S2 nopa^Ka 10 Myr, to 9Ta 3Be3fla MOjiojKe Ha 0.297 
Myr. 

Mm 6yfleM Ha3biBaTb MHoroo6pa3He c KpyieHHeM h HeMeTpniHOCTbio 

MGTpHKO-a(p(J)HHHbIM MHOrOo6pa3HGM. HeMeTpHHHOCTb npHBOflHT K pa3JTHHHfO 
Me>Kfly aBTOnapajlJiejIbHblMH H SKCTpeMajIbHblMH KPEBHMH H K H3MeHeHHK) B 

Bbipa^KGHHH nepeHOca OpeHe h noflBH)KHoro 6a3nca. KpyneHne npnBOflHT k 
H3MeHeHHK> b ypaBHeHHH KajiHHra. HaM HyjKHO Taicsce flo6aBHTb aHajiorHH- 
Hoe ypaBHeHne #Jia CBa3HOCTH. 

AHajiH3 nepeHOca OpeHe Be^eT k KOHHemjHH nepeHOca KapTaHa h BBefle- 

HHIO CBa3HOCTH , COBM6CTHMOH C MGTpiIHGCKIIM TeH30pOM. ^HHaMHKa HaCTHHbl 

npHBOflHT k nepeHOcy KapTaHa. Heo6xoflHMbi ,a;onojiHHTejibHbie cpH3HiecKHe 
ycjiOBHa, HTo6bi c^ejiaTb HeMeTpHHHOCTb Ha6jno f o;aeMOH. 

H3yHeHHe, KaK KpyieHHe BjinaeT Ha npHjiHBHyio cnjiy o6HapyjKHBaeT 
cxo^ctbo MOK^y npHjiHBHbiM ypaBHeHHeM fljra reo#e3HHecKOH h ypaBHeHneM 
KnjiHHra BTOporo Tana. CBa3b Meatfly npHjiHBHbiM yCKOpeHHeM, kphbh3hoh h 
KpyneHneM ,o;aeT bosmo^khoctb H3MepnTb KpyneHne. 
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DiaBa 1 



BsefleHHe 

1.1. 06 3TOH KHHre 

IiHor^a o^eHb Tpyznro ,a;aTb hmh KHHre, KOTopyio th xo^enib HanncaTb. /Ja»ce 
ecjiH tb nncaji 3Ty KHiiry bcio }KH3Hb. A MoaceT 6biTb no stoh npnmHe. IlyTb He 
3aBepineH. Ho h nyBCTByio, HacTajio BpeMH no^ejiHTbCfl c ^pyrHMH mohmh otkpmth- 
hmh. TojibKO 6yziyinee noxajKeT, Kaxaa nacTb SToro nccne,zi,OBaHHH 6yn,eT nojie3Ha. 
9Ta KHHra HamHaeTCH c H3yneHHH reoMeTpn^ecKoro oGteKTa, nepexo,a;HT k cncTe- 
Me OTCH&ra b (pn3HKe, 3aTeM BHe3anHO MenaeT HanpaBjieHne k H3yneHnio MeTpnxo 
-a(p(pHHHoro MHoroo6pa3Hfl. 

C Tex nop, Kax BinnnTeim co3^aji o6inyio TeopnK) OTHOCHTejibHOCTH, TecHaa 
CBA3b MeyKflj reoMeTpneii n (pn3HKon CTajia peajibHOCTbro. B TO»ce BpeMH KBaHTO- 
Ban MexaHHKa bbo^ht HOBbie KOHnennnn, KOTopbie npoTHBopenaT Tpa/nnniH, ycTa- 
HOBjieHHOH Ha npoTHJKeHHH CTOJieTHft. 3to 03HanaeT, hto HaM HyjKHbi HOBbie reo- 
MeTpHnecKHe KOHn,ennnn, KOTopbie CTaHyT nacTbio H3MKa KBaHTOBofi MexaHHKH. 
9to npHHHHa, hto6m BepHyTbca k HCTOKaM. 

Bch moh »cH3Hb 6braa nocBHineHa penieHHK) o^hoh h3 caMbix 6ojibniHx 3ara- 
flOK, KOTopyio h BCTpeTHJi b Ha^ajie Moeii >kh3hh. Kor,a,a h no3HaKOMHJica c o6men 
Teopneii OTHOCHTejibHOCTH h KBaHTOBOH MexaHHKoii, n nonyBCTBOBaji, hto h3mk 
KBaHTOBOH MexaHHKH He a,a;eKBaTeH hbji6hhhm, KOTopbie OHa Ha6jiio,i];aeT. 51 HMeio 
b BH,a;y reoMeTpnio. 

51 nocBHTHJi raaBy 2 He6ojibniOMy connHeHHio , HanncaHHOMy mhoh, Kor^a a 

6bIJI MOJIOfl. 1 ' 1 

1.2. TeoMeTpHHecKHH o6i.eKT h npraipin HHEapnaHTHOCTH 

Pa3,n,ejibi 4.1 h 4.4 6mjih HanncaHbi no/; 6ojibniHM BjinnHneM KHnrn [23]. Ifey- 
neHne o^HopoflHoro npocTpaHTBa rpynnbi chmmctphh BeKTopHoro npocTpaHCTBa 
Be^eT Hac k onpe^ejieHnro 6a3nca 3Toro npocTpaHCTBa. MHoroo6pa3ne 6a3HCOB - 
3to MHoacecTBO 6a3HCOB H3ynaeMoro BeKTopHoro npocTpaHCTBa h HBJineTcn npn- 
MepoM o,a;Hopo,i];Horo npocTpaHTBa. Kax noKa3aHO b [23], sto ,a;aeT B03MO>KHOCTb 
onpe^ejiHTb KOHiiennnio HHBapnaHTHOCTH h reoMeTpnnecKoro o6i)eKTa. 

Mm onpe^ejiaeM ,n,Ba una npeo6pa30BaHHii MHoroo6pa3HH 6a3HCOB: aKTHBHbie 
h nacHBHbie npeo6pa30BaHna. Pasjinnne MejK^y hhmh coctoht b tom, hto nacnB- 
Hoe npeo6pa30BaHne MOJKeT 6biTb Bbipa»ceHO xax npeo6pa30BaHne ncxo,n,Horo npo- 
cTpaHCTBa. 

3to onpeflejieHne mojkct 6biTb pacnpocTpaHeHO Ha npon3BOJibHoe MHoroo6pa- 
3ne. OflHaxo b 9tom cjiynae mm o6o6in;aeM onpe,a;ejieHHe 6a3nca h bbo^hm CHCTeMy 
OTcneTa. B cjiynae npocTpaHTBa co6mthh o6meii Teopneii OTHOCHTejibHOCTH sto 

1*^K co^KajreHHio, HeKOTopi>ie ccbijikh noTepsmBi. 51 6y#y npn3HaTejieH, ecjiH kto-to y3HaeT 

3HaKOMMH TeKCT H flaCT MHe 3HaTb TOHHyfO CCHJlKy. 
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npHBOflHT Hac k ecTecTBeHHOMy onpeflejieHHio chctcmm otchgtcl h npeo6pa30Ba- 
hhk) JlopeHiia. CncTeMa OTCH&ra b npocTpaHTBe co6mthh - sto HenpepbiBHoe nojie 

OpTOHOpMajIbHblX 6a3HCOB. 

IIpHHinin HHBapnaHTHOCTH, paccMOTpeHHbiii b TeopeMe 4.4.4 orpaHH^eH Bex- 

TOpHblMH npOCTpaHCTBaMH H IipHM6HHM TOJIbKO B paMKaX CneiHiajIbHOH T60pHH 

OTHOCHTejibHOCTH. Haina sa^a^a onncaTb KOHCTpyKinin, KOTopbie no3BOJiHK)T pac- 
npocTpaHHTb npHHirnn HHBapnaHTHOCTH Ha o6myio Teopnio OTHOCHTejibHOCTH. 

H3MepeHne npocTpaHCTBeHHoro HHTepBajia h BpeMeHHbix OTpe3KOB HBJiaeTCH 
oflHoii ii3 BajKHbix sa^ai o6meH TeopiiH OTHOCHTejibHOCTH. 9to (pH3HHecKHH npo- 
u,ecc, KOTopbiii no3BOJifleT royHaTb reoMeTpHK) b onpe^ejieHHoii o6jiacTH npoerpaH- 
CTBa bpgmghh. C tohkh 3peHHH rGOMGTpnH, Ha6jiKmaTejib nojib3yeTCH opToroHajib- 
hmm 6a3HCOM b KacaTejibHoii hjiockocth kbk cbohm H3MepHTejibHMM HHCTpyMeH- 
tom, TaK Kax opToroHajibHbiii 6a3iic npHBO^HT k npocTefinieii jiOKajibHoii reoMeT- 
Phh. ^BHraacb ot to^kh k TO^xe, Ha6jiroflaTejib nepeHOCHT c co6oii cboh H3Mepn- 
TejibHbifi npn6op. 

IToHflTiie reoMeTpn^ecKoro oGtexTa TecHO CBH3aHO c (pH3iiHecKiiMH BejiHHHHa- 

MH, H3MepfleMbIMH B IipOCTpaHCTBG BpGMGHH. IIpHHnHn HHBapHaHTHOCTH no3BOJiseT 

Bbipa3HTb (pHSH^ecKne 3aKOHM HG3aBHCnMO ot Bbi6opa 6a3Hca. C flpyroii ctopohm, 
ecjiH mm xothm npoBepHTb nojiy^eHHoe cooTHOineHHe b onbiTe, mm ^ojiJKHbi 3a<pHK- 
cnpoBaTb H3MepHTejibHbiii npn6op. B HaineM cjiy^ae - sto 6a3HC. Bbi6paB 6a3HC, 
mm MoaceM onpe^,ejiHTb KOop^HHaTM reoMeTpn^ecKoro o6 r beKTa, cooTBeTCTByrome- 
ro H3yHaeMoii (pHSHHecKoii bgjihhhhg. CjieflOBaTejibHO mm MoaceM onpe^ejiHTb H3- 
MepaeMoe SHa^eHiie. 

Ka»c,ii;afl CHCTGMa OTCH&ra CHa6»ceHa hgfojiohomhmmh KOop/niHaTaMH. Hanpn- 
Mep, CHHxpoHH3an;Hfl CHCTeMM OTC^eTa - sto HerojiOHOMHaa KOop^imaTa BpeMeHH. 
IlpocTMe pac^eTM noKa3MBaiOT Kax CHHxpoHH3au,Hfl BJinaeT Ha H3MepeHHe Bp6M6HH 
b OKpecTHOCTH 3eMjin. H3MepeHHe acpcpeKTa /^onnjiepa ot 3Be3,irM, Bpa^ajonjeHca 
BOKpyr HepHoii flbipbi, noMoraeT onpe,n;ejiHTb Maccy ^epHOH flbipbi. 

Pa3,n;ejiM 7.3 h 7.4 noKa3MBaiOT BajKHOCTb pac^eTOB b opToroHajibHOM 6a3nce. 

KoOp^HHaTM, KOTOpblMH MM nOJIb3yeMCH B npOCTpaHCTBe Co6bITHH, - 3TO npocTO 
MeTKH H paCHGTM, KOTOpbie MM BbinOJIHfleM B KOOpflHHaTaX MOryT OKa3aTbCfl He 

HaflexHHMi. HanpnMep, b CTaTbax [25, 26] aBTopbi onpe^ejifliOT KOop/niHaTHyio 
CKopocTb CBeTa. 9to Be,a;eT k HeBepHOMy OTBeTy h b pe3yjibTaTe SToro k pasjin^Hio 
CKopocTH CBeTa b pa3Hbix HanpaBjieHnax. 

Moe BHHMaHne npHBJieKJia CTaTbH [32]. Hto6m o6 r bHCHHTb aHOMajibHoe ycKO- 
peHHe Pioneer 10 h Pioneer 11 ([21]), Ahtohho PaHa^a npnBJieKaeT CTapyio TO^xy 
3peHHH 3iiHrHTeHHa o npnpo^e rpaBHTainiOHHoro nana h Hcnojib3yiOT H^ero 3hh- 
niTeiiHa o nepeMeHHoii ckopocth CBeTa. Kor,a;a BihiniTeHH Haiaji H3yHaTb rpaBHTa- 
inroHHoe nojie, oh CTapajica coxpaHHTb reoMeTpnio MnHKOBCKoro h, cne^OBaTejibHO, 
npe,a;nojiaraji, hto MacniTa6 npocTpaHCTBa h BpeMeHH He MeHHiOTCH. B pe3yjibTa- 
Te oh 6mji BbmyxfleH npHHHTb rHnoTe3y, hto cxopocTb CBeTa MoaceT MeHHTbca 
b rpaBHTan,HOHHOM nojie. Kor^a TpoccMaH no3HaKOMHJi BiiHinTeHHa c pHMaHOBoii 
reoMeTpHeii, 9HHHiTeiiH noHHji, hto Ha^ajibHaa rnnoTe3a 6bijia oniH6o x iHa h pHMa- 
HOBa reoMeTpna jiy^rne peniHT ero sa^a^y. Shhihtchh HHKor,a;a He B03Bparn,ajiCfl k 
H,i;ee o nepeMeHHoii ckopocth CBeTa. 

^eiicTBHTejibHO, Tpn 3HaHeHHa: MacniTa6 npocTpaHCTBa h BpeMeHH H CKOpOCTb 

CBeTa HBJIHHDTCH CBH3aHHMMH B COBpeMeHHOH TeOpHH H MM He MOJKeM H3MeHHTb 



1.3. TeH3op KpyneHHH b o6meft tgophh othochtgjiijhocth 
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OflHy BejiHHHHy 6e3 h3mghghhh flpyron. IlpHcyTCTBHe rpaBHTauHOHHoro nojia Me- 

HHGT 3TO COOTHOIIIGHHG. Mbl HMGGM Bbl6opa. Mbl COXpaHflGM HCXOflHO 3aflaH- 

Hyio reoMeTpHro (3,n,ecb, reoMeTpnio MiiHKOBCKoro) h mm corjiacHM, hto cxopocTb 
CBeTa MeHHeTca ot toikh k to^ke. PnMaHOBa reoMeTpHH npe^jiaraeT HaM flpyrofi 

Bbl6op. TeOMeTpHH CTaHOBHTCa pe3yjIbTaTOM H3MepeHHH H H3MepHTejIbHbIH HHCTpy- 
M6HT MO>K6T MeHSTbCH OT TOHKH K TOIKe. B 9TOM CJiyiae Mbl MOJKGM COXpaHHTb 

cxopocTb CBeTa hoctohhhoh. TeoMeTpHH CTaHOBHTca (Jiohom, kotopmh 3aBHCHT ot 

(pHSH^eCKHX npOIjeCCOB. C&HSHHeCKHe 3aKOHbI CTaHOBHTCH He3aBHCHMbIMH OT (pOHa. 

HexoTopbie CTaTbH nocBHin,eHbi Teopiiii nepeMeHHoii cxopocTH CBeTa [27, 28]. 
Hx Teopna ocHOBaHa Ha H,n,ee, hto MeTpHHecKHii TeH3op MOJKeT 6biTb HHBapnaH- 
TeH OTHOCHTejibHO npeo6pa30BaHHH no,a;o6HH. 3ia n^ea He HOBa. Kax tojibko 9ira- 
niTeHH ony6jiHKOBaji o6myio Teopnn OTHOCHTejibHOCTH, Beiijib npefljioJKHji cbohd 
Hfleio cflejiaTb Teopnio HHBapnaHTHOH OTHOCHTejibHO KOHcpopMHoro npeo6pa30Ba- 
Hia. TeM He MeHee, 3HHHrreHH B03pa»caji stoh H,n,ee, Tax xax ona pa3pyniajia 

3aBHCHMOCTb MejfCfly paCCTOHHHeM H C06cTBeHHbIM BpeMeHeM. Mbl M02CeM HaHTH 

fleTajibHbiii aHajiH3 b [29]. 

Mm HMeeM TecHyio CBH3b Mesc/iy CKopocTbio CBeTa h eflHHHiiaMH ,h;jihhm h Bpe- 
MeHH b cneu;HajibHOH h o6ineH Teopnn OTHOCHTejibHOCTH. Kor,a;a mm pa3BHBaeM ho- 
Byio Teopnio h o6Hapy»cHBaeM, ito cxopocTb CBeTa MeHaeTca, mm ^ojijkhm cnpo- 
CHTb ce6a o npn^HHe. C^ejiajiH jih mm aKKypaTHoe H3MepeHne? HMeeM jih mm 

ajIbTepHaTHBHMH nyTb RJIR o6MeHa HHCpOpMaiHieH H CHHXpOHH3aHHH CHCTeMM OT- 

CH&ra? MeHHiOTCH jih npeo6pa30BaHHH Me^K^y CHCTeMaMH OTCH&ra h o6pa3yiOT jih 
ohh rpynny? 

B HeKOTopbix MO,a;ejiHx (pOTOH mojkct HMeTb He6ojibniyio Maccy noKoa [30]. B 

3TOM CJiyiae CKOpOCTb CBeTa OTJIH^IHa OT MaKCHMajIbHOH CKOpOCTH H MOJKeT 3a- 

BHceTb ot HanpaBJieHHfl. He^aBHHH sxcnepHMeHT [31] HajiojKHJi orpaHHieHHfl Ha 
napaMeTpM sthx MO,a;ejieH. 

1.3. TeH3op KpyieraH b o6in,eii Teopnn OTHOCHTejiLHOCTH 

TecHaa CBA3b Me»c,n,y MeTpniecKHM TeroopoM h CBH3HOCTbio HBjraeTCH ocho- 
boh pHMaHOBOH reoMeTpHH. B to »ce BpeMfl, CBH3HOCTb h MeTpHKa, Kax jho6oh 
reoMeTpHHecKHH oG^eKT, hbjihiotch o6 r beKTOM H3MepeHHH. Kor,a;a THjib6epT bmbo- 
flHji ypaBHeHne BiniHiTeHHa, oh onpe,a;ejiHji jiarpaHacnaH, b kotopom MeTpHnecKHii 

TeH30p H CBH3HOCTb He3aBHCHMM. Il03}Ke THJIb6epT 06Hapy>KHJI, HTO CBH3HOCTb 
CHMMeTpHHHa, H HaHiejI 3aBHCHMOCTb MejKfly CBH3HOCTbK) H MeTpH^eCKHM TCH30- 

poM. OflHa H3 npn^HH 3Toro - npocTOTa jiarpaHJKHaHa. 

AHajIH3 KBaHTOBOH TeOpHH nOJIH nOKa3MBaeT,HTO JIH60 CHMMeTpHH CBH3HO- 
CTH, JIH60 3aBHCHMOCTb CBA3HOCTH H MeTpHKH MOryT 6bITb HapyHieHM, nOCKOJIbKy 

HeH36e>KHM ohih6kh H3MepeHHH. 9to ,a;onyineHHe npHBO^HT k MeTpHKO-acpcpHHHO- 
My MHoroo6pa3Hro, KOTopoe HBJiaeTCfl npocTpaHCTBOM c Kpy^eHHeM h HeHyjieBOH 
KOBapnaHTHOH npoH3BO^HOH MeTpHHecKoro TeH3opa (pa3^eji 6.1). He3aBHCHMOCTb 

MeTpHHeCKOrO TeH30pa H CBfl3HOCTH n03BOJIfleT HaM BHfleTb, KaKHe oG-beKTM OTBeT- 

CTBeHHM 3a pa3JiHHHbie HBjieHHH b reoMeTpHH h, cjieflOBaTejibHO, b cpH3HKe. JX&fite 
HecMOTpa Ha to, hto mm He ,a;0Ka3ajiH SMnnpHHecKH cymecTBOBaHne KpyHeHHH h 

HeMeTpH^HOCTH , MM BHflHM 3fleCb OHeHb HHTepecHyio reoMeTpHH). 

MeTpHKO-acpcpHHHoe MHoroo6pa3ne noaBJiaeTCH b pa3Hbix (pHSH^iecKHx npnjio- 
aceHHHx. CNeHb BajKHO noHHTb KaKOBa reoMeTpna SToro npocTpaHCTBa, Kax xpy^e- 
Hne MO»ceT BjiHHTb Ha (pHSH^ecKHe npoiieccbi. HMeHHO noaTOMy He6ojibHiaa rpynna 
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4)h3hkob npoflOJiacaeT nsy^aTb Teopnio rpaBHTanrm c KpyneHHeM [12, 13, 14, 15, 
16]. 

B nacTHOCTH, mm HMeeM ,a;Ba pasjiH^Hbix onpe,a;ejieHHH reo^esnnecKon b puMa- 
hobom MHoroo6pa3He. Mbi mojk6m paccMaTpHBaTb reoflesH^ecKyro jih6o xax KpH- 
Byro SKCTpeMajibHofi ^jihhm (cooTBeTCTByromyio KpHByro mm Ha3MBaeM SKCTpe- 
MajibHoii), jih6o KaK KpiiByio, B^ojib KOTopoii KacaTejibHbiii BeKTop nepeHOCHTca 
napajuiejibHO, ocTaBaacb KacaTejibHbiM k kphboh (cooTBeTCTByromyio KpHByio mm 
Ha3MBaeM aBTonapajuiejibHoii) . HeMeTpn^HOCTb npHBO^HT k TOMy, hto napajuiejib- 
hmh nepeHOC He coxpaHaeT ^jiHHy BeKTopa h yran Me»my BeKTopaMH. 9to npn- 
BOflHT k pasjiH^Hio MejK^y onpeflejieHHHMH aBTonapajiJiejibHOH n SKCTpeMajibHOH 
KpHBbix ([17] h pa3fleji 8.1) h k H3MeHeHHio b Bbipa»ceHHH nepeHoca OpeHe. Ife- 
MeHeHHe reoMeTpnn BjinaeT Ha BTopofi 3aKOH HbiOTOHa, kotopmh mm H3ynaeM b 
pa3,a;ejie 9.1. 51 noKa3MBaio b TeopeMax 8.6.1 h 9.1.1, ^to cbo6o,iiho naflaiomafl 
^acTHLta npe^noHHTaeT 3KCTpeMajibHyro KpHByro, nepeHoca cboh HMnyjibc B^ojib 

TpaeKTOpHH 6e3 H3MeHeHHH. 

(DopMa BToporo 3aKOHa HbiOTOHa 3aBHCHT ot Bbi6opa (popMM noTeHiniajia. B 
cjiynae CKajispHoro noTeHirnajia BTopoii 3aKOH HbiOTOHa coxpaHaeT cooTHonieHHe 
MejK,a;y cnjioii, Maccoii h ycxopeHHeM. B cjiynae BeKTopHoro noTeHirnajia aHajiH3 
^BHJKeHHH b rpaBHTannoHHOM nojie noKa3MBaeT, hto TeH3op HanpajKeHHOCTH nojia 
3aBHCHT ot npoH3BO^Hon MeTpn^ecKoro TeH3opa. 

HeMeTpn^HOCTb 3HaHHTejibHO H3MeHHeT 3aKOH ^BHJKeHHH b npocTpaHCTBe Bpe- 
MeHH opToroHajibHoro 6a3nca. OflHaKKO H3yneHHe napajuiejibHoro nepeHoca b npo- 
CTpaHCTBe c HeMeTpHHHOCTbio no3BOJifleT HaM bbgcth nepeHoc KapTaHa h BBe,a;eHHe 
cbh3hocth, coBMecTHMOH c MeTpnnecKHM TeH3opoM (pa3,n;eji 8.6). IlepeHoc KapTa- 
Ha COXpaHHeT 6a3HC OpTOHOpMajIbHMM H 3TO flejiaeT erO BajKHMM HHCTpyMeHTOM B 

flHHaMHKe (pa3^eji 9.1), Tax KaK Ha6.nro,n,aTe.nb ncnojib3yeT opTOHopMajibHbiii 6a3HC 
KaK HHCTpyMeHT H3MepeHHA. /jHHaMHKa nacTnnM ocHOBaHa Ha nepeHoce KapTaHa. 
Tor^a noflBjiaeTCH Bonpoc. Mm MO»ceM H3MeHHTb CBH3HOCTb KaK mm noKa3ajin b 
pa3,a;ejie 8.6. IToneMy mm ^ojijkhm nsy^aTb MHoroo6pa3HH c npoH3BOJibHOH cbh3- 
HOCTbro h MeTpn^ecKHM TeH3opoM? IfeyieHHe MeTpHKO-a(p(pHHHoro MHoroo6pa3HH 
noKa3MBaeT, no^eMy Bee pa6oTaeT xopomp b pnMaHOBOM MHoroo6pa3HH h ito Me- 
HaeTCH b o6meM cjiynae. K KaKoro po^a pasjiH^Hbie (pnsn^ecKHe HBJieHHH flBJiaiOT- 
csi cjie,a;cTBHeM pa3JiHHHbix CBH3HOCTeii? <J>H3HHecKHe orpaHH^eHHH, KOTopbie no- 
flBjiaiOTca b MO^ejiH, MoryT Becra k nosBjieHHio HeMeTpnnHOCTn [15, 18, 19]. TaK 
KaK nepeHoc KapTaHa - ecTecTBeHHbiii MexaHH3M coxpaHeHna opToroHajibHOCTH, 
mm ojKH^aeM, hto mm 6yn,eM HHTepnpeTnpoBaTb OTKJiOHeHne npo6Hoii lacTHUM 
ot SKCTpeMajibHoii kphboh KaK pe3yjibTaT chjim, BHeniHeii no OTHonieHnro k stoh 
^acTHLte 1 ' 2 . B 9tom cnyiae pa3Jinnne Mexpy ppyMK THnaMn nepeHoca CTaHOBHT- 
ch H3MepHMMM h ocMMCJieHHMM. B npoTHBHOM cnynae flpyroii Tnn nepeHoca h 

^••^HanpHMep, ecjiH mh pacnpocTpaHHM onpeflejieHHe (9.1.2) chjim Ha o6ic;hh cjiynaii (9.1.1), 

MBI MOJKeM HHTGpnpGTHpOBaTB OTKJIOHGHHG 3ap5I>KGHHOII HaCTHH;BI B 3JIGKTpOMarHHTHOM nOJIG KaK 
p63yjIBTaT CHJIBI 

cu" 

AHajiorHHHO, mbi mojkgm HHTepnpeTHpoBaTB OTKJiOHeHne aBTonapajijiejiBHoii kphboh KaK cnjiy 
51 HanoMHHaio , ito chmboji KapTaHa - TeH3op 



1.4. IlpHjiHBHoe ycKopeHHe 



n 



HGMGTpn^HOCTb He Ha6jno,ii;aeMM h mm mojkgm nojib30BaTbca TOJibKO nepeHOCOM, 

COBMeCTHMbIM C MeTpHKOH. 

Si BH>Ky eme o^Hy B03MOJKHOCTb. Kax cjie^yeT H3 CTaTbH [18], KpyneHne mo- 
>KeT 3aBHceTb ot KBaHTOBbix cbohctb MaTepnn. TeM He MeHee, Kpy^eHne HBJiaeTCH 

HaCTblO CBH3HOCTH. Cjie^OBaTejIbHO, CBH3HOCTb MOJKeT TaKJKe 3aBHCeTb OT KBaH- 

tobmx cbohctb MaTepHH. 9to mojkbt npHBecTH k Hapyniemiio nepeHoca KapTaHa. 
OflHaxo 3Ta B03MO»cHOCTb Tpe6yeT ,n,onojiHHTejibHoro ncjieflOBaHHH. 

KpyneHne h HeMeTpniHOCTb HMeiOT HHTerpajibHbie scpcpeKTbi. Ohh MoryT 6biTb 

MajIblMH, HO H3MepHMbIMH. Mbl MOJKeM Ha6jHOflaTb 3TH 3(p(peKTM He TOJibKO B CHJIb- 

Hbix nojiflx, no^o6Hbix HepHoii flbipe hjih 6ojibniOMy B3pbiBy, ho TaK»ce b 06MHHMX 
ycjiOBHHx. IfeyHemie reoMeTpHH h jiHHaMHKH ToneHHoii HacTHUM ,a;aeT HaM B03- 
MOJKHOCTb npoBepHTb 3Ty TOHKy 3peHHH. EcTb cmmcji npoBepHTb 3Ty Teopnio B 
ycjiOBHHx, Kor,i;a cthh KBaHTOBoro nojia HaKonjieH. Mm MoaceM npoBepHTb otkjio- 
HeHHe ot BToporo 3aKOHa HbiOTOHa jih6o H3MepHTb KpyneHne, Ha6jno,n,aH ^BHJKeHHe 

flByX pa3JIHHHMX bia.CTHH,. 

HT06M npoBepHTb, HMeeT jih npoerpaHCTBO BpeMH KpyneHne, mm mojkcm npo- 
BepHTb B03MO>KHOCTb nocTpoHTb napajuiejiorpaMM b npocTpaHCTBe BpeMeHH. Mm 

MOJKEM B33Tb flBe HaCTHUM HJIH flBa (pOTOHa, KOTOpbie HaHHHaiOT CBOfe' flBHJKeHHe 
H3 OflHOH H TOH JKe TOHKH H, nOJIb3yHCb 3epKajIOM, 3aCTaBHTb HX flBHraTbCH B,ZI,OJIb 

npoTHBonojiojKHbix ctopoh napajiJiejiorpaMMa. Mm MOxeM HanaTb stot SKcnepn- 
MeHT, Kor^a KBaHTOBoro nojia HeT, h 3aTeM noBTopnTb sxcnepHMeHT b npHcyTCTBHH 
KBaHTOBoro nojia. Ecjih HacTHHM bctpcthtch b o,u;hom h tom me MecTe HJIH MM HMG- 
eM oflHHaKOByio HHTepcpepeHiniio, to mm HMeeM KpyneHne paBHoe b stoh cpe^e. 
B nacTHOCTH, KpyneHne MOJKeT fleiicTBOBaTb Ha noBe,a;eHHe BHpTyajibHbix nacTHu;. 

HT06bI npOBepHTb, HMeeT JIH npOCTpaHCTBO BpeMH HeMeTpHHHOCTb, MM MOJKeM 

H3MepHTb OTKJiOHeHHe SKCTpeMajibHOH KpHBOH ot aBTonapajuiejibHoii jih6o otkjio- 
HeHHe eflHHHHHoro BeKTopa ckopocth ot ero napajuiejibHoro nepeHoca. 

1.4. IlpHjiHBHoe ycKopeHHe 

Ha6jiio,n,eHHfl b CojiHenHoii CHCTeMe h BHe OHem> Ba>KHM. Ohh ,n,aiOT HaM bo3- 
MOJKHOCTb BH^eTb, TflB o6maH TeopHH OTHOCHTejibHOCTH npaBa h HaiiTH ee orpa- 

HHHeHHH. OneHb BaJKHO 6bITb OCTOpOJKHMM C TaKHMH Ha6jIK)^eHHHMH . NASA BM- 

nojiHHjio oneHb HHTepecHbie Ha6jno,ii;eHHH Pioneer 10 h Pioneer 11 h bmhojihhjio 
cjioJKHbie pacHeTM hx ycKopeHHH. 0,a;HaKO, B03HHKaeT o/hih HHTepecHbiii Bonpoc: 
Kaxoro Tina ycxopeHHH mm Mepann? 

Pioneer 10 h Pioneer 11 coBepniaiOT CBo6o,n,Hoe ^BHJKeHHe b cojraeHHoii cncTe- 
Me. Cjie^OBaTejibHO, ohh ^BHJKyTCH B^ojib CBoeii TpaeKTopnH 6e3 ycKopeHHH. Or- 
HaKO, xoponio H3BecTHO, hto flBa Tejia, ^BHraacb B,n;ojib 6jih3khx reoflesnnecKHx, 
HMeiOT OTHOCHTejibHoe ycKopeHHe, KOTopoe Ha3MBaeTca hphjihbhmm ycxopeHHeM. 
IlpHjiHBHoe ycKopeHHe b o6meH TeopHH OTHOCHTejibHOCTH HMeeT bi^ 

(1.4.1) ^ = Rl k 5x k v"v l 

vjse v l - CKopocTb Tejia 1 h 8x k - OTKJiOHeHHe reo,a;e3HHecKOH Tejia 2 ot reo,a;e3HHe- 
ckoh Tejia 1. Mm bh^hm h3 SToro BbipajKeHHfl, hto npHjiHBHoe ycxopeHHe 3aBHCHT 
ot ^BHJKeHHH Tejia 1 h Kax TpaeKTopna Tejia 2 OTKJiOHaeTca ot TpaeKTopHH Tejia 

1. Ho 3TO 3HaHHT, HTO ^ajKe ^JIH flByX Tejl, KOTOpbie HaXOflHTCH Ha OflHOM H TOM 

»ce paccTOAHHH ot HfiHTpajibHoro Tejia, mm MO»ceM H3MepHTb pa3Hoe ycxopeHHe 
OTHOCHTejibHO Ha6jno,a;aTejiH. 



in 



1. BBe^eHae 



Pa3,n;eji 9.3 nocBflmeH peineHHio sa^a*™, Kaxne h3mghghhh iicnbiTMBaeT npn- 
jiHBHaa CHjia Ha MeTpHKO-acpcpiiHHOM MHoroo6pa3HH. 

Bo3HHKaeT Bonpoc: mojk6m jih Mbi Hcnojib30BaTb ypaBHeHne (9.3.5), HTo6bi 
H3MepHTb KpyneHne? Mm nojiy^HM npujiHBHoe ycxopeHHe H3 npaMbix H3MepeHHii. 
CymecTByeT MeTcm H3MepaTb KpHBH3Hy (cm. HanpiiMep [20]). O^HaKO, ^aace ecjin 
mm 3HaeM ycKopeHHe h KpnBH3Hy, mm no-npejKHeMy hmggm jxii(p(pepeHHHajibHoe 
ypaBHeHne, ^tc^m HaiiTH KpyHemie. OflHaxo, stot nyTb mojkgt ,i;aTb npaMoii otbgt 
Ha Bonpoc CymecTByeT jih KpyneHHe. 

OTKJiOHe-HHe ot npnjiHBHoro ycKopeHHH (1.4.1), npejj,CKa3aHHoro o6meH Teo- 

pHeil OTHOCHTejIbHOCTH MOJKeT HMeTb pa3JIHHHbie npHHHHbl. O^HaKO Mbi MOJKeM 
HafiTH OTBGT, KOM6HHHpya pa3HbI6 MeTOflbl H3MepeHHH. 



DiaBa 2 



IIpOCTpaHCTBO H BpeM5I B CpH3HKe 

2.1. TeOMeTpHH H cJ)H3HKa 

HecoMHeHHO, ^to pa3yM KaaceTca HaM cjia- 
6mm, Kor,i;a mm ,a;yMaeM o ctohiuhx nepefl hhm 
sa^a^ax; oco6eHHO cna6biM oh KajKeTca, KOiyja 
mm npoTHBonocTaBJiaeM ero 6e3yMCTBy h CTpa- 
cthm ^ejiOBe^ecTBa, KOTopbie, Ha,a;o npn3HaTb, 
noHTH nojiHOCTbio pyKOBO,n;aT cya;b6aMH ^ejiOBe- 

MGCKHMH KaK B MajIOM, TaK H B 6ojibinoM. Ho 

TBopeHHH HHTejieKTa nepejKHBaroT niyMHyro cy- 
eTy noKOJieHHii h Ha npoTHJKeHHH BeKOB 03apiH0T 

MHp CBeTOM H TenjIOM. 

[6], c T p. 78 

TeoMeTpHHecKHe npe,n,CTaB.neHHH He hbjihhdtch TBopeHHHMH CBo6o,n,Horo yMa, a Ha- 
o6opoT, npe,a;cTaBji.HiOT npo,a;yKT npaKTHiecKoii ,n;eflTejibHOCTH ^ejiOBexa. ITo Mepe 
pa3BHTHA no3HaHHH MeHfljiHCb npeflCTaBjieHHH o npocTpaHCTBe h BpeMeHH. 11 

3aKOH He MOJKeT 6bITb TOHHMM XOTH 6bl nOTOMy, ITO nOHflTHfl, C nOMO- 

nj,bio KOTopbix mm ero (popMyjnipyeM, MoryT pa3BHBaTbca h b 6yn,ymeM 
OKa3aTbCH HeflOCTaTOHHHMH. Ha ^He jiro6oro Te3nca h jno6oro ^OKasa- 
TejibCTBa ocTaroTCH cjie^M florMaTa HenorpeniHMOCTH. 

[7], ct P . 143 

Bo3HHKHyB H3 KOHKpeTHbix noTpe6HOCTeii npaKTHKH HejiOBeKa, MaTeMaraKa 
pa3BHBajiacb no cjioJKHOMy h npoTHBopenHBOMy nyra no3HamiH. C o,h;hoh eropo- 
hm, 3to HaH6ojiee a6cTpaKTHaa o6jiacTb HayKH. MaTeMaTHK coBepmeHO cbo6o,u;ho 
onepnpyeT c a6cTpaKTHMMH noHaraaMi, H3ynaeT hx CBoiicTBa, o6o6in,aeT, co3,a;aeT 
HOBbie noHHTHH, eme 6ojiee yuajuracb ot peajibHoii npaKTHKH. H TeM 6ojiee y^HBH- 
TejibHM ycnexH npHKJia,n,HOH MaieMaTHKi. Ee ycnexn Bcer^a noTpacajiH HejiOBexa, 
oco6eHHO b XX Bexe, Kor,i;a Taxne a6cTpaKTHbie pa3,n;ejiM MaTeMaTHKH xax Teopna 
rpynn, (pyHKijHOHajibHMH aHajiH3, ,ii;H(p(pepeHHHajibHaH reoMeTpna CTajiH h3mkom 
coBpeMeHHOH (J)h3hkh. ConpHKOCHOBeHHe MaTeMaTHKH c jiio6oh flpyrofi o6jiacTbio 
HayKH npHBO^HT k B3anMHOMy o6orameHHK> o6enx. 

H3 Bcex HayK MaTeMaTHKa nojib3yeTCH oco6mm oco6mm yBajKemieM, 
noTOMy ^to ee TeopeMM a6cojiK)THO BepHM h HeocnopHMM, Tor^a KaK 3a- 
kohm flpyrnx HayK b H3BecTHOH CTeneHH cnopHM h Bcer^a cymecTByeT 
onacHOCTb hx onpoBep»ceHHfl hobmmh otkpmthamh. 0,a;HaKO HecneflOBa- 
Tejuo, pa6oTaK>meMy b KaKOH-jiH6o ^pyroii o6jiacTH HayKH, He npnxo,zi,HT- 
ca 3aBH^,OBaTb MaTeMaTHKy, TaK KaK nojio»ceHHH MaTeMaTHKH noKOHTca 
He Ha peajibHbix o6 r beKTax, a HCKjno^HTejibHO Ha oG-beKTax Haniero boo6- 
pajKemia. B caMOM ,a;ejie, HeT HHnero yzniBHTejibHoro b tom, hto mojkiio 
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npHHTH k jiorn^ecKH corjiacoBaHHMM BbiBO,a;aM, ecjin CHanajia npninjiH 
k corjiaineHHio othochtgjibho ochobhmx nojio:>KeHHH (aKCHOM), a TaKsce 

OTHOCHTejIbHO Tex IipilGMOB, npH nOMOIHH KOTOpblX H3 3THX OCHOBHblX nO- 

jio»ceHHH BbiBO^HTca ^pyrne TeopeMbi. B to »ce BpeMa sto rjiy6oKoe yBa- 
JK6HH6 k MaTeMaTHKe HMeeT h flpyroe ocHOBaHiie, a HMeHHo: MaTeMaTHKa 
HBjiaeTCfl TeM, ito ,n;aeT tothhm HayxaM H3BecTHyio Mepy yBepeHHOCTH; 
6e3 MaTGMaTiiKii ohh ee He Morjin 6m ^ocTHib. 

B CBS3H C 3THM B03HHKaeT BOnpOC, KOTOpbffl BOJIHOBajI HCCJieflOBaTe- 

jieii Bcex BpeMeH. Ilo^eMy bo3hhkjio Taxoe npeBoexo^Hoe cooTBeTCTBHe 
MaTeMaTHKH c peajibHMMH npe^MeTaMH, ecjin caMa OHa HBjraeTCH nporo- 
Be,a;eHHeM tojibko nejiOBenecKOH mmcjih, He CBH3aHOHfi hi c kskhm onbi- 
tom? Mo»ceT jih ^ejiOBe^ecKHH pa3yM 6e3 BCHKoro onbiTa, nyTCM TOJibKO 
oflHoro pa3MbiiHjieHHH noHHTb CBoficTBa peajibHbix Bemeii. 

w 

MaTeMaTHKa HMeeT SMnnpHHecKne kophh - ajire6pa CBA3aHa c Heo6xo,n;HMO- 
CTbio pacHCTOB, reoMeTpna nopo»c^eHa Heo6xo,n,HMOCTbio H3MepeHHii Ha noBepxHO- 

CTH 3eMJIH, JIOrHKa flBJIHeTCH a6cTpaKTHbIM BbipajKeHHeM npH'lHHO-CJieflCTBeHHOH 

CBA3H, aHajiH3 nsyiaeT ^BHJKeHHe. HMeHHO nosTOMy He cnyHaimo, hto Ha onpe,n,e- 
jieHHbix STanax pa3BHTHH no3HaHHH CTaHOBHTCH bosmojkhmm onncaTb peajibHbiii 
npoiiecc c noMombio MaTeMaTHiecKHx MO^ejieii pa3Hoii CTeneHH cjiojkhocth. TaK 
mar 3a inaroM yTBepjKfleHHH TeopeTHnecKoii MaTeMaTHKH CTaHOBHTCH annapaTOM 
npHKJiaflHoii MaTeMaTHKH, MaTeMaTHKa CTaHOBHTCH SMnnpH^ecKoii HayKofi. 

CBH^eTejibCTBaMH SMnnpHHecKoro npoHCxojK^eHHH reoMeTpHH ocTa- 
jiHCb b ee CHCTeMe tojibko ocHOBHbie noHHTHH . . . h TaK Ha3MBaeMbie aKCHO- 

Mbl. HHCJIO 3THX JIOrHHeCKH HenpHBOflHMblX OCHOBHblX nOHHTHH H aKCHOM 

CTpeMHjiHCb CBecTH k MHHHMyMy. CipeMjieHHe HSBjie^ib bck) reoMeTpnio H3 
CMyTHoii o6jiacTH SMnnpniecKoro He3aMeTH0 npHBejio k oniH6oHHOMy 3a- 
KJno^eHHK) , KOTopoe mojkho yno,n,o6HTb npeBpameHHK) repoeB ^peBHOCTH 
b 6oroB. Majio-noMajiy npHBbiKJiH k B3rjiH#y Ha ocHOBHbie hohhthh KaK Ha 
"o^eBH^Hbie", T.e. KaK Ha npe^MeTbi h KanecTBa npeflCTaBjieHHH, npncy- 
mne HejiOBe^ecKOMy flyxy; corjiacHO STOMy B3rjia,ay, ochobhmm noHaraHM 
reoMeTpHH cooTBeTCTByiOT npe^MeTM HHTyHH,HH, h OTpnuaHHe Toii hjih 
hhoh aKCHOMM reoMeTpHH hhkohm o6pa30M He MO»ceT 6biTb ocymecTBJie- 
ho HenpoTHBopeHHBO. Ho Tor,a;a caMaa B03MO»cHOCTb npHJiojKeHHH 3thx 

OCHOBHblX nOHHTHH H aKCHOM K o6 r beKTaM fleHCTBHTejIbHOCTH CTaHOBHTCH 

toh caMoii safla^eii, H3 KOTopoii bo3hhkjio KaHTOBCKoe noHHMaHne npo- 
CTpaHCTBa. 

Btopoh mothb pjm OTKa3a reoMeTpHH ot ee SMnnpH^ecKoii ochobm 
^.ajia (pH3HKa. CorjiacHO CTaBHieMy ropa3,n,o 6onee yTOHneHHMM B3rjiH^y 
(pH3HKH Ha npnpofly TBep,a;bix Teji h CBeTa, b npnpofle He cymecTByeT Ta- 

KHX 06beKT0B, KOTOpbie 6bl nO CBOHM CBOHCTBaM TO^HO COOTBeTCTBOBajIH 
OCHOBHbIM nOHHTHHM SBKJIHflOBOH TeOMeTpHH. TBepflOe TejIO He MOJKeT 
CHHTaTbCH a6cOJIK3THO HeH3MeHHeMbIM, a JT/H CBeTa TO^IHO He BOCnpOH3- 

BOflHT hh npaMyro jihhhk), hh ^ajKe BOo6me KaKOH jih6o o6pa3 o,n;Horo 
H3MepeHHH. Ilo B03peHHio coBpeMeHHofi HayKH reoMeTpna, B3HTaa B OT- 
flejibHOCTH, He cooTBeTCTByeT ... HiKaraM onbiTaM; OHa flOJKKHa 6biTb npn- 
jio»ceHa k oGiacHeHHio hx cobmcctho c MexaHHKoii, onTHKoii h t.r. TaK 
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Kclk, CBepx Toro, reoMeTpna flOJiJKHa npe,a;niecTBOBaTb (pH3HKe, nocKOJib- 
Ky 3aKOHM nocjie^Heii He MoryT 6biTb Bbipa»ceHbi 6e3 noMOiuji reoMeTpHH, 
to reoMeTpna h jjpjiJKHa Ka3aTbca HayKoii, jiorHnecKH npe^inecTByiomeH 
BcaKOMy onbiTy h BcaKoii onbiTHOfi npoBepxe. 

[5], ct P . 179 

... Ecjih TeopeMM MaieManKi npHJiaraiOTCH k OTpa»ceHHio peajibHoro 

MHpa, OHH He TOHHbi; OHH TOHHbl flO Tex nop, nOKa OHH He CCblJiaiOTCfl Ha 
fleflCTBHTejIbHOCTb. 

w 

... C 3TOH TOHKH 3peHHH BOnpOC O npHMeHHMOCTH HJIH HenpHMeHHMO- 

cth SBKjiHflOBoii reoMeTpHH npno6peTaeT achmh cmmcji. 9BKjiH,i;oBa reo- 
MeTpHH, Kax h reoMeTpna Boo6me, coxpaHaeT xapaKTep MaTeMaTHHecKoii 
HayKH, Tax KaK bhbo^ ee TeopeM H3 aKCHOM no-npejKHeMy ocTaeTCH hhcto 
jiorHHecKoii 3a^,aHeii, ho b to »ce BpeMH OHa CTaHOBHTCH h cpH3HHecKOH 
HayKoii, Tax xax ee axcHOMbi co^epjKaT b ce6e yTBepjKfleHHfl OTHOCHTejib- 
ho o6beKTOB npnpoflbi, cnpaBe,a;jiHBOCTb kotopmx MoaceT 6biTb ,a;0Ka3aHa 

TOJIbKO OnblTOM. 

[5], ct P . 181 

<5opMa npe,a;MeTa He ecTb HenTO BHeniHee no OTHonieHHio k HeMy, OHa 
npHHa,ii;jie}KHT eMy h onpeflejiaeTCH hm caMiM. ITosTOMy (popMM cyme- 
CTBOBaHHH MaTepnajibHoro MHpa - 3to o6maH CTpyKTypa, onpe^ejifleMaH 

erO KOpeHHblMH CBOHCTBaMH, a He HTO-TO TaKoe, BO HTO MHp KaK 6bl BJIO- 

»ceH ... PaiiHOHajibHaa Teopna npocTpaHCTBa h BpeMeHH Heo6xojj;HMO bh- 
BOflHT CBoficTBa nocjieflHHx Kax CBoficTBa TaKoii o6rn,eH CTpyKTypM H3 ca- 
mhx cboActb MaTepHH. TaxoB 6mji hctohhhk reoMeTpHH - OHa OTpaacajia 
npejK^e Bcero o6mee cbohctbo OTHonieHHii TBep^bix Ten, onpe^enaeMbix 
b nepByro onepe^b B03MO»cHOCTbio hx flBHJKeHHH. 

[9], P H7 

... MaTeMaTHKa BOo6me h reoMeTpna b nacTHOCTH o6a3aHbi cbohm 
npoHCxojK/ieHHeM Heo6xo,n,HMOCTH y3HaTb x ito-jih6o o noBefleHHH peajibHO 
cymecTByiomHx npeflMeTOB. Ha 3to yKa3MBaeT flaxe caMO cjiobo "reo- 
MeTpHH 11 , o3HaHaioiri;ee M H3MepeHHe 3eMjiH". H3MepeHne see 3eMjin HMeeT 
flejio c B03MOJKHMMH pacnojio»ceHHHMH Teji b npnpofle ... Ife CHCTeMbi no- 
hhthh aKCHOMaTH^ecKoii reoMeTpHH Hejib3H nojiy^HTb HHKaKHx cyjK^e- 
hhh o TaKHx peajibHO cyiHecTByroirnix npe,n,MeTax, KOTopbie mm Ha3MBaeM 
npaKTHnecKH TBepjiMMH TejiaMH. Hto6m TaKoro po,n,a cyjK^eHHfl 6mjih 
B03MOJKHM, mm jjojkkhm jiHHiHTb reoMeTpHio ee (popMajibHO-jiorHnecKoro 
xapaKTepa, conocTaBHB nycToii cxeMe noHSTHi aKCHOMaTHnecKOH reoMeT- 
Phh peajibHbie o6beKTbi Haniero onbiTa. J^Jia stoh n,ejiH ^ocTaTOHHO npn- 
6aBHTb TOJibKO Taxoe yTBep»cjj,eHHe: 

TBep^,bie Tejia Be^ryT ce6a b CMbicne pa3JiHHHbix B03MO»cHOCTeH B3aHM- 
Horo pacnojioJKeHHfl, KaK Tejia sbkjihjjoboh reoMeTpHH Tpex H3MepeHHii; 
TaKHM o6pa30M, TeopeMM sbkjih^oboh reoMeTpHH co,a;ep}KaT b ce6e yTBep- 
jK,a;eHHa, onpeflejiHroiinie noBe,a;eHHe npaKTHnecKH TBep^bix Teji. 
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^JonojiHeHHHafl telkhm yTBep^K^eHHeM reoMeTpiia ctclhobhtch , one- 
bh,i;ho, ecTecTBeHHoii HayKoii ... Ee yTBep;<K,ii;eHHa noKoaTca cymecTBeH- 

HblM o6pa30M Ha BblBO^aX H3 OnblTa, a He TOJIbKO Ha JIOrHHeCKHX 3aKJIK3- 

neHHHx. ByzjeM b flajibHeiiHieM Ha3biBaTb jjpnojiHeHHyio tjikhm o6pa30M 
reoMeTpnio "npaKTHHecKoii reoMeTpneii" ... Bonpoc o tom, HBJiaeTca jih 
npaKTHHecKaa reoMeTpna sbrjih^oboh hjih HeT, npno6peTaeT coBepmeHHO 
HCHbiii cmmcji; OTBeT Ha Hero MoaceT ,i;aTb TOJibKO onbiT. BcaKne H3Mepe- 

Hlfl ^JIHHbl B (pH3HKe TOHHO TaK }Ke, KaK H reOfleSHieCKHe HJIH aCTpOHOMH- 

necKHe H3MepeHHH, b stom CMbicne cocTaBJiaiOT npe^MeT npaKTHnecKOH 
reoMeTpHH, ecjin npn stom ncxo^HTb H3 toto onbiTHoro 3aKOHa, hto CBeT 
pacnpocTpaHaeTCH no npaMoii jihhhh, h hmghho no npsMoii b CMbicjie 
npaKTHnecKoii reoMeTpnn. 

w 

IlpHBejjeHHbie paccyjKJjeHHa noKa3biBaiOT, hto MaTeMaTHKa He HBJiaeTca oco- 
6oii o6jiacTbio no3HaHna, pa3BHBaioiii;eHca He3aBHCHMO ot no3HaBaTejibHO-npeo6pa- 
3yrom,en npaKTHKH nejiOBexa. Ha caniOM jj,ejie, hcxo^hmmh nocbiJiKaMn #jia MaTeMa- 
thkh cjiyjKHT npaKTHKa, n b KOHenHOM HTore MaTeMaTnxa aBJiaeTca He3aMeHHMbiM 
annapaTOM b npaKTnnecKon jj,eaTejibHOCTH lejiOBeKa. 

2.2. IIpOCTpaHCTBO-BpeMH 

... BipocTpaHCTBO h BpeMa - He npocTbie (pop- 

Mbl HBJieHHH, a o6 r beKTHBHO-peajIbHbie (popMbi 

6mthh. B Mnpe HeT mrqero, KpoMe jj,BHJKym,en- 
ca MaTepnn, n flBHJKymaaca MaTepna He MO»ceT 
^BnraTbca HHane, xax b npocTpaHCTBe n bo Bpe- 
MeHH... HsMeH^HBOCTb nejiOBeiecKHx npejjCTaB- 
jieHHii o npocTpaHCTBe n BpeMeHH Tax »ce Ma- 
jio onpoBepraroT o6 r beKTHBHyio peajibHOCTb Toro 
n jjpyroro, Kax H3MeHnnBOCTb HaynHbix 3HaHnii 
o CTpoeHHH n (popMax jj;BH»ceHHa MaTepnn He 
onpoBepraiOT o6 r beKTHBHon peajibHOCTH BHeniHe- 
ro Mnpa. 

Lenin, 110, c. 181, 182 
... He Beinn npe^nojiaraiOT cymecTBOBaHne 
npocTpaHCTBa n BpeMeHH, a Hao6opoT, npocTpaH- 
ctbo h BpeMa npejjxiojiaraiOT HajiHHHOCTb Bemeii, 
n6o npocTpaHCTBO, hjih npoTnsKHHOCTb, npe,a;- 
nojiaraeT HajiHiHOCTb nero-TO, hto npoTajKeHHO, 
n BpeMa - jj;BH»ceHHe: Be,a;b BpeMa - jinnib noHa- 
Tne, npoH3BOjj,Hoe ot jj,BH»ceHHa, - npe^nojiaraeT 
HajinnHOCTb nero-TO, ito jj,BH>KeTca. Bee - npo- 

CTpaHCTBeHHO H BpeMeHHO. 

Oeep6ax, 111, c. 50 

npe>Kjj,e neM nepeiiTH k nsyieHHio B3aHMO^eiicTBHa reoMeTpHH h OTO, Heo6- 
xojj;hmo ,a;aTb neTKoe onpe^ejieHHe ochoehmx noHaTHii. OcHOBHoe nonarae reoMeT- 
pHH - 3to npocTpaHCTBO; npoerpaHCTBO, HanojiHeHoe cpH3HnecKHM coflepacaHneM, 

Ha3bIBaK)T npOCTpaHCTBOM C06bITHH. 
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... IlpejKfle noHHTHH, othochitj;hxch k npocTpaHCTBy, ^ojdkho cyme- 
CTBOBciTb noHHTne "MaTepHajibHbiii oGteKT 11 . 9to jiorn^ecKH nepBH^Hoe 
noHHTne. B 3tom jierxo y6e,n,HTbCH, aHajiH3Hpya npocTpaHCTBeHHbie no- 
HHTHH, HanpnMep, "pa^OM 11 , "KacaHHe" h t. APyrnMii cnoBaMH, otmc- 

KHBaa IX SKBHBajieHTbl B onbiTe. 

109, c. 235 

<J>H3HHecKoe noHHTne BpeMeHH OTBe^aeT iiohhthio, npncymeMy HHTy- 
HTHBHOMy MbiinjieHHio. Ho Taxoe noHHTne bocxo/hit k nopa,a;Ky bobpgmghh 
omymeHHH HHflHBHflyyMa, h 3tot nopaflOK mm aojekhm npuHHMaTb KaK 
He^TO nepBHHHO ^aHHoe. HeKTO omymaeT ... HyBCTBemioe omymeHHe b 

flaHHblH MOMeHT, COe^HHeHHOe C BOCIIOMHHaHH6M O (npejKHHx) HyBCTBeH- 

hmx omymeHHflx. 9to h ecTb npHHHHa Toro, hto nyBCTBeHHbie omyme- 
HHH, no-BHflHMOMy, o6pa3yiOT BpeMeHHbie paflbi omymeHHii, ocHOBaHHbie 
Ha oi^eHKax "paHbine" h "no3JKe". 9th pa,a;bi MoryT noBTopHTbca, h to- 
r,a;a ohh MoryT 6biTb ono3HaHbi. Ohh MoryT TaKsce noBTopaTbca hbtohho, 
c 3aMeHoii HexoToporo HHCJia co6mthh .npyrn mh, npnneM xapaKTep no- 
BTopeHHH fljifl Hac He yTpaHHBaeTCH. TaKHM o6pa30M, mm npnxoflHM k 
npe^CTaBJieHHio BpeMeHH b BH^e HeKoero o^HOMepHoro xapxaca, kotopmh 
mojkho 3anojiHHTb omymeHHHMH pa3HMMH cnoco6aMH. O^hh h Te»ce pa- 
ffbi omymeHHii OTBenaiOT TeM me cy6 r beKTHBHMM HHTepBajiaM BpeMeHH. 

Ilepexo^i, ot SToro " cy 6 r beKTHBHoro " BpeMeHH ... k hohhthio BpeMeHH 
flOHayHHoro MMHiJieHHH CBH3MBaeTca c B03HHKHOBeHHeM H^en o cyme- 
CTBOBaHHH peajibHoro Mnpa, He3aBHCHMoro ot cy6 r beKTa. B stom CMMCJie 
(o6 r beKTHBHoe) co6biTHe CTaBHTca b cooTBeTCTBne c cy6 r beKTHBHMM onxy- 
meHneM. B TaxoM »ce CMMCJie "cy6 r beKTHBHoe" BpeMH omymeHHH cono- 
CTaBJiaeTCH c "BpeMeHeM 11 cooTBeTCTByromero " o6 r beKTHBHoro " co6mthh. 

B npOTHBOnOJIOJKHOCTb OmymeHHHM BHeHIHHe Co6bITHH H HX nOpH^OK BO 

BpeMeHH npeTeH^yeT Ha cnpaBe^jiHBOCTb ^,jih Bcex cy6 r beKTOB. 

... IlpH 6ojiee no,a;po6HOM paccMOTpeHHH H,a;eH o6 r beKTHBHoro Mnpa 
BHeniHHx co6mthh OKa3ajiocb Heo6xo,iiHMMM ycTaHOBHTb 6ojiee cjiojKHyio 

3aBHCHMOCTb MejK^y C06bITHHMH H OIHy IH^HHHMH . BnepBbie 3TO 6bIJIO CflJS- 
JiaHO C nOMOIDJjH) HHCTHHKTHBHMX npaBHJI MMHIJieHHH, B KOTOpblX OCo6eH- 

ho BajKHyio pojib nrpaeT noHHTne npocTpaHCTBa. IIpoHecc ycjiojKHeHHH 
noHHTHH Be,a;eT b kohbhhom cneTe k ecTecTBeHHMM HayxaM. 

109, c. 242, 243 

3>opMa npe,a;MeTa ecTb ... He hto HHoe, Kax coBOKynHOCTb OTHonieHHii 
ero Haereii. IlosTOMy penb ,a;oji}KHa h^th o Tex MaTepnajibHbix cbh3hx sjie- 
MeHTOB MHpa, KOTopbie b CBoeii coBOKynHOCTH h onpeflejiaiOT npocTpaHCTBO- 
BpeMH. 

ITpocTeHHiHH sjieMeHT Mnpa - 3to to, hto Ha3MBaeTCH co6biTHeM. Oho 
npe^CTaBJifleT co6oii "ToneHHoe" HBJieHHe Bpo^e MrHOBeHHofi bchmhikh 
TOHeHHoii jiaMnM hjih, nojib3yacb HarjiH^HMMH hohhthhmh o npoerpaHCTBe- 
BpeMeHH, HBjieHne, npoTHJKeHHeM KOToporo b npocTpaHCTBe h bo BpeMeHH 
mojkho npeHe6peHb... Co6biTHe aHajiorHHHO TOHKe b reoMeTpHH... BcaKoe 
HBjieHne, bchkhh nponecc npe^CTaBJiHeTCH xax HeKOTopaa CBH3Haa cobo- 

KynHOCTb Co6bITHH. 
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OTBjieKaacb ot Bcex cbohctb co6mthh, KpoMe Toro, hto oho cyme- 
CTByeT, Mbi npe^CTaBjiaeM ero xax ... "MHpoByio TOHKy". IIpocTpaHCTBO- 

BpeMJI H eCTb MHOJKeCTBO BCeX MIipOBblX TOHeK. 



[9], c. 133, 134 

OflHaxo no^o6Hoe onpe^ejieHne HenojiHO, oho He yHHTMBaeT, hto icajK- 
jipe co6biTHe . . . B03^eHCTByeT Ha HexoTopbie ^pyrne co6mthh h caMO no#- 
BepaceHO B03^eiicTBHHM flpyrnx co6mthh. Boo6me B03#eHCTBHe h ecTb 
flBHJKeHne, CBH3biBaioiri;ee o,2;ho co6biTne c ,zrpyrHM nepe3 pafl npoMeacy- 
tohhmx co6mthh... B hohhthhx (pH3HKH B03,a;eHCTBHe mojkho onpe,a;ejiHTb 
KaK nepeflany HMnyjibca h SHeprnn. 

[9], c. 134 

TaKHM o6pa30M, reoMeTpHH npocTpaHCTBa-BpeMemi HeoT,a;ejiHMa ot (pHSHie- 
ckhx npon,eccoB, npoTeKaromHx b caMOM npocTpaHCTBe-BpeMeHH. 

IlpOCTpaHCTBO-BpeMH eCTb MHOJKeCTBO BCeX Co6bITHH B MHpe, OTBJie- 

leHHMx ot Bcex ero cbohctb, xpoMe Tex, KOTopbie onpe,n,ejifliOTCH otho- 
ineHHaMH B03,a;eHCTBHH o^hhx co6mthh Ha flpyrne. 

IlpocTpaHCTBeHHO-BpeMeHHaa erpyKTypa MHpa ecTb He hto HHoe xax 
ero npH^HHHO-cjieflCTBeHHaH CTpyKTypa, B3HTan jinnib b cooTBeTCTByro- 
mefi a6cTpaKHHH . 

[9], c. 135 

Cjieflyronj,HH Bonpoc, KOTopbiii Heo6xo,n,HMO paccMOTpeTb, - 3to Bonpoc O (pH- 

3HHeCKOM COflepjKaHHH nOHHTHfl KOOpflHHaT. Hto6m nOHHTb BCK) BajKHOCTb STOrO 

Bonpoca, BcnoMHHM xax BBeji 9HHHiTeiiH e,a;HHHoe BpeMH b TeopnH OTHOCHTejibHO- 
cth. IlpejKfle Bcero, KajK^biii Ha6jno,i];aTejib CHa6»ceH co6cTBeHHbiMH nacaMH. Ho 
fljia Toro, x ito6m BpeMH, noKa3biBaeMoe xajK^MM Ha6jiKmaTejieM, 6bijio KoopflHHa- 
Toii b npocTpaHCTBe co6mthh, Heo6xo#HMa CHHxpoHH3an,HH HacoB. OflHaxo npon,ecc 

CHHXpOHH3aH,HH OCHOBaH Ha (pH3HHeCKHX HBJieHHHX. 

Ecjih b TOHKe A npocTpaHCTBa noMemeHM lacbi, to Ha6jno,n,aTejib, Ha- 

XOflHIEHHCH B A, MOJKeT yCTaHaBJIHTb BpeMH C06bITHH B HenOCpeflCTBeHHOH 

6jih30Cth ot A nyTeM Ha6jno,z];eHHH o,a;HOBpeMeHHMx c sthmh co6mthhh- 
hmh noKa3aHHH CTpejiOK HacoB. Ecjih b flpyron tohkb B npocTpaHCTBa 
TaK»ce HMeiOTCH nacbi (mm #o6aBHM: "toiho Taxne »ce nacbi, Kax b TOiKe 
A"), to b Henocpe^CTBeHHOH 6jih30cth ot B TO»ce B03MO»cHa BpeMeHHan 
ou;eHKa co6mthh Haxoflam;HMca b B Ha6jno,n;aTejieM. 0,a;HaKO HeB03MO)K- 
ho 6e3 ,a;ajibHeHHiHx npe/rnojiojKeHHH cpaBHHBaTb bo BpeMeHH KaKoe-jiH6o 
co6biTHe b A c co6biTneM b B; mm onpe,a;ejiHjiH noxa TOJibKO "A-BpeMn" h 
"-B-BpeMfl", ho He o6mee ,h,jih Am B " BpeMH ". IlocjieflHee momo ycTaHO- 
BHTb, bbo^h onpe,n,ejieHHe, ito "BpeMH 11 , Heo6xoflHMoe fljiH npoxojK^eHHH 
CBeTa H3 A b B, paBHO "BpeMeHH 11 , Tpe6yeMOMy .xtjih npoxojK^eHHH CBeTa 

H3 B B A. IlyCTb B MOMGHT tA HO " ^4-BpeMCHH " JiyH CBeTa BMXOflHT H3 A B 

B, OTpa»caeTCH b momcht is no "-B-BpeMeHn" ot B k A h B03BpamaeTCH 
Ha3a^ b A b MOMeHT t' A no "yl-BpeMeHn" . HacM b A h B 6ynyT math, 
corjiacHO onpe^ejieHHio, chhxpohho, ecjin 

tB — tA = t A — ts 

Mm c,n;ejiaeM flonymeHHe, hto sto onpeflejieHHe chhxpohhocth mojkho 
flaTb HenpoTHBopenHBMM o6pa30M h npHTOM ,u;jih CKOJib yro^HO MHornx 
TOHex h hto, TaKHM o6pa30M, cnpaBefljiHBM cjie^yromne yTBepjK^eHHH: 



2.3. ripHHIJHn KOBapHaHTHOCTH 
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1) ecjiii HacM b B H,ayT chhxpohho c nacaMH b A, to nacbi b A vijuyT 
chhxpohho c nacaMH b B; 

2) ecrra Hacbi b A vlpjt chhxpohho xax c nacaMH b B, Tax h c nacaMH 
b C, to nacbi b B h C Taxace H,n,yT chhxpohho OTHOCHTejibHO Apyr ^pyra. 

[1], c T p. 9, 10 

AHajiorn^Hbie nocTpoeHna, ocHOBaHHbie Ha H3MepeHHH paccTOHHHH Me»my Ha- 

6jIIOflaTejIHMH (HTO TaKJKe MOJKHO BbinOJIHHTb C nOMOH],bIO CBeTOBblX CHrHajIOB) 
npHBOflHT K nOHHTHK) npOCTpaHCTBGHHblX KOOp^HHaT. 

B OTO npo6jieMa Koop^HHaT OKa3biBaeTca cnojKHee, ho cyTb ee ocTaeTca cjie- 
flyiomeH: Koop^HHaTbi hbjihiotch KOHiieHTpHpoBaHHbiM Bbipa»ceHHeM B3aHMO,a;eH- 
ctbhh pa3JiHHHbix Ha6jiKmaTejieH b npocTpaHCTBe co6mthh. 

2.3. IIpHHI],Hn KOBapHaHTHOCTH 

CyilHTOCTb BpGMGHH H npOCTpaHCTBa eCTb flBH- 

»ceHHe, noTOMy hto oho Bceo6in;e; nonsTb ero 
3HanHT BbiCKa3aTb ero cymHOCTb b (popMe no- 

HflTHfl. 

Terejib, "JleKHiin no hctophh (pHJiococpHH 11 . 

^BHJKeHHe eCTb CyiHHOCTb Bp6M6HH H npO- 
CTpaHCTBa. ^Ba OCHOBHblX nOHHTHH BbipajKaiOT 

3Ty cymHOCTb: (6ecKOHenHaa) HenpepbiBHOCTb h 
"nyHKTyajibHOCTb" (= OTpnijaHHe HenpepbiBHO- 

CTH, npepblBHOCTb) . /jBHJKeHHe eCTb G^HHCTBO 

HenpenpepbiBHOCTH (BpeMemi h npocTpaHCTBa. 

^BHJKeHHe eCTb npOTHBOpeHHe, eCTb e^HHCTBO 
npOTHBOpeHHH . 

Ill, c. 231, Lenin, Philosophic notebooks 
Onpe^ejiHB co^epacaHHe noHaraa npocTpaHCTBa, mm MoaceM nepeiiTH k paccMOT- 
peHHio npHHuimoB, nojio»ceHHbix b ocHOBy OTO. Ochobhmm npHHnrinoM OTO sb- 
jiaeTca npHHnrm o6m;eKOBapHaHTHOCTH. Btopmm, He MeHee BajKHbiM npHHnnnoM 
b coBpeMeHHoii cbopMyrrapoBKe OTO, ABJiaeTCH npHHinin SKBHBajieHTHOCTH. 06a 
3th npHHipma TecHO B3aHMOCBA3aHbi. Onnpaacb Ha npHHinin Maxa, 3iiHniTeHH 
(popMyjinpyeT ocHOBHbie npHHipinbi. 

IlycTb K - rajiHjieeBa KOop^HHaTHan CHCTeMa, t. e. Taxaa, othoch- 
TejibHO KOTopoii (no Kpaiffleii Mepe b paccMaTpHBaeMoii neTbipexMepHoii 
o6jiacTn) HexoTopaa Macca, ,n;ocTaTOHHO yuajieHHaa ot ^pyrnx, flBHaceTca 
npHMOJiHHeiiHO h paBHOMepHO. IlycTb K - BTopaa KOop/niHaTHaa cncTe- 
Ma, KOTopaa OTHOCHTejibHO K ^BHJKeTCH paBHOMepHO ycKopeHHO. Tor,a,a 
flOCTaTOHHO H30JiHpoBaHHaa ot flpyrnx Macca coBepniaeT OTHOCHTejibHO 
K 1 ycKopeHHoe ^bh jtceHne , npnneM hh ycxopeHHe, hh HanpaBjieHne SToro 
ycKopeHHH He 3aBHCHT ot xHMHnecKoro cocTaBa h (pH3HnecKoro coctoahhh 
stoh Maccbi. 

Mo»ceT jih Ha6jnoflaTejib, noKoainHHCH OTHOCHTejibHO KOop^HHaTHoii 
CHCTeMbi K , OTCio^,a 3aKjnonHTb, hto oh Haxo^niTCH b "^eiicTBHTejibHo" 
ycKopennoH KOopflHHaTHoii CHCTeMe? Otbct Ha stot Bonpoc flOJiaceH 6biTb 
OTpHn;aTejibHbiM, h6o TOJibKO hto yKa3aHHoe noBe,a;eHHe Mace, cbo6o,u;ho 
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flBHJKyiiniXCH OTHOCHTejIbHO if , MCDKET 6bITb CTOJIb }Ke XOpOHIO oG'bflCHe- 

ho cneflyroiiniM o6pa30M. Koop/niHaTHaa chctgmci K' He HMeeT ycKope- 
hhh, ho b paccMaTpHBaeMoii npocTpaHCTBeHHO-BpeMeHHoii o6jiacTH hm6- 
eTCfl rpaBHTan,HOHHoe nojie, Bbi3biBaK>mee ycxopeHHoe nBHJKeHHe Ten ot- 

HOCHTejIbHO CHCTeMbI K' . 

[2], ct P . 456 

OflHaxo BiiHiHTeiiH cnejiaji b stoh pa6oTe ,n,Be MeToapjiorniecKHe oihh6kh. Ife- 
jiojkhb ocHOBHbie npHHHHnbi OTO, oh nnineT 

H3 3thx coo6pa>KeHHH bh^ho, hto nocTpoeHHe o6in,eH TeopHH otho- 

CHTejIbHOCTH flOJDKHO OflHOBpeMeHHHO npHBeCTH H K TeOpHH THrOTeHMJI, 

h6o rpaBHTaipiOHHoe nojie mojkho "co3,naTb" npocTMM H3MeHeHHeM Koop- 

flHHaTHOH CHCTeMbI. 

[2], c. 457 

Bo-nepBbix. TecHaa CBH3b ochobhmx npHHininoB He 03HaHaeT hx TOJK^ecTBO. 

IIpHHIlHn SKBHBajieHTHOCTH OKa3ajICH HCTOpHHeCKH nepBMM H CaMbIM npOCTbIM 

npHHininoM, ccpopMyjinpoBaHHbiM b o6nj;eKOBapHaHTHOH (popMe. B flajibHefinieM 
3fiHHiTeHH noHflji, hto Teopnio OTHOCHTejibHOCTH Hejib3H CBecTH k TeopHH rpaBHTa- 

HHOHHOrO nOJIH. BCK) CBOK) OCTaBHiyiOCH }KH3Hb OH nOCBflTHJI pa3BHTHK) npHHIHina 

o6nj,eKOBapHaHTHOCTH. 

Bo-BTOpblX. KaK CJie^CTBHe OTOJKfleCTBJieHHH CHCTeMbI OTCieTa H CHCTeMbI KO- 

op,n;HHaT, 9HHHiTeiiH ohih6o x iho OTOJK^ecTBjiJiji npeo6pa30BaHne JlopeHiia c o6iniiM 
KOopflHHaTHMM npeo6pa30BaHHeM. CaMas rpy6aa oniH6Ka cocToajia b tom, hto 
9iiHHiTeHH nojiaraji, hto c noMombio npeo6pa30BaHHii JIopeHna mojkho nopo/niTb 
rpaBHTan,HOHHoe nojie b HHepunajibHoii CHCTeMe OTCH&ra, ecjin ero TaM He 6mjio. 
Ho 3to npoTHBopeHHT npHHininy o6nj,eKOBapHaHTHOCTH. Ha caMOM .aejie 3necb HMe- 
eT MecTO nepexofl k HeHHepiniajibHoii CHCTeMe OTCieTa, Bbipa»ceHHbiH b noHBJieHHH 
HerojiOHOMHOCTH Koop,a;HHaT, Hcnojib3yeMbix Ha6jno,i];aTejieM. 

... Hejib3H jno6oe none TH*;ecTH 3aMeHHTb cocTOHHHeM flBHJKeHHH ch- 
CTeMM 6e3 rpaBHTan,HOHHoro nojia, tohho TaKJKe KaK Hejib3H npeo6pa30- 
BaTb Bee tohkh npoH3BOJibHO ^BH>KyHj,eHCH cpe,n,bi K nOKOK) nocpe^CTBOM 
pejiflTHBHCTCKoro npeo6pa30BaHHH. 

107, c. 166 

OflHaKO H30JIHpOBaHHbIH Ha6jIIOflaTejIb He 3HaeT, KUKHMH KOOp^HHaTaMH OH 

nojib3yeTca. C flpyrofi ctopohm, h b HeHHepHiiajibHoii CHCTeMe OTCTCTa, h b rpa- 
BHTau;HOHHOM nojie CBo6o,nHbie Tejia ^BHJKyTCH no TpaeKTopHHM, He 3aBHCHin,HM ot 

hx MaCCbl. 

npHHH,Hn SKBHBajieHTHOCTH - 3TO yTBepjK^eHHe O nOJIHOH TOJK^eCTBeH- 

hocth Bcex (pHSH^ecKHx npoueccoB h HBJieHHH b o^Hopo^HOM none TflrO- 
TeHHH h b cooTBeTCTByiomeii paBHOMepHO ycKopeHHoii CHCTeMe OTCieTa, 
npnieM b o6meM cnyiae peib n^eT o ^ocTaTomo Majibix npocTpaHCTBeHHO- 
BpeMeHHbix o6jiacTHx. H3 npnHnnna SKBHBajieHTHOCTH cuenyeT paBeHCTBO 
HHepTHoii Maccbi h THJKejiOH Maccbi, TaK KaK b npoTHBHOM cnyHae y»ce Me- 
xaHHnecKHe nrajKeinifl b ycKopeHHoii CHCTeMe OTCHeTa h b none Ta»cecTH 
npoTeKajiH 6m Heo^HHaKOBO . 

Ginzburg, 105, c. 339 
npoBe^eHHbiH mhoio HenaBHO aHajiH3 noKa3MBaeT, ito npHHunn sk- 
BHBajieHTHOCTH He HBjiaeTCfl yTBepjK^eHHeM o paBeHCTBe ,a;Byx pa3Hbix 
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THnoB Maccbi. OcHOBa npHHinina SKBHBajieHTHOCTH coctoht b tom, hto 
hi o,ii;ho HBjieHiie He MoaceT otjihhhtb o,a;Hy CHCTeMy OTC^eTa ot flpyrofi h 

3aKOHbI (pH3HKH He 3aBHCHT OT TOrO, KaKyK) CHCTeMy OTCH&Ta Mbl HCnOJIb- 

3yeM. Hsy^eHne sjieKTpoMarHHTHbix nojieii noKa3biBaeT, hto Macca Me- 
Hee BajKHa b o6men TeopHH OTHOCHTejibHOCTH, neM mm nonarajiH paHbnie. 
He Macca, a TeH3op SHeprnn HMnyjibca nopojK^aeT rpaBHTannoHHoe nojie. 
Cbct He HMeeT Maccbi, ho HMeeT HMnyjibc BiranrreHH, ncnpaBHB Han6ojiee 
rpy6bie oihh6kh, (popMyjinpoBaji ocHOBHbie npHHininbi cnejryioinHM o6pa- 
30m: IlycTb K - HHepiniajibHaa CHCTeMa 6e3 nojia TJiJKecTH, K' - CHCTeMa 
KOop^HHaT, paBHOMepHO ycKopeHHaa OTHOCHTejibHO K. Tor^,a noBe^eHHe 
MaTepnajibHbix TO^ex no OTHOineHHio k CHCTeMe K 6yjj;eT tskhm see, Kax 
ecjiH 6m K 6bijia HHepniiajibHoii cncTeMoii, b KOTopoii cymecTByeT ojj;ho- 
poflHoe nojie TiiroTeHHH. TaKHM o6pa30M, b CBeTe H3BecTHbix H3 onbiTa 

CBOHCTB nOJIH THJKeCTH Onpe^ejieHHe HHepiHiajIbHOH CHCTeMbI OKa3bIBaeT- 
CH HeCOCTOHTejIbHblM. HanpaiHHBaeTCfl MblCJIb O TOM, ^TO KajK^aH, JIK)6bIM 

o6pa30M flBHJKymaacfl CHCTeMa OTCTeTa, c tohkh 3peHHH (popMynnpoBKH 
3aKOHOB npnpoflbi, paBHon,eHHa jno6oii ^pyroii h ito, cneflOBaTejibHO, fljia 
o6jiacTen KOHe^Hoii npoTasceHHOCTH Boo6in;e He cymecTByeT (pH3HHecKH 

BbmejieHHblX (npHBHJierHpOBaHblx) COCTOflHHH ^BHJKeHHfl (o6iniiii npHH- 

inin OTHOCHTejibHOCTH). Ilocjiejj,OBaTejibHoe npoBejj,eHHe stoh H^,en Tpe- 
6yeT eme 6ojiee rjiy6oKoro BH,n,OH3MeHeHHH reoMeTpHKO-KHHeMaTHnecKHx 
ochob TeopHH, ^eM cneiinajibHafl TeopHH OTHOCHTejibHOCTH... 06o6in;aH, 
npHxoflHM k cjieflyiomeMy pe3yjibTaTy: none TaroTeHHH h MeTpnxa npe,a;- 

CTaBJIHIOT C060H JIHIHb paSJIH^Hbie (pOpMbl npOHBJieHHH OflHOrO h Toro >Ke 

(pHSH^ecKoro nana. 

[4], CTp. 124 

CoBpeMeHHaa (popMyjinpoBKa npHHunna o6ineKOBapnaHTHOCTH He 3aBHCHT ot 
npnHinina SKBHBajieHTHOCTH. CyTb coctoht b tom, ^to npeo6pa30BaHHH JIopeHH,a 
o6pa3yiOT hStko onpe,a,ejieHHyio rpynny, a <pH3HHecKHe BejiH^HHM hbjihiotch HHBa- 
pnaHTHbiMH KOHCTpyKiiHHMH OTHOCHTejibHO 3TOH rpynnbi. 

Heo6xo,a;HMO OTMeTHTb, ^ito pasjiH^iHbie onin6o x iHbie to jikob aHHH yTBepjKfle- 
hhh OTO, BbiCKa3biBaHHH 3HHiHTeHHa (oco6eHHO paHHHx) o6eflHHK)T co^epjKaHHe 
OTO. Tax, OTOJK^ecTBJiflH 06a npHHinina, C&ok yTBepamaji, hto OTO npaBHJib- 
Hee 6biJio 6m Ha3BaTb Teopnefl TaroTeHHH. ^pyrne aBTopbi CTHTaiOT, ^to tot hjih 
hhoh npHHnnn, no,a;o6HO npHHininy Maxa, Cbirpaji pojib noBHBajibHOH 6a6xH h ceii- 
^ac He ABjiaeTCH <pyH,i;aMeHTajibHbiM npnHUHnoM TeopHH. HeneTKOCTb onpe,a;ejie- 
Hia npeo6pa30BaHHH JlopeHu;a y BiranrreHHa nopo,a;Hjia pa3JiHHHbie noncKH. ITbiTa- 
acb CHCTeMaTH3HpoBaTb o6iHHpHbiH MaTepnaji, MHorne HCCJie^,OBaTejiH oihh6o x iho 
ynpoin,ajiH npo6jieMy, Bbmejiaa npHBHJiernpoBaHHbie CHCTeMbi OTC^ieTa, ^ito npoTH- 
BopenHT npHHininy o6in;eKOBapHaHTHOCTH. 

CymecTBeHHoe ^ocTHSKHHe o6meii Teopnn OTHOCHTejibHOCTH 3aKjno- 
HaeTCH b tom, hto OHa H36aBHjia (pH3HKy ot hco6xo,ii;hmocth bbo^htb 
"HHepuiiajibHyio CHCTeMy". 3to noHHTne HeynpBJieTBopHTejibHO no toh 
npH^HHe, tito oho 6e3 KaKoro-jin6o o6ocHOBaHHH Bbi^ejiaeT H3 Bcex mmc- 

JieHHO B03MOJKHMX CHCTeM KOOp,I],HHaT HeKOTOpbie CHCTeMbI. 3aTeM 

jiaeTca npe,n;nojioJKeHHe, ^ito 3aKOHM (pH3HKH BbinojiHHiOTCH TOJibKO ,a;jifl 
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TaKHX HHepHHajIbHblX CHCTGM. . . T&KHM o6pa30M, B CHCTGMG (pH3HKH npO- 

CTpaHCTBO Kax TaKOBoe HaflejiaeTca pojibio, Bbmejiinomeii ero H3 Bcex npo- 
iix sjieMeHTOB (pHSH^ecKoro omicaHiifl. Oho nrpaeT onpeflejisnomyio pojib 
bo Bcex npon,eccax, He HcnbiTbiBaa hx o6paTHoro B03,a,eHCTBHa. Xoth no- 
flo6Haa Teopna asjiaeicsi jiornHecKH bo3mojkhoh, ho, c ,apyroH ctopohm, 
OHa BbirjiH^HT He coBceM ynpBjieTBopHTejibHoii. HbioTOH BnojiHe co3HaBaji 
9tot He,n;ocTaTOK, ho oh CTOJib ace hcho noHHMaji, ^to HHoro nyTH pjisi (pn- 
3hkh b to BpeMfl He 6mjio. Cpe^ni (J)H3hkob no3^,HeHHiero BpeMeHH oco6oe 
BHHMaHne Ha 3to o6cTOHTejibCTBO o6paTHJi 9pHCT Max. 

106, c. 854, 855 

CHCTeMaTH3Hpya oniH6oHHbie npe^CTaBJieHHH, THH36ypr nnnieT 

... Ha3BaHne "o6maH Teopaa OTHOCHTejibHOCTn" BnojiHe 3aKOHOMepHO 
h HeT ocHOBaHHii ot Hero 0TKa3biBaTbca, He roBops y»ce o tom, hto 3aMe- 
Ha 3Toro Ha3BaHHH npe,n;cTaBjiseTCfl npaKTHHecKH h6bo3mojkhoh b cnjiy 
ycTaHOBHBHieiicH Tpa/niiniH. 

K COJKajieHHK), BOnpOCbl TepMHHOJIOrHH H CJIOBOynOTpe6jieHHfl CTOJib 

TecHO nepenjieTaiOTCH c cymecTBeHHbiMH npo6jieMaMH, ^to Hepe^KO Me- 
niaiOT o6cy»cfleHHK) sthx npo6jieM, ... 3acTaBJiHiOT cnopnTb o cjiOBax... 
Bonpoc o Ha3BaHHH TeopHH ... erojib hbho TepMHHOJiorn^ecKHH, ^to He 
mojket nopo,a;HTb pacxo>K,ii;eHHH no cyra ,a;ejia. Ho SToro Hejib3H cxa3aTb 
o npo6jieMe cymecTBOBaHHa b OTO npHBHjierHpoBaHbix chctcm OTC^e- 
Ta... JIrr floCTaTOHHO Majibix o6jiacTen npocTpaHCTBa-BpeMeHH b OTO, 
KOHeHHO, cymecTByeT npHBHJierHpoBaHaa CHCTeMa OTCHeTa - ... HMeeTca b 
BHfly cbo6o,u;ho naflaiomaH jioxajibHO HHepiniajibHaa CHCTeMa OTC^eTa . . . , b 
KOTopoii HeT chji TaroTeHHH h cnpaBe,a;jiHBa HacTHaa Teopaa OTHOCHTejib- 
hocth. Ho TaKne cncTeMM ... He coBna,a;aiOT c HHepiniajibHbiMH cnereMaMH 
KJiaccH^ecKoii MexaHHKH . . . 

^jih o6jiacTeii KOHe^Hoii npoTHJKeHHOCTH b o6meM cjiy^ae mm He bh- 
/Pm HHKaKoro aHanora HHepuHajibHbrx chctcm, hhkcIkhx chctcm, CTOJib 
»ce "npHBHjierHpoBaHbix". Ho 3,a;ecb to h B03miKaeT B03MO>KHOCTb Tep- 
MHHOJiorn^ecKHx pa3HorjiacHii. HccjieflOBaHne KOHKpeTHbix (pH3HHecKHx 
3a^aH CBH3aHO c KaKHM-TO ynpomemieM, npH6jiH»ceHHeM, c HfleajiHsainreii 
CHTyan,HH ... Ho coBepnieHHO o^eBH^eH HacTHbra xapaKTep TaKoii npnBH- 
jiernpoBaHHOCTH, cyry6o otjih^hmh ot toh npHBHJierHpoBaHHOCTH, koto- 
poii Ha,a;ejiajia HHepnHajibHbie cncTeMM Kjiaccn^ecKaa MexaHHKa. 

105, p 343 - 345 

2.4. IIpocTpaHCTBO-BpeMa h KBaHTOBaa MexaHHKa 

KajKflbiii HejiOBeK saKjiKraeH b TeMHHiry cbo- 
hx H^eii, h KajKflbiii b iohocth flOJiJKeH B3opBaTb 

ee, hto6m nOnblTaTbCH CpaBHHTb CBOH H^en c 

peajibHOCTbio. Ho Hepe3 HecKOJibKO BeKOB APy- 
roii HejiOBex, 6biTb mojkct, OTBeprHeT ero H^en. 
C xyflOJKHHKOM b ero HenoBTopHMOCTH Taxoro 
npoH30HTH He MoaceT. Tax nponcxo^HT TOJibKO b 
noHCKax hcthhm, h 3to BOBce He neHajibHO. 

[7], CTp. 144 



2.4. IlpOCTpaHCTBO-BpeMSI H KBaHTOBaa M6X3HHKS 
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Kax yxe OTMenajiocb BMine, reoMeTpnnecKne npe,a;cTaBjieHHH TecHO CBH3aHM 
c (pH3HHecKHMH. Ilo3TOMy b MaKpo(pn3iiKG , T^e Bee Tejia HMeiOT ^eTKO onpe^ejieH- 
Hyio (popMy h ^BHJKyTCH no hStko onpe^ejieHHMM TpaeKTopnaM, reoMeTpna (bo 
bcgm MHoroo6pa3HH npeflCTaBJieHHH h Teopnii) onncMBaeT jkectko h o,n,H03HaHHO 
onpe^ejieHHbie KOHCTpy kuhh . He cocTaBJiaeT HCKjno^eHHH h o6maH TeopHH otho- 

CHTejIbHOCTH. 

B nacTHOCTH, sjieMeHTapHoe co6biTne - sto HBjieHne fljniTejibHOCTH, KOTopofl 
mojkho npeHe6pe x ib, b o6jiacTH npocTpaHCTBa, pa3MepaMH KOTopoii mojkho npeHe- 
6peHb. ToHKa b npocTpaHCTBe, TpaeKTopna ^BnsceHHH, (popMa Tejia CTaHOBHTCH 
a6cTpaKLi,HHMH, He HMeronniMH peajibHbix (pH3HnecKnx aHajioroB. B 6ojibiiiHHCTBe 
cnynaeB ,a;jiHTejibHOCTbio hjih pa3MepoM npeHe6peraTb Hejib3H. HcnesHOBemie cy- 
mecTByiomeH b MaKpo(pii3HKe rpaHH Me^Kfly nacTHn,aMH h bojihsmh npnBejio k pa3- 
MbiBaHHio hctkhx reoMeTpnnecKHx (popM. TeM caMMM reoMeTpn^ecKne npe,a;cTaB- 

JieHHH CTaHOBHTCH B npOTHBOpeHHe C (pHSH^eCKHMH. 

CoBMecTHbiii aHajiH3 ypaBHeHHii KBaHTOBoii MexaHHKH h TeopHH OTHOCHTejib- 
hocth npHBO^HT k napa,a;oKcajibHOMy pe3yjibTaTy: Heo6xo,n;HMO KBaHTOBaTb MeTpn- 
^ecKHii TeH3op. CooTBeTCTByromHii reoMeTpnnecKHn annapaT ein,e He pa3pa6oTan, 
OflHaxo HecjioJKHbie nocTpoeHira no3BOJiaiOT cxa3aTb Koe-HTO onpe,n;ejieHHoe o reo- 
MeTpnHecKOH CTpyKType npocTpaHCTBa o6in,epejiHTHBHCTCKoii KBaHTOBoii MexaHH- 
KH. 

J^Jia Toro, x iTo6bi noHHTb cyTb hobmx reoMeTpniecKHx npe^CTaBJieHHii pac- 
cmotphm HarjiHflHbifi reoMeTpn^ecKHH npHMep. IlpeflnojioJKHM, hto b pe3yjibTaTe 
penieHHH sa^a^n mm nojiy^HjiH Ha MHoroo6pa3HH pa3MepH0CTH 2 ppe MeTpn^ecKHe 
cpopMbi, onHCMBaKurnie ccpepbi pa^HycoB R h r. TaKHM o6pa30M, b jiio6oh TO^xe 
MHoroo6pa3Hfl Ha6jiroflaTejib 6yn;eT o^HOBpeMeHHO Haxo^HTbca Ha o6enx ccpepax. 
IIpeflnojiojKHM, hto mm Haxo^HMCH Ha ceBepHOM nojuoce. Tor^a mm nonynnM, hto 
o6e ccpepM xacaiOTCH ,a;pyr ,a;pyra b ceBepHOM nojiioce. Bya;eM flBHraTbCH Tenepb Ha 
ror. Ho B03HHKaeT Bonpoc: no KaKoii H3 flByx ccpep mm 6ya;eM flBHraTbCH? npejj;- 
nojioJKHM, nTO mm 6yi;eM flBHraTbCH no 6ojibinoH cepepe. Tor^a mm nepecTaHeM 
KacaTbca ManoH ccpepbi. A sto npoTHBopenHT nocTaHOBKe 3a^anH. CneflOBaTejib- 
ho, npn ^BHJKeHHH no 6ojibnioii cepepe mm xax 6m yBJiexaeM 3a co6oh Majiyio ccpepy. 
AHajiorHHHO, ^BHraacb no Majioii cepepe, mm yBJiexaeM 3a co6oh 6ojibniyro ccpepy. 

3Ta KapTHHa, 6e3ycji0BH0, He 3aBHCHT hi ot pa3MepH0CTH MHoroo6pa3HH, hh 
ot nncjia h 3HaneHHH MeTpnnecKnx (popM. Mm Tenepb mojkcm noflBecTH HeKOTopbie 
HTorn. 

- KBaHTOBaHne MeTpnnecKoro TeH3opa npnBO^HT k paccjioeHnio ocHOBHoro 
MHoroo6pa3Hfl (corjiacHO 3HaneHHio MeTpnnecKoro TeH3opa). 

- KBaHTOBaHne MeTpn^ecKoro Teroopa BMTajiKHBaeT flBHJKyinnncH oGieicT H3 
ocHOBHoro MHoroo6pa3HH b MHoroo6pa3He KacaTejibHbix njiocKOCTen. 9tot npo- 
i;ecc HaMenajica em;e b OTO: cncTeMa H3MepHTejibHbix npn6opoB Ha6jno,n;aTejiH 

HaXO/IHTCH B KaCaTejIbHMX njIOCKOCTHX. npH ^BHJKeHHH Ha6jHO^,aTejIfl OCHOBHOe 

MHoroo6pa3ne ^BH»ceTCfl 6e3 CKOJib»ceHHfl Bflpiib njiocKOCTeii, Bee BpeMfl xacaacb 

HX. 

- napajuiejibHMH nepeHOC B,a;ojib 3a,a;aHHOH kphboh Heo^HOSHa^eH h, no-BH^HMOMy, 
onepan;Hfl Heo6paTHMaa. reoflesH^ecKaa nepecTaeT 6biTb kphboh b npHBHiHOM no- 
HHMaHHH n pacna^aeTCH Ha MHoacecTBO kphbmx, ^BH^KeHHe no kotopmm nponexo- 

flHT C TOH HJIH HHOH BepOHTHOCTbK). 3tO npHBOJXHT K HeOJ0,HO3HaHHOMy 3a^aHHK) 
H3MepHTejIbHOH CHCTeMM, KOTOpOH nOJIb3yeTCH Ha6jIK3flaTejIb. 
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/Jajiee cne^yeT terra incognita MaTeMaTH^ecKHx h (pHSH^ecKHx pe3yjibTaTOB. 
He^ajieKO to BpeMa, Kor,i;a mm CTatieM CBH^eTejiflMH hobmx peBOjnouHOHHbix npe- 
o6pa30BaHHii b reoMeTpnn, (pH3HK6, (pnjiococpHH. 

Ilpe>Kfle neM nepexo^HTb k Bonpocy o 3aBeprneHHH o6rrj,eii Teopnn 

OTHOCHTejIbHOCTH, 3 flOJIJKeH BbICKa3aTbCfl O 3aHHMa6MOH MHOK5 n03HHHH 

no OTHoniGHHio k toh (pH3HHecKoii Teopnn, KOTopaa M3 Bcex (pH3HHecKHx 
Teopnii Haniero BpeMeHH ,n;ocTHrjia Han6ojibniHx ycnexoB. 51 HMeio b BH,a;y 
CTaTHCTHHecKyro KBaHTOByio MexaHHKy... 9to e^HHCTBeHHafl coBpeMeHHaa 
Teopna, ^aiornaa CTpoiiHoe oG-bacHeHne TOMy, ito mm 3HaeM OTHOCHTejib- 
ho KBaHTOBoro xapaKTepa MHKpoMexaHniecKnx nponeccoB. 3Ta Teopna, 
c o,u;hoh CTopoHM, n Teopna OTHOCHTejIbHOCTH, c flpyroii, o6e b H3BecTHOM 
CMMCJie CHHTaiOTca bgphhmh, xoth cjinaHHe sthx Teopnii He y^ajiocb 
cnx nop, HecMOTpa Ha Bee ycnjina. C sthm, aojijkho 6biTb, n CBa3aHO to, 
^to cpe,a,H coBpeMeHHbix (pn3HKOB-TeopeTHKOB HMeiOTCH coBepnieHHO pa3- 
jin^Hbie MHeHHH o tom, Kax 6y^eT Bbirjia^eTb TeopeTHnecKHii (pyH^aMeHT 
6y,a;yirj;eH (pn3HKn. Byn;eT jih sto Teopna nana? 

[8], ct P . 288, 289 

B. Teopna nojia eme He Bnojrae onpe^ejiaeTca cncTeMoii ypaBHeHnii 
nana. HaflO jih npn3HaBaTb Hajin^ne cnHryjiapHOCTen? Cjie^yeT jih no- 
CTyjinpoBaTb rpaHH^Hbie ycjiOBHa? 

B. Mo>kho jim ,a;yMaTb, hto Teopna nojia no3BOJinT noHaTb aTOMH- 
CTH^ecKyro n KBaHTOByro CTpyKTypy peajibHOCTH?.. 51 nojiararo, hto no 
3TOMy noBO^y b HacToamee BpeMa HHKOMy He H3BecTHO HHHero #octo- 
BepHoro, nocKOJibjiy mm He 3HaeM, kskhm o6pa30M n b Kaxon CTeneHM 
HCKjiiOHeHHe CHHryjiapHOCTen coxpamaeT MHoacecTBO penieHnn. Y Hac bo- 
o6me HeT HHKaKoro MeTO,a;a ,n;jia cncTeMaTn^ecKoro nanyHeHMa penieHnn, 
cbo6o^hmx ot CHHryjiapHOCTeii... B HacToamee BpeMa npeo6jia,n,aeT MHe- 
Hne, hto Teopnio nojia CHa^ajia Heo6xo,a,HMO nepeBecTn " KBaHTOBaHneM " b 
CTaTHCTHHecKyro Teopnro BepoaTHOCTeii... 51 Bn»cy b stom jinnib nonMTKy 
onncMBaTb jinHenHMMn MeTO^aMn cooTHomeHna cymecTBeHHO HejinHeii- 
Horo xapaKTepa. 

r. Mojkho y6eflHTejibHO ,n,OKa3aTb, hto peajibHOCTb BOo6me He MoaceT 
6biTb npe^CTaBJieHa HenpepMBHMM nojieM. H3 KBaHTOBbix aBJieHMii, no- 
BH^HMOMy, cjie,n;yeT, ^to KOHe^Haa CHCTeMa c KOHeHHoii SHeprneii mojkct 
nojiHOCTbio onncMBaTbca kohgmhmm Ha6opoM HHceji (KBaHTOBbix Hnceji). 
3to, Ka»ceTca, Hejib3a coBMecTHTb c Teopneii KOHTHHyyMa h Tpe6yeT rjik 
omicaHHa peajibHocra hhcto ajire6paHHecKoii TeopnH. OflHaxo ceiraac hh- 
kto He 3HaeT, KaK HaiiTH ocHOBy #jia TaKoii TeopnH. 

106, p 872, 873 

IlpejKfle neM mm Han^eM HOByro reoMeTpnio, mm ^ojijkhm H3yHHTb, ^to mojkbt 
npoH3oiiTH, ecjiH mm o6 r beflHHHM H^eH o6meii TeopnH OTHOCHTejIbHOCTH n KBaHTO- 

BOH MexaHHKH. 



DiaBa 3 



IIpe/jCTaBjieHHe rpynnbi 



3.1. IIpeflCTaBJieHHe rpynnBi 

OnPEflEJiEHHE 3.1.1. Mm 6yo;eM Ha3MBaTb OTo6pa»ceHHe 

HeBbipoHCfleHHBiM npeo6pa30BaHHeM, ecjin cymecTByeT o6paTHoe OTo6pa»ce- 
Hne. □ 

OnPEflEJiEHHE 3.1.2. Ilpeo6pa30BaHHe Ha3MBaeTca jieBocTopoHHHM npe- 
o6pa30BaHHeM ecjin oho ^eiicTByeT cjieBa 

u = tu 

Mm 6yn,eM o6o3Ha x iaTb 1{M) mhojk6ctbo jieBOCTopoHHHx HeBbipojKfleHHbix npeo6- 
pa30BaHHH MHO»cecTBa M. □ 

OnPEflEJiEHHE 3.1.3. IIpeo6pa30BaHHe Ha3MBaeTca npasocTopoHHHM npe- 
o6pa30BaHHeM ecjin oho ,n,eHCTByeT cnpaBa 

u = ut 

Mm 6yn;eM oGosHa^aTb r{M) mho^kgctbo npaBOCTopoHHHx HeBbipojKfleHHMx npe- 
o6pa30BaHHii MHoacecTBa M . □ 

Mm 6yn,eM o6o3Ha x iaTb 5 To:sc,n,ecTBeHHoe npeo6pa30BaHHe. 

OnPEflEJlEHHE 3.1.4. IlycTb l(M) - rpynna h 5 - e/nmnna rpynnbi l(M). IlycTb 
G - rpynna. Mm 6yn;eM Ha3MBaTb roMOMop(pn3M rpynn 

JieBocTopoHHHM KOBapnaHTHBiM npeflCTasjieHHeM rpynnBi G b mhojk6ctb6 
M, ecjin OTo6pa»ceHHe / ynpBJieTBopaeT ycjiOBHHM 

(3.1.1) f(ab)u=f(a)(f(b)u) 

□ 

OnPEflEJiEHHE 3.1.5. IlycTb l(M) - rpynna n S - e,n;HHHn,a rpynnbi l(M). IlycTb 
G - rpynna. Mm 6yn,eM Ha3MBaTb aHTnroMOMop(pn3M rpynn 

/ : G -> l(M) 

JieBocTopoHHHM KOHTpasapHaHTHBiM npeflCTaBJieHneivi rpynnBi G b mho- 
»cecTBe M, ecjin OTo6pa»ceHHe / yflOBjieTBopaeT ycnoBnaM 

(3.1.2) f(ba)u = f(a)(f(b)u) 

□ 
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3. IlpeflCTaBjieHHe rpynnw 



OnPEflEJiEHHE 3.1.6. IlycTb r(M) - rpynna H 8 - e^HHHua rpynnbi r(M). 
IlycTb G - rpynna. Mm 6ya;eM Ha3MBaTb OTo6pa»ceHHe 

/ : G r(M) 

npaBOCTopoHHHM KOBapnaHTHbiM npeflCTaBJieHHeM rpynnbi G b MHcratecTBe 
M, ecjin OTo6pa»:eHHe / yflOBjieTBopaeT ycjiOBHHM 

(3.1.3) uf(ab) = (uf(a))f(b) 

□ 

OnPEflEJlEHHE 3.1.7. IlycTb r(M) - rpynna h 6 - e^imima rpynnbi r(M). 
IlycTb G - rpynna. Mm 6ya;eM Ha3MBaTb aHTnroMOMop(pH3MOM rpynn 

/ : G -> r(M) 

npaBOCTopoHHHM KOHTpaBapnaHTHbiM npe^cTaBJieHneM rpynnbi G b mho- 
»cecTBe M, ecjin OTo6pa»ceHHe / ynpBJieTBopjieT ycjiOBHHM 

(3.1.4) uf(ab) = (uf(a))f(b) 

□ 

Jlio6oe yTBepjK^eHne, cnpaBe^jinBoe .xtjih jieBOCTopoHHero npe^CTaBJieHHa rpyn- 
nbi, 6yn,eT cnpaBe^jinBO pjin npaBOCTopoHHero npe^CTaBJieHnfl. IIosTOMy mm 6yn,eM 
nojib30BaTbCH o6m,HM TepMHHOM npe/i,CTaBJieHHe rpynnbi n 6y^eM nojib30BaTbCH 
o6o3Ha x ieHHaMH rjir JieBOCTopoHHero npeflCTaBjieHHH b Tex cjiy^aax, Kor,i;a sto He 
BM3MBaeT He,iiopa3yMeHHH. 

Teopema 3.1.8. JJah jiw6ozo g e G 
(3.1-5) fig' 1 ) = fig)' 1 

^OKA3ATEJlbCTBO. Ha OCHOBaHHH (3.1.1) H 

(3.1.6) /(e) = 5 
mm MOJKeM 3anncaTb 

u = 8u = figg- 1 )u = fig)ifig- 1 )u) 
3to 3aBepniaeT ^OKasaTejibCTBO. □ 

IlPHMEP 3.1.9. TpynnoBaH onepaniiH onpe^ejiaeT #Ba pasjiHHHbix npe^CTaB- 
jieHHH Ha rpynne: jiesbift c^BHr, kotopmh mm onpe^ejiJieM paBeHCTBOM 

(3.1.7) b 1 = L(a)b = ab 

h npaBbiii cflBHr, KOTopbiii mm onpe^ejiaeM paBeHCTBOM 

(3.1.8) b' = R(a)b = ba 

□ 

Teopema 3.1.10. ITycmb npedcmaejieuue 

u = f(a)u 

fiejiaemcM, KoeapuaumuuM npedcmaejieHueM. Tozda npedcmaejieuue 

u' = h{a)u = fia~ 1 )u 
MBAJiemcM KoumpaeapuaumuuM npedcmaejienueM. 



3.1. IlpeflCTaBjieHHe rpynnw 
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,HOKA3ATEJibCTBO. yTBepjKflemie cne^yeT H3 ijeno^KH pclbghctb 
h(ab) = /((ah)- 1 ) = fib-'a- 1 ) = /(fc^/CO = h(b)h(a) 

□ 

OnPEflEJlEHHE 3.1.11. IlycTb / - npe^CTaBJieHne rpynnbi G b MHoacecTBe M . 
/Jjifl jiio6oro v G M Mbi onpe,a;ejiHM op6nTy npe,n;cTaBJieHHa rpynnbi G kelk 

MHOJKeCTBO 

9 e G, = { W = /(<?)« : ff G G} 

□ 

Tax xax /(e) = (5, to w g G G, f(g)v). 

Teopema 3.1.12. £c/iw 

(3.1.9) V G 0(u, g G G, f(g)u) 
mo 

0(u,geGJ(g)u) = 0(v,geGJ(g)v) 
,HoKA3ATEJlt>CTBO. H3 (3.1.9) cjie^yeT cymecTBOBaHne a G G Taxoro, hto 

(3.1.10) w = f(a)u 

Ecjih u> G 0{v,g G G, f(g)v), to cymecTByeT 6 G G Taxoii, hto 

(3.1.11) u> = /(&)« 

Ilo^CTaBHB (3.1.10) B (3.1.11), Mbi nojiymM 

(3.1.12) w = f(b)(f(a)u) 

Ha ocHOBaHHH (3.1.1) 113 (3.1.12) cne/ryeT, *ito w G 0(u,g G G,f(g)u). TaxiiM 
o6pa30M, 

0(v,geGJ(g)v)CO(u,geGJ(g)u) 
Ha ocHOBaHHH (3.1.5) H3 (3.1.10) cjie^yeT, ^to 

(3.1.13) u = f(a)- 1 v = f(a- 1 )v 

PaBeHCTBO (3.1.13) osHa^aeT, hto u G 0{v,g G G,f(g)v) h, cjie^OBaTejibHO, 

0(u,g e GJ(g)u) C 0(v,g E GJ(g)v) 
3to 3aBepinaeT ,n;oKa3aTejibCTBO. □ 

Teopema 3.1.13. Ecjiu onpedejienu npedcmaejieHue fi epynnu G e Mnootce- 
cmee Mi u npedcmaejienue /2 zpynnu G e MHoatcecmee M2, mo mu MOOtceM onpe- 
dejiumb npHMoe npoH3BefleHHe npeflCTaBJiemiH /1 h fa rpynn&i 

f(g) = (H9),h(g)) 

,HOKA3ATEJibCTBO. Hto6m noKa3aTb, hto / HBjiaeTCfl npeflCTaBjieHiieM, £0- 
CTaTOHHO noKa3aTb, hto / yupBjieTBopaeT onpe,n;ejieHHio 3.1.4. 

f(e) = (f 1 (e),h(e)) = (6 1 ,6 2 )=6 
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3. IlpeflCTaBJieHHe rpynnbi 



f(ab)u = (/i(a6)ui, / 2 (a6)u 2 ) 

= (/i(o)(/ 1 (6)«i) > / a (o)(/ 2 (6)«2)) 
= f(a)(f 1 (b)u 1 ,h(b)u 2 ) 
= f(a)(f(b)u) 

□ 

3.2. 0/i;HOTpaH3HTHBHoe npe^cTaBJieHHe 

OnPEflEJiEHHE 3.2.1. Mm 6yn;eM Ha3MBaTb a,n;poM HeacpcpeKTHBHocra npe,n;- 
CTaBJieHHH rpynnbi G mhojkgctbo 

K f = {g€G: f(g) = 6} 

Ecjih Kf = {e}, mm 6yn,eM Ha3MBaTb npe^CTaBJieHne rpynnbi G acpcpeKTHBH&iM. 

□ 

Teopema 3.2.2. Hdpo Hea^xfieKmueuocmu - amo nodzpynna zpynnu G. 
^OKA3ATEJlbCTBO. ^onycTHM /(ai) = S h f{a 2 ) = 5. Tor^a 
f(aia 2 )u = f(ai)(f(<X2)u) = u 
f(a- 1 ) = r 1 (a) = S 

□ 

Ecjih ^eiicTBHe He 3(p(peKTHBHO, mm mojkcm nepeiiTH k 3(p(peKTHBHOMy, 3aMe- 
hhb rpynnoft G\ = G\Kf, nojib3yacb (paKTopiraanneii no fl^py HescpcpeKTHBHOCTH. 
9to osHaHaeT, ito mm MOxeM nsy^aTb TOJibKO scpcpeKTHBHoe flencTBne. 

OnPEflEJiEHHE 3.2.3. Mm 6ya;eM Ha3MBaTb npe,a;cTaBjieHHe rpynnbi TpaH3n- 
thbhhm, ecjin fljiH jiio6mx a, b G V cymecTByeT Taxoe g, ^to 

a = f(g)b 

Mm 6y^eM Ha3MBaTb npejj;cTaBJieHHe rpynnbi oflHOTpaH3HTHBHBiM, ecjin oho TpaH- 

3HTHBHO H 3(p(peKTHBHO. □ 

Teopema 3.2.4. Upedcmaejienue odnompau3umueHO mozda u mcuibKO mozda, 
nozda djui jiw6ux a,b G V cyuyecmeyem oduo u mcuibKO oduo g G G manoe, nmo 
a = f(g)b 

OnPEflEJlEHHE 3.2.5. Mm 6y^eM Ha3MBaTb npocTpaHCTBO V o^HopoflHBiM 
npocTpaHCTBOM rpynnbi G, ecjin mm HMeeM o,n;HOTpaH3HTHBHoe npe,a;cTaBjieHHe 
rpynnbi G n& V. □ 

Teopema 3.2.6. Ecjiu mu onpedeAUM odHompaH3umueHoe npedcmaejienue f 
zpynnu G na MHOzoo6pa3uu A, mo mu momccm odno3HaHHO onpedejiumb noopdu- 
namu na A, noAb3ysicb noopdunamaMU na zpynne G. 

Ecjiu f - Koeapuanmuoe npedcmaejienue, mo /(a) dKeueaAenmHO Jieeojuy cdeu- 
zy L{a) na zpynne G. Ecjiu f = KOHmpaeapuaHmuoe npedcmaejienue, mo /(a) 
aneueajienmno npaeojuy cdeuzy R{a) na zpynne G. 



3.2. O^HOTpaH3HTHBHoe npe^CTaBjieHHe 
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,HoKA3ATEJibCTBO. Mm Bbi6epeM TOHKy v G A h onpeflejiHM KoopflimaTM 
tohkh w G A Kax KoopflHHaTM npeo6pa30BaHHH a Taxoro, ^to w = f(a)v. Ko- 
op^HHaTbi, onpe^ejieHHbie TaxiiM o6pa30M, 0flH03HaHHM c TO^HOCTbio fl,o Bbi6opa 
Ha^ajibHoii tohki v G A, Tax KaK ^eiicTBHe scpcpeKTHBHO. 

Ecjih / - KOBapnaHTHoe npe^CTaBJieHne, mm 6yn,eM nojib30BaTbCH 3aniicbio 

f(a)v = av 

Tax Kax 3anncb 

f{a){f{b)v) = a(bv) = (ab)v = f(ab)v 
coBMecTHMa c rpynnoBofi CTpyKTypoii, mm bh^hm, ^to KOBapiiaHTHoe npe-flCTaBjie- 

HI16 / SKBHBajlGHTHO JieBOMy c^BHry. 

Ecjih / - KOHTpaBapnaHTHoe npe^CTaBjieiiiie, mm 6y,a;eM nojib30BaTbca 3aniicbio 

f(a)v = va 

TaK KaK 3aniicb 

f(a)(f(b)v) = (vb)a = v(ba) = f(ba)v 
coBMecTHMa c rpynnoBOH CTpyKTypoii, mm bh^hm, ito KOHTpaBapnaHTHoe npe^- 
CTaBJieHne / SKBiiBajieHTHO npaBOMy qnBHry. □ 

Teopema 3.2.7. Jleeuu u npaeuu cdeuzu na zpynne G nepecmauoeonnu. 
^OKA3ATEJibCTBO. 9to cjieflCTBHe accoiniaTHBHOCTii rpynnbi G 
(L(a)R(b))c = a{cb) = (ac)b = (R(b)L(a))c 

□ 

Teopema 3.2.8. Ecjiu mu onpedeAUJiu odnompamumueHoe npedcmae/ienue f 
na MHOzoo6pa3uu A, mo mu MootceM odno3nav,HO onpedejiumb odHompan3umuenoe 
npedcmaejienue h manoe, nmo duazpaMMa 




h(a) 

KOMMymamuena 3jim, jik>6ux a, b £ G. 31 

,HoKA3ATEJlt>CTBO. Mm 6ya,eM nojib30BaTbCH rpynnoBMMH KOop^imaTaMn ^jih 
tohgk v £ A. JIjisl npocTOTM mm npe^nojioJKHM, ito / - KOBapiiaHTHoe npeflCTaBjie- 
Hie. Torjja corjiacHO TeopeMe 3.2.6 mm mojkcm 3aniicaTb jicbmh cflBiir L(a) bmccto 
npeo6pa30BaHHH /(a). 

IlycTb toikh vq,v G A. Tor,zj;a mm mojkcm HaiiTH o^ho h TOJibKO ojtho a G G 
TaKoe, HTO 

v = vqci = R(a)vo 

Mm npe^nojiojKHM 

h(a) = R{a) 

CymecTByeT b G G TaKoe, ito 

wo = f(b)v = L(b)v w = f(b)v = L(b)v 



^'^TeopeMa 3.2.8 Ha caMOM ^ejie o^eHb HHTepecHa. TeM He MeHee ee cmmcjt CTaHOBHTca 6ojiee 
acHUH, Korfla mh npHjiojKHM 9Ty TeopeMy k MHoroo6pa3HK> 6a3HCOB, cmotph pa3fleji 4.1. 
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3. IlpeflCTaBjieHHe rpynnw 



CorjiacHO TeopeMe 3.2.7 flnarpaMMa 
(3.2.1) 



h(a)=R(a) 
V a- V 



}{b)=L{b) 



f{b)=L{b) 



Wq 



h(a)=R(a) 
KOMMyTaTHBHa. 

H3MeHflH b mm nojiyHHM, hto Wq - 3to npoH3BOJibHaa TOHKa, npHHa^jiejKamaa 

A. 

Mm bh,h;hm H3 ,a;HarpaMMbi, hto, ecjiH wo = v than wo — w h cjieflOBaTejibHO 
h(e) = S. C ,a;pyroH ctopohm, ecjin «o ^ d, to wo ^ w noTOMy, ^to npe,a;cTaBjieHHe 
/ o,a;HOTpaH3HTHBHO. Cjie,n;oBaTejibHO npe,a;cTaBjieHHe h scbcbeKTHBHO. 

TaxiiM »ce o6pa3aM mm MOxeM noxasaTb, hto pjm ^aHHoro wo mm MOxeM 
HaiiTH a Taxoe, hto w = h(a)wo - Cjie^OBaTejibHO npe^CTaBJieHne o#HOTpaH3HTHBHO. 

B o6meM any^ae, npeflCTaBjieHHe / He KOMMyTaraBHO h cne^OBaTejibHO npe,a;- 
CTaBjieHHe h otjihhho ot npe^CTaBjieHiifl /. TaKHM »ce o6pa30M mm mojkgm co3,a;aTb 
npe,a;cTaBjieHHe /, nojib3yacb npeflCTaBjieHneM h. □ 

3AMEMAHHE 3.2.9. OHeBH^HO, ^to npeo6pa30BaHHH L(a) h R(a) OTJiHHaiOT- 
cfl, ecjiH rpynna G Hea6ejieBa. TeM He MeHee, ohh sbjihkjtcs OTo6pa»ceHHHMH Ha. 
TeopeMa 3.2.8 yTBepjK^aeT, hto, ecjiH 06a npeflCTaBjieHHH npaBoro h jieBoro c^BHra 
cymecTByiOT Ha MHoroo6pa3HH A, to mm mojkgm onpe,a;ejiHTb ,a;Ba nepecTaHOBO^Hbix 
npeflCTaBjieHHH Ha MHoroo6pa3HH A. TojibKO jieBbiii hjih npaBbiii c^BHr He mojkbt 
npe^CTaBJiflTb 06a rana npe^CTaBJieHHH. Hto6m noHHTb no^eMy sto Tax, mm mo- 
>KeM H3MeHHTb ,n,HarpaMMy (3.2.1) h npeflnojiojKHTb h(a)vo = L(o)vq = v bmccto 
h(a)vQ = R(a)vo = v h npoaHajiH3HpoBaTb, Kaxoe Bbipa>KeHHe h(a) HMeeT b TO^xe 
wq. /JnarpaMMa 



h(a)—L(a) 



}{b)=L{b) 



f(b)=L(b) 



Wq 



h(a) 



SKBHBajieHTHa ^narpaMMe 



h(a)—L(a) 
V s- V 



/- 1 (6)=L(&- 1 ) 



f(b)=L(b) 



Wq 



h{a) 



h mm HMeeM w — bv = bavo = bab~ 1 wo- Cjie^OBaTejibHO 

h(a)wo — (bab~ 1 )wo 
Mm BHflHM, hto npe^CTaBJieHHe h 3aBHCHT ot ero apryMeHTa. 

3.3. JlHHeimoe npe^cTaBJiemie 



□ 



Ecjih Ha MHOJKecTBe M onpe^ejieHa flonojiHHTejibHaa CTpyKTypa, mm npeflTj- 
HBjiaeM k npeflCTaBjieHHio rpynnbi ,a;onojiHHTejibHMe Tpe6oBaHHH. 



3.3. JlHHefiHoe npe^CTaBjieime 
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Ecjih Ha MHOJKecTBe M onpeflejieHO noHHTiie HenpepMBHOCTH, to mm nojiaraeM, 
hto npeo6pa30BaHiie 

u' = f(a)u 
HenpepMBHO no u h, cjieflOBaTejibHO, 

ou 

Ecjih M - rpynna, to 6ojibHioe SHaieHiie hmgiot npe^CTaBjieHHH jieBbix h npa- 

BblX CflBHrOB. 

OnPEflEJlEHHE 3.3.1. IlycTb M - BeKTopHoe npocTpaHCTBO V Ha^; nojieM F. 
Mm 6y,n;eM Ha3biBaTb npeflCTaBjieinie rpynnbi G b bgktophom npocTpaHCTBe V jih- 
HefiHbiM npeflCTasjieHHeM, ecjin /(a) - roMOMop(pii3M npocTpaHCTBa V ajih jik>- 
6oro a £ G. □ 

3AMEMAHHE 3.3.2. ^onycraM, npeo6pa30BaHne /(a) HBJiaeTCH jiHHeiiHbiM or- 
Hopo,n,HbiM npeo6pa30BaHHeM. f^(a) hbjihiotch sjieMeHTaMH MaTpmnj npeo6pa30- 
BaHHH. Mm o6bi x iHO nojiaraeM, ^to hixchim hh^gkc nepenncjiaeT ctpokh b MaTpnne 
h BepxHHii HH,o;eKC nepenncjiaeT CTOJi6nM. 

CorjiacHO 3aKOHy yMHOJKeHira MaTpnu; mm mojkcm npe^CTaBHTb KOop/nmaTM 
BeKTopa Kax CTpoxy MaTpniibi. Mm 6yn,eM Ha3MBaTb TaKoii BeKTop BeKTop-CTpo- 

KOH. Mbl MOJK6M TaK JKB paCCMaTpHBaTb BeKTOp, KOOp^HHaTM KOTOpOrO (pOpMH- 

pyiOT CTOJi6eu, MaTpiinM h 6yn,eM Ha3MBaTb TaKoii BeKTop BeKTop-CTOJi6u,OM. 
JleBOCTopoHHee jiimeiiHoe npe^CTaBjieHiie b npocTpaHCTBe BeKTop-CTOJi6n,OB 

v! = f(a)u u' a = fg(a)up aeG 

HBJiaeTCH KOBapnaHTHMM npe^CTaBJieHHeM 

< = tf(ba)up = /«(&)(/£ (a)u p ) = (f«(b)f?(a))u 
JleBOCTopoHHee juraeiiHoe npe,a;cTaBjieHHe b npocTpaHCTBe BeKTop-CTpoK 

u' = f(a)u u' a = f$(a)u f3 aeG 
HBJifleTCfl KOHTpaBapnaHTHMM npe,n,CTaBJieHHeM 

u""< = fj(ba)u? = /2(6)(/|(oK) = (/|(o)/3(6))^ 
IlpaBOCTopoHHee JiHHeiiHoe npe,n,CTaBJieHHe b npocTpaHCTBe BeKTop-CTOJi6n,OB 
u' = uf(a) u' a = Uf)fP{a) aeG 
flBjiaeTCH KOHTpaBapHaHTHMM npe^CTaBjieHHeM 

< = upf^ab) = {upf a {a))f^b) = u (f«(b)f?(a)) 
IlpaBOCTopoHHee jiHHefiHoe npe,n,CTaBJieHHe b npocTpaHCTBe BeKTop-CTpoK 

u' = uf(a) u' a =u l3 f$(a) aeG 
HBjiaeTCH KOBapnaHTHMM npeflCTaBjieHHeM 

u"^ = uPfiiab) = (^/|(o))/J(6) = uP{f${a)fZ{b)) 

□ 
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3. IlpeflCTaBjieHHe rpynnw 



3amemahhe 3.3.3. IlpH H3yHGHHH juraeiiHoro npeflCTaBjieHiia mm hbho 6yi;eM 
nojib30BaTbCH TGH3opHOH 3anncbio. Mm mojkgm ncuib30BaTbcs TOJibKO BepxHHM ih- 
fleKCOM h 3anncbK) u' a BMecTO u a . Tor^a mm MoaceM 3anncaTb npeo6pa30BaHHe 
SToro o6 r beKTa b Bii,n,e 

/•. rm. ft ». 

u a — J a* . u 

TaKHM o6pa30M mm mcckem cnpHTaTb pa3JiHHHe Meac^y KOBapiiaHTHMM h KOHTpa- 
BapiiaHTHMM npeflCTaBJieHHHMH. 9Ta cxo^ctbo h^St CKOJib yro^HO ^ajieKO. □ 



IjiaBa 4 



MHoroo6pa3He 6a3HCOB 

4.1. Ba3HC b BeKTopHOM npocTpaHCTBe 

IlyCTb MM HMGGM BGKTOpHOG npOCTpaHCTBO V H KOHTpaBapHaHTHOG npaBOCTO- 
pOHHGG 3(p(p6KTHBHOG JIHHGHHOG npGflCTaBJIGHHG rpynnbl G = G(V). Mbl o6bIHHO 

6yo;eM Ha3biBaTb rpynny G(V) rpynnoii chmmctphh. He napyniaa o6ihhocth, mm 
6yo;eM OTOJK^ecTBJiHTb sjieMeHT g rpynnbi G c cooTBeTCTByioiHHM npeo6pa30BaHHeM 
npG^CTaBjiGHHH h 3anncMBaTb Gro aghctbhg Ha bgktop v G V b bh,u;6 v g. 

3Ta TO^xa 3p6HHfl no3BOJifleT onpe^ejinTb ,a;Ba THna KOop,n;HHaT pjia sjieMeH- 
Ta g rpynnbi G. Mm MoaceM jih6o nojib30BaTbca KOop/niHaTaMn, onpe,a;ejieHHMMH 
Ha rpynne, jih6o onpe^ejinTb KOop/niHaTM xax sjieMeHTM MaTpHHM cooTBeTCTByro- 
inero npeo6pa30BaHHH. IlepBafl (popMa xoop^HHaT 6cmee acpcpeKTHBHa, Kor^a mm 
H3yHaeM CBoiicTBa rpynnbi G. BTopaa (popMa KOop^niHaT co^epjKHT H36biTOHHyK) 
HHCpopMaiinio, ho 6biBaeT 6ojiee yflo6Ha, Kor,a;a mm H3ynaeM npeflCTaBjieHne rpynnbi 
G. Mm 6ya;eM Ha3MBaTb BTopyio (popMy KOop^HHaT KoopflHHaTaMH npe,n,cTaB- 

JieHHH. 

Mbl 6y^eM Ha3MBaTb MaKCHMajIbHOe MHOJKeCTBO JIHHeHHO H63aBHCHMMX BeK- 

TopoB e =< eu\ > 6a3HCOM. B tom cnynae, Kor^a mm xothm hbho yxasaTb, hto 
3to 6a3nc npocTpaHCTBa V, mm 6ya;eM nojib30BaTbca o6o3Ha x ieHHeM ey- 

J1io6oh roMOMopcpH3M BeKTopHoro npocTpaHCTBa OTo6pa»caeT o^ih 6a3nc b 
ApyroH. TaKHM o6pa30M, mm MoaceM pacnpocTpaHHTb KOBapnaHTHoe npeflCTaBJie- 
Hne rpynnbi chmmgtphh Ha MHOJKecTBO 6a3ncoB. Mm 6yn;eM 3anncMBaTb fleiicTBHe 
sjieMema g rpynnbi G Ha 6a3HC e b Bn,n;e R{g)e. TeM He MeHee, He BCHKne flBa 6a- 
3Hca MoryT 6biTb CBH3aHM npeo6pa30BaHneM rpynnbi chmmctphh noTOMy, hto He 
Bcaxoe HeBbipojKfleHHoe jiHHefiHoe npeo6pa30BaHHe npnHafljiejKHT npe^CTaBJieHHio 
rpynnbi G. TaKHM o6pa30M, MHO»cecTBO 6a3HCOB mcbkho npe^CTaBHTb xax 06^6^- 
HeHne op6nT rpynnbi G. 

CBoiicTBa 6a3nca 3aBncaT ot rpynnbi chmmctphh. Mm mojkcm Bbi6paTb 6a3HCM 
e, BeKTopM KOTopbix Haxo^HTca b othohichhh, KOTopoe HHBapnaHTHO OTHOCHTejib- 
ho rpynnbi cnMMeTpnn. B 3tom cnyrae Bee 6a3HCM H3 op6nTM 0(e,g G G,R(g)e) 

HMeiOT BeKTOpbl, KOTOpbie y^OBJieTBOpfllOT OflHOMy H TOMy JKe OTHOHieHHK). Taxon 

6a3HC mm 6y^,eM Ha3MBaTb G-6a3HCOM. B xajK^OM KOHKpeTHOM cjiynae mm ^ojijk- 
hm ,i;0Ka3aTb cymecTBOBaHne 6a3nca c hckommmh CBOHCTBaMH. Ecjih no,iio6Horo 
THna 6a3Hca He cymecTByeT, mm mcckcm Bbi6paTb npoH3BOJibHbin 6a3HC. 

OnPEflEJlEHHE 4.1.1. Mm 6y#eM Ha3MBaTb op6nTy 0(e,g G G,R(g)e) bm- 
6paHHoro 6a3nca e MHoroo6pa3HeM 6a3HCOB B(V) BeKTopHoro npocTpaHCTBa 
V. □ 

Teopema 4.1.2. IIpedcmaejieHue zpynnu G na Muozoo6pa3uu 6a3ucoe odno- 
mpa,H3umu6H0. 
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4. MHOroo6pa3ne 6a3HC0B 



^OKA3ATEJibCTBO. CorjiacHO onpe,u;ejieHHK) 4.1.1 jiio6bie rb& 6a3iica CBH3aHM 
no KpanHeii Mepe o^hhm npeo6pa30BaHneM npe^CTaBjieHHH. JXjir flOKa3aTejibCTBa 
TeopeMM ^ocTaTO^HO noKa3aTb, hto sto npeo6pa30BaHiie onpe^ejieHO o^HOSHanHO. 

^onycTHM sjieMeHTM g\ , gi rpynnbi G h 6a3HC e TaKOBbi, hto 

(4.1.1) i? 9l f = i? 92 f 
H3 (4.1.1) cjie/iyeT 

(4.1.2) R g -,R ai t = R gig -^ = =e 

TaK Kax jik>6oh BeKTop HMeeT e^HHCTBeHHoe pa3Jio»ceHHe OTHOCHTejibHO 6a3Hca 
e, to H3 (4.1.2) cjie^yeT, hto R gig - 1 ToacflecTBemioe npeo6pa30BaHHe BeKTopHoro 
npocTpaHCTBa V. TaK KaK npe^CTaBJiemie rpynnbi G 3(pcpeKTHBHO Ha b6ktophom 
npocTpaHCTBe V, to g\ = g2- OTcro^a cjie^yeT yTBepjK^eHne TeopeMM. □ 

113 TeopeMM 4.1.2 cjie,a;yeT, hto MHoroo6pa3ne 6a3ncoB S(V) aBjiaeTCH o/tho- 
po,n;HbiM npocTpaHCTBOM rpynnbi G. Mm nocTpomiii KOHTpaBapnaHTHoe npaBOCTO- 
poHHee o^HOTpaH3HTHBHoe jiHHeiiHoe npe^CTaBJieHne rpynnbi G Ha MHoroo6pa3HH 
6a3ncoB. Mm 6yn,eM Ha3biBaTb sto npe^CTaBJieHne aKTHBHbiM npe^cTaBJieHH- 
eM, a cooTBeTCTByiomee npeo6pa30BaHHe Ha MHoroo6pa3ne 6a3ncoB aKTHBHtiM 
npeo6pa30BaHHeM ([24]) noTOMy, hto roMOMop(pn3M BGKTopHoro npoerpaHCTBa 
nopoflHji 3to npeo6pa30BaHHe. 

CorjiacHO TeopeMe 3.2.6, Tax xax MHoroo6pa3ne 6a3HCOB B(V) - o^HopoflHoe 
npocTpaHCTBO rpynnbi G, mm mojk6m onpe^ejiHTb Ha B(V) ppe (popMM KOop/niHaT, 
onpe^ejieHHbie Ha rpynne G. B o6onx cjiynaax KOop^HHaTM 6a3nca e - sto koop^h- 
HaTM roMOMop(pH3Ma, OTo6pa»caiomero 3a;j;aHHMH 6a3nc cq b 6a3nc e. Koop^nHaTM 
npeflCTaBjieHHH Ha3MBaiOTC5i cTaH^apTHHMH KoopflHHaTaMH 6a3Hca. HeTpyn;- 
ho noKa3aTb, hto CTaH^apTHbie KOop^HHaTM e\ 6a3nca e npn 3a,a;aHHOM 3HaHeHHH 
k hbjihiotch KOopflHHaTaMH BGKTopa Gfe S e OTHOCHTejibHO 3a,n;aHHoro 6a3nca eo- 

Ba3nc e nopojK^aeT KOop/niHaTM Ha V. B pa3JiHHHbix THnax npocTpaHCTBa sto 
MO»ceT 6biTb c,n;ejiaHO pa3JiHHHMM o6pa30M. B acpcpHHHOM npocTpaHCTBe, ecjin Bep- 
niHHa 6a3Hca HBJiaeTCH tohkoh A, to Tonxa B HMeeT Te »ce KOop^HHaTM, hto h 

BeKTop AB OTHOCHTejibHO 6a3Hca e. B o6in;eM cjiynae mm bbo^hm KOop^HHaTM bck- 

TOpa KaK KOOp^HHaTM OTHOCHTejibHO Bbl6paHHOrO 6a3HCa. HcnOJIb30BaHHe TOJIbKO 

G-npocTpaHCTBa 03HaHaeT Hcnojib30BaHHe cnennajibHMx KOop^HHaTM Ha A n . JIjisi 
Toro, hto6m OTjinnaTb hx, mm 6yn,eM Ha3MBaTb ix G-KoopflHHaTaMH. Mm TaKsce 
6y,a;eM Ha3MBaTb npocTpaHCTBO V c tqkhmh KOop,a;HHaTaMH G-npocTpaHCTBOM. 

CorjiacHO TeopeMe 3.2.8, Ha MHoroo6pa3HH 6a3ncoB cymecTByeT Apyroe npe,a;- 
CTaBJieHHe, nepecTaHOBOHHoe c naccHBHMM. KaK mm bh^hm H3 3aMenaHHH 3.2.9 
npeo6pa30BaHHe SToro npe^CTaBJieHHH OTJinnaeTca ot naccHBHoro npeo6pa30Ba- 
hhh h He MO»ceT 6biTb CBe^eHO k npeo6pa30BaHHio npocTpaHCTBa V. Hto6m no,zj;- 
nepKHyTb pa3JiHHHe, sto npeo6pa30Bamie Ha3MBaeTca naccHBHMM npeo6pa3o- 
BaHHeM BeKTopHoro npocTpaHCTBa V, a npe,a;cTaBjieHHe Ha3MBaeTCH naccHBHMM 
npe^cTaBJieHHeM. Mm 6y^eM 3anncbiBaTb naccHBHoe npeo6pa30BaHne 6a3nca e, 
nopojK^eHHoe sjieMeHTOM g € G, b BH^,e L(g)e. 



4.2. Ba3HC b a<ptpHHHOM npocTpaHCTBe 
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4.2. Ba3HC b acpcpHHHOM npocTpaHCTBe 

Mm OTOJKflecTBjiaeM BeKTopM adpcpHHHoro npocTpaHCTBa A n c napoii TO^ex 

AB. Bee BeKTopbi, KOTopbie hmciot o6mee Ha^ajio A nopojKflaiOT BeKTopHoe npo- 
CTpaHCTBO, KOTopoe mm 6yiieM Ha3MBaTb KacaTejibHMM BeKTopHMM npocTpaHCTBOM 
TaAu- 

Tonojioraa, KOTopyio A n Hacjie^yeT H3 OTo6pa»ceHHfl A n — > R n , no3BOJiaeT 
HaM H3ynaTb HenpepbiBHbie npeo6pa30BaHHH npocTpaHCTBa A n h hx npoH3BO,i];Hbie. 
Bojiee tohho, npoH3BO,a;Hafl npeo6pa30BaHHH / OTo6pa»caeT BeKTopHoe npocTpaH- 
ctbo TaA u b Tf(A)-An- Ecjih / jiHHeiiHO, to ero npoH3BO,a;Hafl o/nia h Ta »ce b 

KajK^OH TOHKe. BBO^fl KOOp^HHaTbl A , j4™ TOHKI A G A n , MM MOJKeM 3anncaTb 

jniHeimoe npeo6pa30BaHHe KaK 

(4.2.1) A H = + R l det P ± 

IIpoH3BOflHaH SToro npeo6pa30BaHHH onpe^ejieHa MaTpnneii ||PJ|| h He 3aBHCHT ot 
tohkh A. BeKTop (R , R n ) Bbipa»caeT CMemeHHe b adpcpHHHOM npocTpaHCTBe. 
MHO»cecTBO npeo6pa30BaHHii (4.2.1) - sto rpynna JIh, KOTopyio mm o6o3HaHHM 
GL(A n ) h 6yn,eM Ha3MBaTb rpynnoii acpcpHHHbix npeo6pa30BaHHH. 

OnPEflEJIEHHE 4.2.1. AcpCpHHHMH 6a3HC e =< O ,e, > - STO MHOJKeCTBO JiH- 
HeiiHO He3aBHCHMbix BeKTopoB Cj = OAi = {e\, e") c o6meH HanajibHoii tohkoh 
= (0\...,O n ). □ 

OnPEflEJlEHHE 4.2.2. MHoroo6pa3He 6a3HCOB B(A n ) acpcpHHHoro npo- 
cTpaHCTBa - sto MHOJKecTBO 6a3HCOB SToro npocTpaHCTBa. □ 

Mm 6y^,eM Ha3MBaTb aKTHBHoe npeo6pa30BaHHe acpcpHHHbiM npeo6pa30Ba- 
HHeM. Mm 6y^eM Ha3MBaTb naccHBHoe npeo6pa30BaiiHC KBa3HacpcpHHHMM npe- 
o6pa30BaHHeM. 

Ecjih mm He 3a6oTHMca o HaHajibHofl TO^nce BeKTopa, mm nojiynHM HecKOJibKO 
otjihhhmh ran npocTpaHCTBa, KOTopoe mm 6y,n;eM Ha3MBaTb iieHTpo-acpcpHHHMM 
npocTpaHCTBOM CA n - B H,eHTpo-acp(pHHHOM npocTpaHCTBe MM M02CeM H,H;eHTH(pH- 
H,HpoBaTb Bee KacaTejibHbie npocTpaHCTBa h o6o3HaHHTb hx TCAn- Ecjih mm npe#- 
nojiojKHM, hto HaHajibHaa TOHKa BeKTopa - sto Hanajio O Koop^HHaTHoii chctcmm 
b npocTpaHCTBe, to mm MO»ceM OTO»c,i];ecTBHTb jno6yio TOHKy A S CA n c BeKTopoM 

a = OA. 9to Be,n;eT k H,a;eHTH(pHKan,HH CA n H TCAn. Tenepb npeo6pa30BaHHe - 
sto npocTO OTo6pa»ceHHe 

a' 1 = P)a? det P ^ 

h TaKHe npeo6pa30BaHHH nopojKflaiOT rpynny JIh GL n . 

OnPEflEJlEHHE 4.2.3. Il^eHTpo-acptpHHHbiH 6a3HC e—<ei > - sto MHO»ce- 
ctbo jiHHeinio He3aBHCHMMx BeKTopoB e-i = (e\, e"). □ 

OnPEflEJiEHHE 4.2.4. MHoroo6pa3He 6a3Hcos B(CA n ) ueHTpo-acpcpHHHoro 

npocTpaHCTBa - sto mhojkectbo 6a3HCOB SToro npocTpaHCTBa. □ 
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4. MHOroo6pa3ne 6a3HC0B 



4.3. Ba3HC b eBKJiH/i,OBOM npocTpaHCTBe 

Kor^a mm onpe,a;ejiaeM MGTpiiKy b n,eHTpo-acp(pHHHOM npoerpaHCTBe, mm no- 
jiyiaeM HOByro reoMeTpnio noTOMy, ito mm MOxeM H3MepaTb paccTOAHHe h .ztjih- 
Hy BeKTopa. Ecjih MeTpnxa nojiojKHTejibHO onpe^ejieHa, Mbi 6y#eM Ha3biBaTb npo- 
CTpaHCTBO eBKjiHflOBMM £ n , b npoTHBHOM cnynae mm 6ya;eM Ha3MBaTb npoerpaH- 

CTBO nCeBflOeBKJIHflOBMM £nm- 

Ilpeo6pa30BaHHH, KOTopbie coxpaHHiOT ^jiiray, o6pa3yiOT rpynny J1h SO(n) 
pjisi eBKJiH^OBa npocTpaHCTBa h rpynny JIh SO(n,m) jj,jih nceBijpsBKJiH^OBa npo- 
CTpaHCTBa, r^e warn nncjia nojiojKHTejibHbix n OTpHH,aTejibHbix cuaraeMbix b MeT- 
prace. 

OnPEflEJiEHHE 4.3.1. OpTOHopMajibHbift 6a3Hc e =< > - sto MHO»ce- 

CTBO JIHHeHHO HG3aBHCHMMX BGKTOpOB = (e\, e") TaKHX, T4TO flJIHHa KajK,a;oro 

BeKTopa paBHa 1 h pa3JinnHbie BeKTopM opToroHajibHM. □ 

CymecTBOBaHne opToroHajibHoro 6a3nca ^OKa3MBaeTCH c noMombio npon,ecca 
opToroHajiH3an;HH rpaMa-IIlMHflTa. 

OnPEflEJiEHHE 4.3.2. MHoroo6pa3He 6a3HcoB B(£ n ) eBKJiHflosa npo- 

CTpaHCTBa - 3to MHO»cecTBO opTOHopMajibHbix 6a3HCOB stoto npocTpaHCTBa. □ 

Mm 6yn,eM Ha3MBaTb aKTHBHoe npeo6pa30Bamie flBHJKemieM. Mm 6ya;eM Ha- 
3MBaTb naccHBHoe npeo6pa30BaHne KBa3H,n;BH»ceHHeM. 

4.4. TeoMeTpHHecKHH oSteKT 

AxTHBHoe npeo6pa30BaHne H3MeHaeT 6a3HCM n BeKTopM corjiacoBaHO h Koop- 
flHHaTM BeKTopa OTHOCHTejibHO 6a3Hca He MeHHiOTCH. IlaccHBHoe npeo6pa30BaHHe 

MeHHeT TOJIbKO 6a3HC, H 3TO BejJ,eT K H3MeHeHHK) KOOp^HHaT BeKTOpa OTHOCHTejibHO 

6a3Hca. 

/JonycTHM naccHBHoe npeo6pa30BaHne L(a) G G, 3aflaHHoe MaTpniiefl (a}), 
OTo6pa>KaeT 6a3nc e =< a >G B(V) b 6a3nc e' =< e- >G B(V) 

(4.4.1) ej = afe 
/^onycTHM BeKTop t> G V HMeeT pa3Jio»ceHHe 

(4.4.2) v = v i e i 
OTHOCHTejibHO 6a3Hca e h HMeeT pa3Jio»ceHHe 

(4.4.3) v = i/ l e- 
OTHOCHTejibHO 6a3Hca e! . Ife (4.4.1) h (4.4.3) cjiejjyeT, ito 

(4.4.4) v = v lj a)ei 
CpaBHHBaa (4.4.2) h (4.4.4) nojryiaeM, ito 

tj i 

J n 



(4.4.5) v l = v' J a 

Tax Kax ai - HeBbipojK^eHHaH MaTpnija, to h3 (4.4.5) cue^yeT 



v J a 



j 



(4.4.6) i 

IIpeo6pa30BaHHe xoop^HHaT (4.4.6) He 3aBHCHT ot BeKTopa v hjih 6a3nca e, a onpe- 
flejieHHO HCKjiio^iHTejibHO Koop,n;HHaTaMH BeKTopa v OTHOCHTejibHO 6a3Hca e. 



4.4. TeoMeTpHHecKHH o6i>eKT 



35 



Ecjih mm cpHKcnpyeM 6a3nc e, to mho>kgctbo KOop/niHaT (v l ) othochtgjibho 
SToro 6a3Hca nopojKflaeT bgktophog npocTpaHCTBO V, H30Mop(pHoe BGKTopHOMy 
npocTpaHCTBy V. 9to BeKTopHoe npocTpaHCTBO Ha3biBaeTCH Koop/jimaTHBiM BeK- 

TOpHBIM npOCTpaHCTBOM, a H30MOp(J)H3M KOOp/JHHaTHBIM H30MOpCpH3MOM. 

Mbi 6yiieM o6o3HanaTb 5 k = (S k ) o6pa3 BeKTopa eu £ e npn stom H30Mopcpn3Me. 

Teopema 4.4.1. IIpeo6pa3oeaHusi Koopdunam (4.4.6) nopootcdawm Kowmpa- 
eapuamnHoe npaeocmopoHHee acjycjieKmueHoe jiuHeunoe npedcmaejienue zpynnu G, 
Ha3ueaeMoe Koop^HHaTHbiM irpeflCTaBJieHHeM. 

,HoKA3ATEJlt>CTBO. ^onycTHM Mbi HMeeM ^Ba nocjie^OBaTejibHbix naccHBHbix 
npeo6pa30BaHHH L[a) n L{b). Ilpeo6pa30BaHHe Koop^imaT (4.4.6) cooTBeTCTByeT 
naccHBHOMy npeo6pa30BaHHio L(a). Ilpeo6pa30BaHHe Koop,n;HHaT 

(4.4.7) v" k = v H b- ll < 

cooTBeTCTByeT naccHBHOMy npeo6pa30BaHnio L(b). IIpoH3Be,n,eHHe npeo6pa30BaHnii 
KOop^HHaT (4.4.6) h (4.4.7) HMeeT bi^ 

(4.4.8) v" k = via-^b- 1 * = v^ba)' 1 ] 

h ABjiaeTca KOop^HHaTHbiM npeo6pa30BaHneM, cooTBeTCTByiomHM naccHBHOMy npe- 
o6pa30BaHHK) Lb a . 3to ,n,OKa3biBaeT, hto npeo6pa30BaHHfl KOop^HHaT nopojK^aiOT 
KOHTpaBapnaHTHoe npaBOCTopoHHee jinHeiiHoe npe,a,CTaBJieHHe rpynnbi G. 

Ecjih KOopflimaTHoe npeo6pa30BaHHe He H3MeHaeT BeKTopbi 8k , to eMy cooTBeT- 
CTByeT eflHHHila rpynnbi G, Tax kbk naccHBHoe npeflCTaBjieHne o,a;HOTpaH3HTHBHO. 
Cjie^OBaTejibHO, Koop,n;HHaTHoe npe^CTaBjieHne scpcpeKTHBHO. □ 

IIpe^nojiojKHM, mto roMOMopcpn3M rpynnbi G b rpynny naccnBHbix npeo6pa30- 
BaHHfi BeKTopHoro npocTpaHCTBa W corjiacoBaH c rpynnoii CHMMeTpnfi BeKTopHoro 
npocTpaHCTBa V. 9to osHanaeT, hto naccHBHOMy npeo6pa30BaHnio L(a) BeKTopHO- 
ro npocTpaHCTBa V cooTBeTCTByeT naccHBHoe npeo6pa30BaHHe L(a) BeKTopHoro 
npocTpaHCTBa W. 

(4.4.9) E' a = Ai(a)E 

Tor^a KOop^HHaTHoe npeo6pa30BaHHe b W npnHHMaeT bh,zj; 

(4.4.10) w' a = w^Aia- 1 )^ = w p A(a)~ la p 
OnPEflEJlEHHE 4.4.2. Mm 6yzieM Ha3biBaTb op6nTy 

C((u>,f v ),a e G,{wA{a)- 1 1 L(a) : E v )) 

reoMeTpnqecKHM o6i>eKTOM b Koop/praaTHOM npeflCTaBJieHHH, onpe,a;ejieH- 
hmm b BeKTopHOM npocTpaHCTBe V . Jlim jno6oro 6a3nca e' v = L{a)e\> cooTBeT- 
CTByiom,aH Tonxa (4.4.10) op6nTbi onpe^ejiaeT KoopflHHaTBi reoMeTpHiecKoro 
o6teKTa OTHOCHTejibHO 6a3nca e' v . □ 

OnPEflEJiEHHE 4.4.3. Mm 6yo;eM Ha3biBaTb op6nTy 

0((w, ew, ey), a e G, (wA(a)~ , L(a)e w , L(a)ey)) 

reoMeTpniecKHM oGteKTOM, onpe^ejieHHbiM b BeKTopHOM npocTpaHCTBe V. JXfla 
jno6oro 6a3nca e' v = L(a)ey cooTBeTCTByioinaH TOiKa (4.4.10) op6nTbi onpe^ejifleT 
Koop/jimaTBi reoMeTpHHecKoro o6i.eKTa OTHOCHTejibHO 6a3nca e' v n cooTBeT- 
CTByiomnn BeKTop 

w = w' a E' a 
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4. MHOroo6pa3ne 6a3HC0B 



Ha3MBaeTca npe^cTaBHTejieM reoMeipniecKoro oBteKTa b 6a3nce e' v . □ 

Mm 6ya;eM TaKJice roBopiiTb, hto w - sto reoMeipHiecKHii oGteicT rana A 

TaK Kax reoMeTpHHecKHH o6 r beKT - sto op6nTa npe^CTaBJieHHH, to corjiacHO 
TeopeMe 3.1.12 onpe^ejieHiie reoMeTpHHecKoro oGteKTa KoppeKTHO. 

Onpe,a;ejieHne 4.4.2 ctpoht reoMeTpHnecKHii oGteKT b KOop^HHaTHOM npoerpaH- 
ctbg. Onpe^ejieHHe 4.4.3 npe^nojiaraeT, hto Mbi Bbi6pajiH 6a3HC b bgktophom npo- 
cTpaHCTBe W. 9to no3BOJiaeT Hcnanb30BaTb bmgcto ero KOop^HHaT. 

Teopema 4.4.4 (npHHi^Hn HHBapHaHTHOCTH) . Ilpedcmaeumejib zeoMempu- 
Hecnozo o6t>e%ma He 3aeucum om eu6opa 6a3uca e' v . 

7IOKA3ATEJibCTBO. HTo6bi onpe,n;ejiHTb npe,a;cTaBHTejifl reoMeTpHnecKoro 0613- 
eKTa, mm ,a;ojiJKHbi Bbi6paTb 6a3HC ey , 6a3HC eyy = (E a ) h KoopfliraaTbi reoMeTpHne- 
CKoro oG-beKTa w a . CooTBeTCTByroiHiiii npe^CTaBHTejib reoMeTpHHecxoro o6 r beKTa 

HMeeT BHfl 

w = w a E a 

Ba3HC e' v CBA3aH c 6a3HCOM ey nacciiBHbiM npeo6pa30BaHneM L(a). CorjiacHO no- 
CTpoeHHK) 3to nopo:sc,n,aeT naccHBHoe npeo6pa30BaHHe (4.4.9) h KOop,n,HHaTHoe npe- 
o6pa30BaHne (4.4.10). CooTBeTCTByroirpoi npe^CTaBHTejib reoMeTpn^ecKoro o6 r beK- 
Ta HMeeT Bim 

w' = w' a E' a = w^Ai^-^AK^E^ = w'^E'p = w 

Cjie,a;oBaTejibHO, npe,a;cTaBHTejib reoMeTpiinecKoro c^teRTa HHBapiiaHTeH othoch- 
TejibHO Bbi6opa 6a3Hca. □ 

OnPEflEJIEHHE 4.4.5. IlyCTb 

W\ = WiE a 

W 2 = W^E a 

reoMeTpHHecKHe o6 r beKTbi o^Horo 11 Toro >Ke una, onpeflejieHHMM b BeKTopHOM 
npocTpaHCTBe V. reoMeTpunecKHii oG^eKT 

10 = « 

nasbiBacTca cyMMoft 

w = lUi + W2 

reoMeTpHiecKHX o6teKTOB mi b 11)2. □ 
OnPEflEJIEHHE 4.4.6. IlyCTb 

w 2 = w^Eu 

reoMeTpHHecKHH o6T>eKT, onpeflejieHHbiii b bgktophom npocTpaHCTBe V Ha,a; nojieM 
F. TeoMeTpHHecKHH oG^eKT 

w 2 = (kwi)E a 

Ha3biBaeTCH npoH3BefleHHeM 

W2 = kwi 

reoMeTpHiecKoro oGteKTa w\ h KOHCTaHTM k G F . □ 

Teopema 4.4.7. reoMempuHecnue o6neKmu muna A, onpedejiennue e een- 
mopHOM npocmpancmee V Had nojieM F, o6pa3ywm eenmopnoe npocmpancmeo Had 
nojieM F. 



4.4. TeoMeTpHHecKHH o6i>eKT 
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^[OKA3ATEJibCTBO. yTBepjK^eHHe TeopeMM cjie^yeT 113 hgiiocpg^ctbghhoh npo- 
BepKH cbohctb BGKTopHoro npocTpaHCTBa. □ 



DiaBa 5 



CncTeivia OTcneTa b npocTpatiCTBe coSbithh 



5.1. CncTeMa OTcneTa Ha MHoroo6pa3HH 

Mm noKa3ajiH b pa3,a;ejie 4.1, hto MHoroo6pa3ne 6a3HCOB BeKTopHoro npoerpaH- 
CTBa mojkho OTOJK,a;ecTBHTb c rpynnoii CHMMeTpnii SToro npocTpaHCTBa. Hac He 
HHTepecoBajiH ,a,eTajiH CTpoeHHH penepa, h H3Jio»ceHHaH TeopHH MO»ceT 6biTb 0606- 
meHa h nepeHeceHa Ha npoH3BOJibHoe MHoroo6pa3He. B stom pa3#ejie mm 0606- 
maeM onpe,a;ejieHHe 6a3nca h onpe^ejiaeM cncTeMy OTcneTa Ha MHoroo6pa3HH. B 
cjiy^ae npocTpaHCTBa co6mthh o6in,eii TeopHH OTHOCHTejibHOCTH 3to Be,a;eT Hac k 
ecTecTBeHHOMy onpeflejieHHio chctbmm OTCH&ra h npeo6pa30BaHHH jIopeHn,a. 

Kor^a mm H3yHaeM MHoroo6pa3ne V, reoMeTpna KacaTejibHoro npocTpaHCTBa 
HBJiaeTCfl o^hhm H3 BajKHMx (paKTopoB. B 3TOM pa3#ejie mm npe,n,nojiaraeM 

• Bee KacaTejibHbie npocTpaHCTBa HMeeT o,a;Hy h Ty ace reoMeTpnio; 

• KacaTejibHoe npocTpaHCTBO HBjiHeTca BeKTopHMM npocTpaHCTBOM V ko- 
HeHHoii pa3MepHOCTH n; 

• rpynnoii CHMMeTpnn KacaTejibHoro npocTpaHCTBa HBJiaeTCH rpynna Jin 
G. 

OnPEflEJiEHHE 5.1.1. Mm 6ya;eM Ha3MBaTb MHoacecTBO e =< i £ I > Bex- 
TopHbix nojieii eu\ G-chctgmoh oTcneia Ha MHoroo6pa3HH V, ecjin pjin jiio6oro 
x G V MHO»cecTBO e(x) =< eu\(x),i £ I > HBJiaeTCH G-6a3HCOM 5 ' 1 b KacaTejibHOM 
npocTpaHCTBe T x . 5 2 Mm 6yn,eM nojib30BaTbca o6o3HaneHHeM e^j S e, .xtjih BeKTop- 
hmx nojieii, nopojKflarom,nx G-cncTeMy OTcneTa e. □ 

BeKTopHoe nojie a HMeeT pa3Jio»ceHHe 

(5.1.1) a = a ( -% l} 

OTHOCHTejibHO CHCTeMM OTcneTa e. 

Ecjih mm He orpaHH^HM onpe^ejieHne chctcmm OTCH&ra rpynnoii chmmctphh, 
mm mojkbm Bbi6paTb cncTeMy OTCH&ra <9 =< <9 ; > b Ka»cfloii TOHKe MHoroo6pa3HH, 
onpe,a;ejieHHyio BeKTopHMMH nojiHMH, KacaTejibHMMH k jihhhhm x l = const. 9to no- 
jie 6a3HCOB mm 6yn;eM Ha3MBaTb KoopflHHaTHoii cncTeMoit oTcieia. BeKTopHoe 
nojie a HMeeT pa3Jio»ceHHe 

(5.1.2) a = a% 

OTHOCHTejibHO Koop,n;HHaTHoii CHCTeMM OTCHeTa. Tor^a CTaH^apTHbie Koop^HHaTM 
CHCTeMM OTCH&ra e HMeiOT bh,i; eJU 

(5.1.3) e (l) = e k {i) d k 



^'^CorjiacHO pa3flejiy 4.1 mm mojkbm OToacflecTBHTb 6a3HC e(x) c sjieMeHTOM rpynnbi G. 
^' 2 CymecTBOBaHHe Ha MHoroo6pa3im G-chctcmm OTCieTa Tpe6yeT flOKa3aTejibCTBa b KajKflOM 
cjiyiae. 
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5. CncTeMa OTCneTa b npocTpaHCTBe coSmthh 



TaK KcLK BGKTOpbl e(j) JIHHGHHO HG3clBHCHMbI B KaJKflOH TO^Ke, MaTpHIja ||e^ || HMGGT 

o6paTHyio MaTpnny ||e^|| 

(5.1.4) d k = e£%) 

Mbi TaKJKG nojib3y6Mca 6ojiee ihhpokhm onpe,n;ejieHHeM pjia CHCTeMbi OTCH&ra 
Ha MHoroo6pa3HH, npe^CTaBJieHHoe b BH^e e = (e(^), e^), r^e mm 3a#aeM MHO»ce- 
ctbo BeKTopHoe nojieii Hqa h ,n,BOHCTBeHHbix im (popM TaKHx, hto 

(5.1.5) * k) = 

b KajKflofi To^xe. 3>opMbi onpe^ejieHM oflHOSHaHHO H3 (5.1.5). 

no,iio6HbiM o6pa30M mm MoaceM onpe^ejiHTb KOop^HHaTHyio cucTGMy OTCH&ra 

{di,ds l ). 9tH CHCTeMbi OTCHeTa CBfl3aHM OTHOHI6HH6M 

(5.1.6) e (fe) = e\ k) di 

(5.1.7) e (fe) = ef W 
H3 paBGHCTB (5.1.6), (5.1.7), (5.1.5) cjie^yeT 

(5.1.8) 4 k) '\t> = $ 

B ^acTHOCTH, mm npe#no.jio:>KHM, ^to mm HMeeM GL(n)-CHCTeMy OTC^eTa (d, dx), 
nopojK^eHHbiii n /nicpcpepeHinipyeMMMH BeKTopHMMH nojiflMH di h l-(popMaMii dx 1 , 
KOTopbie onpeflejiaiOT nojra 6a3iicoB d h Ko6a3HCOB dx, ,a;yajibHMx hh. 

Ecjih 3a,a;aHa (pyHKinia ip on V, to mm onpeflejiaeM ncpacpcpoBy npoH3Bo^- 

TTyTO 

dip = dipdx 1 

5.2. CncTeivia OTcneTa b npocTpaHCTBe co6bithh 

Ha^HHaa c SToro pa3,n;ejia, mm 6ya;eM paccMaTpHBaTb opToroHajibHyio chctg- 
My OTC^eTa e = (e^,e^) b puMaHOBOM npocTpaHCTBe c MeTpiiHecKHM TeH3opoM 
gij. CoraacHO onpe^ejieHHro, b KajK^oii TOTKe piiMatiOBa npocTpaHCTBa BeKTopHbie 
nojia opToroHajibHoii chctgmm OTcneTa yziOBJieTBopaiOT cooTHOineHHio 

9ij e lk) e (i) = 9(h)(1) 

r^e g(k)(i) = 0, ecra (k) ^ (I), h 9(k)(k) = 1 hjih 9(k)(k) = -1 B 3aBncHM0CTH ot 
cnrHaTypM mgtphkh. 

Mm mojkgm onpGflGJiHTb CHCTeMy OTcneTa b npocTpaHCTBe co6bithh V 
Kax 0(3, l)-CHCTeMy OTCieTa. J^Jia HyMepaunn BeKTopoB mm nojib3yeMCH hh^gkcom 
k = 0, 3. HimeKC k = cooTBeTCTByeT BpeMeHH no,n,o6HOMy BeKTopHOMy nojiro. 

3AMEMAHHE 5.2.1. Mm MOJKeM ^OKa3aTb cymecTBOBaHne CHCTeMbi OTC^GTa, 
nojib3yacb npon,e,z];ypoH opToroHOJiH3ain«i b Ka^K^OH toikb npocTpaHCTBa BpeMeHH. 
H3 toh »ce npon,e,z];ypM mm bh^hm, hto KOop^HHaTM 6a3nca HenpepMBHO 3aBHCHT 

OT TOHKH. 

HenpepMBHoe nojie BpeMeHHno^o6Hbix BeKTopoB KajK^oro 6a3nca onpe^ejifleT 

KOHrpy3HH,HK3 JIHHHH, KaCaTejIbHMX 3TOMy nOJIK). Mbi 6y^eM TOBOpHTb, 1TO Ka>K- 
flaa H3 3THX JIHHHH HBJIHeTCH MHpOBOH JIHHHeH Ha6jIK),a;aTejIH HJIH JIOKajIBHOH CH- 

cTeMoft oTcieia. CjieflOBaTejibHO, CHCTeMa OTCH&ra - sto MHoacecTBO jiOKajibHbix 
CHCTeM OTcneTa. □ 



5.3. HerojiOHOMHbie koopahhsth 
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Mm onpe^ejiaeM npeo6pa30BaHHe Jlopemja KaK npeo6pa30BaHiie chctcmm 
OTC^eTa 

X — ^ i^X ■ X • X • X ^ 

(5.2.1) A*) =a i b ?kAt) 
r^e 

, dx' 1 



3 dx'i 
x j,(»)i(0 X 

5 m)%f(k) =< w) 

Mm 6yn,eM Ha3MBaTb npeo6pa30BaHHe a* tojiohomhoh nacTbio h npeo6pa30BaHHe 

0^ HerOJIOHOMHOH HaCTbK). 

5.3. HerojioHOMHBie KoopflimaTM 

IlycTb E(V, G, 7r) - rjiaBHoe paccjioeHne, r,a;e V - flncpcpepeHHiipyeMoe MHoro- 
o6pa3ne pa3MGpHOCTn n h Kjiacca He MeHbine, neM 2. Mm TaK»ce iiojicokhm, hto G 
- rpynna ciiMMeTpim KacaTejibHoii hjiockocth. 

Mm onpe^ejiHM (popMy cbh3hocth Ha raaBHOM paccjioeHHH 

(5.3.1) uj l = \%da N + T^dx 1 u = X N da N + Ydx 

Mm Ha3MBaeM (pyHKiniH Ti KOMnoHeHTaMH cbh3hocth. 

Ecjih cjioh ABjiaeTCfl rpynnoii GL(n), to CBH3HOCTb HMeeT bi^ 

(5.3.2) ctf = T a bc dx c 

1 i — 1 bi 

BeKTopHoe nojie a HMeeT ,a,Ba BH^a KOop^HHaT: rojioHOMH&ie Koop,n,HHaT&i a 1 

OTHOCHTejIbHO KOOpflHHaTHOH CHCTeMbI OTCHCTa H HerOJIOHOMHbie KOOp^HHaTBI 

a w OTHOCHTejIbHO CHCTeMbi OTcneTa. 9th ,a;Ba BH,a;a Koop,a;HHaT Tax »ce cjie^yiOT 
OTHonieHHio 

(5.3.3) a*(x) =e| (s)o( i) (i) 

B JIK)60H TOHKe X. 

Mm MOJKeM H3yHaTb napajiJiejibHbiH nepeHOC bcktophmx nojieii, nojib3yscb jiio- 
6oii (popMoii KOop,a;HHaT. Tax KaK (5.2.1) - jiHHeimoe npeo6pa30BaHne, mm ojKH^a- 
eM, hto napajiJiejibHbiH nepeHOC b HerojiOHOMHbix xoop^HHaTax HMeeT TaKoe >Ke 
npe^CTaBJieHHe, KaK b rojiOHOMHbix KOop^HHaTax. TaKHM o6pa30M mm 3anHHieM 

da k = -it-aW 

Heo6xOflHMO yCTaHOBHTb CBH3b MejK^y rOJIOHOMH&IMH KOOpflHHaTaMH CB83HO- 
CTH H HerOJlOHOMHHMH KOOpflHHaTaMH CBH3HOCTH ^ 

(5.3.4) a\x + dx) = o*(a:) + efa* = a 4 (x) - r^a fe (x)dx p 

-.(0 
(fc)(p) 



(5.3.5) a (8) (.T + dx) = a (l) (x) + da (l) = a^(x) - T^ ){p) a^ (x)dx (p ^ 

Ilpeflnojiarafl (5.3.4), (5.3.5) h (5.3.3), mm nojiynHM 

a* (a:) -Tl p a k (x)dx p 
= ^(z + dx) (aW(x) - T% (p) e[ k) (x)a^x)e P p \x)dx p ) 
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5. CncTeMa OTCneTa b npocTpaHCTBe coSmthh 



H3 (5.3.6) cjie/iyeT, hto 

Y^ ){p) ef\x)e^\x)a i {x)dx p = a {i) (x) - ef(x + dx) (a l (x) - r kp a k {x)dx p ) 

= a i (x)ef ) (x) - ef\x + dx) (a l (x) - P kp a k {x)dx p ) 

= a\x) (ef(x) - ef\x + dx)) + ef {x)Tl p a l (x)dx p 

t-y de^(x) 
= e { ;\x)Ti p a\x)dx p - a l (x)^^dx p 

Tax KaK d l (x) h dx p npoH3BOJibHM, mm HMeeM 

r W e {k) (x)e^(x)-e (i) (x)r j _ 

L (k)( P ) e i y x i e p \ x )- e j y x ) l i P dxP 

(KO>7\ p(«) _ p i pP pWpi _ pi p p ae i 

^■ 6 -'> l {k)( P )- e (k) e (pfo L ip e (k) e (p) Q x p 

Mm onpe,n,e.nHM CHMBOJiHiecKiiii onepaTop 

d p d 

(5A8) dx~^ = e ( p )dtip~ 

Ife (5.1.8) aneflyeT 

■ de (k) f ^de} n 
(5.3.9) e? n ^+ef ) ^=0 

V ) (l) Q x p l Q x p 

IIo^cTaBHM (5.3.8) ii (5.3.9) b (5.3.7) 

\P- A ' L[1 ) (k)(p) (k) (p) j ip e * dx (p) 

PaB6HCTBO (5.3.10) noKa3biBaeT HeKOTopoe cxo^ctbo MejK^y rcuiOHOMHMMH h 

HerOJIOHOMHblMH KOOp^HHaTaMH. Mbl Onpe^ejIHM CHMBOJI flJIH npOH3BOflHOH 

BflOJIb BGKTOpHMX IIOJieH SnA 

d (k) = e \k) d i 

Tor^a (5.3.10) npHHHMaeT cpopMy 

p( fc ) _ p i p T My] _ i Q (fc) 

Cjie^OBaTejibHO, xor^a mm nepexo^HM ot rojiOHOMHbix KOop^HHaT k Herojio- 
homhmm, npeo6pa30BaHiie cbh3hocth iio,zi,o6ho npeo6pa30BaHHK) npii nepexcyje ot 
OflHoii KOop^HHaTHoii chctgmm k ^pyroii. 9to npHBOfliiT Hac k MO,n;ejiH HerojiOHOM- 

HMX KOOp^HHaT. 

BeKTopHbie iiojih enA nopcDK^aiOT KpnBbie, onpe,a;ejieHHMe fliicpcpepeimHajib- 

HMMH ypaBHeHHHMH 

dt_ _ {k) 
e {l) dx j 

HJIH CHMBOJIH^eCKOH CHCT6MOH 



5.3. HerojiOHOMHbie KOopflHHaTH 
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HMea b Bmfly CHMBOJiHHecKyio CHCTGMy (5.3.11), mm o6o3HaHHM cpyHKinroHaji t no- 
cpe^CTBOM x^ k > h 6y,a;eM Ha3biBaTb ero HerojioHOMHoft KoopflraaTofi. Mbi 6yn,eM 

Ha3bIBaTb o6bIHHbie KOOp^HHaTbl rOJIOHOMHblMH. 

OTCiOfla mm mojkgm HaiiTH npoH3BO,u;Hyio h nojiy^HTb 



(5.3.12) 



dx^ 



..(<■> 



dx k k 

Heo6xo,n;HMoe h ^ocTaTOHHoe ycnoBHe iiojihoh HHTerpnpyeMOCTH CHCTeMbi (5.3.12) 

- 3TO paBeHCTBO 

c (,;) - 
c (k)(i) ~ u 

iyje mm bbo^hm o6i>eKT HerojioHOMHOCTH 

(5.3. 13 ) ^-^(^-^ 

Cne^OBaTejibHO, jno6aH CHCTeMa OTCHeTa HMeeT n BeKTopHbix naneii 

d 

d(k) = feW = & ^ dl 

KOTOpbie HMdOT KOMMyTaTOp 

= ( e U dke U) ~ e U) dke U) e< i m)d (.m) = 

Ilo toh »ce npn^HHe mm onpe,a;ejiHeM cpopMy 

tfcW = e<*> = e\ k) dx l 
h BHeniHHH ^HCpcpepeHiniaji stoh cpopMM HMeeT bh^ 
d 2 x^ =d(ef ) dx { ) 

(5.3.14) = (d je f ] - OiefA dx l A dx 1 

Cjie^OBaTejibHO, xor^a c nAm 7^ 0, ,n,HCpcpepeHH,Ha.n dx^ He HBJifleTCH tohhmm 
flHCpcpepeHiinajiOM h cnereMa (5.3.12) BOo6me roBopa He MO»ceT 6biTb HHTerpnpye- 
Moii. TeM He MeHee, mm mojkcm nocTpoHTb peajibHbiii c^teicr, kotopmh MO^ejinpyeT 
penieHHe. Mm MCtsceM H3ynaTb, Kax cpyHKinin x^ H3MeHHeTca B^,cuib pa3Hbix Kpn- 
bmx. Mm 6y^eM Ha3MBaTb Taxne KOop^HHaTM HerojioHOMHMMH KoopflHHaTaMH 
Ha MHoroo6pa3HH. 

3amemahhe 5.3.1. (DyHKiniH a;W flBjiaeTCH HaTypajibHMM napaMeTpoM B,n;ojib 
kphboh noTOKa BeKTopHbix nojieii Buy IlpHMep Taxon cpyHKiniH mm paccMOTpHM 
b pa3flejie 7.1. Co6cTBeHHoe BpeMH onpe^ejieHO B^ojib mhpoboh jihhhh jiOKajibHoii 
CHCTeMM OTCHCTa. Kax mm BH^ejiH b 3aMenaHHH 5.2.1 Bee npocTpaHCTBO npoHH3a- 

HO MHpOBMMH JIHHHHMH JIOKajIbHMX CHCTeM. Hto6m Co6cTBeHHOe BpeMH JIOKajIbHMX 

CHCTeM Morjio 6biTb BpeMeHeM cncTeMM OTcneTa, mm CDKH^aeM, hto co6cTBeHHoe 
BpeMH HenpepMBHO H3MeHHeTCH ot tohkh k tohkc JlflR CHHxpoHH3an,HH nacoB jio- 
KajibHbix CHCTeM OTcneTa mm nojib3yeMCH KjiaccHHecKofi npoiieflypoii o6MeHa CBe- 
tobmmh cnrHajiaMH . 
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5. CncTeMa OTCneTa b npocTpaHCTBe coSmthh 



C tohkh 3peHHfl McitgmcIthkh - 3to npo6jieMa HHTerpnpoBaHHfl ^HCpcpepeHHH- 
ajibHoii (popMM. TeM He Meiiee, H3MeHeHHe (pyHKHHH BflOJib neTjin HMeeT bh,u; 



Ax {t) = j dx® 
(5.3.15) = / / c fl\m rfa;(fe) A(faW 



-(fe)(0 

c \k)(i) e k M ^dx k A dx l 

Ha nepBbifi B3rjiH,n, B03HHKaeT oiuymeHHe, Hejib3H CHHxpoHH3HpoBaTb na- 
cm, lero mm He Ha6jno,a;aeM Ha npaKTrace. Mm flonycxaeM, ito CHHxpoHH3an,HH 
B03MO»cHa Tex nop, noxa mm onpeflejiaeM BpeMH B,a;ojib He3aMKHyTbix kphbmx. 
CHHxpoHH3au;Hfl HapymaeTca, Kor,i;a mm nMTaeMca CHHxpoHH3npoBaTb nacM BflOJib 
3aMKHyToii kphboh. 

3to osHa^aeT HeoflH03HaHHOCTb onpeflejieHHH HerojiOHOMHOH KOop^HHaTM. □ 

Ha^HHaa c SToro MecTa, mm He 6y^eM ^ejiaTb pasjiHina MejK^y fojiohomhmmh 
h HerojiOHOMHMMH Koop^HHaTaMH. Mm Tax »ce 6yneM o6o3HaHaTb &|2) KaK a ~ (L) 
b npeo6pa30BaHHH Jlopemia (5.2.1). 

XoTfl (popMa dx^ He HBjiseTCH tohhmm /nicpcpepeHipiajiOM, HeTpyznio y6e- 
flHTbca, hto (popMa d 2 x^ k ' flBjiaeTCH BHeniHHM ,ini(p(pepeHn,Ha.noM (popMM dx^ k \ 
Cjie^,OBaTejibHO, 

(5.3.16) rfV fc) = 

Mm MO»ceM npe^CTaBHTb BHeniHHii flH(p(pepeHH,Haji cpopMM, 3anHcaHHoii b Hero- 

JIOHOMHMX KOOp^HHaTaX, B BH^e 

d(a {ll) ... {ln) dx ill) A ... Adx M ) 
=a (ii)...(i„),pdx p A dx^ A ... A dx^ 

-a(n)...(i n )ddx {ll) A ... A dx [ln) - ... - (-l)" _1 a (n) ...(, n )da; (ll) A ... A ddx {ln) 
= a {^i)...{i n )Ap) e p )eP {r) dx(r) A dx(ll) A -■ A dx(ln) 

- a {i,)---(i n ) C t){r) dxiV) A dx(T) A - A ^ - - 

-(-1)""^^)...^)^^) A ... A c<fa\ r) dxM A dx^ 

=(o(ii)...(i»),(p) - a M...( 4 „)cjJ (n) - ... - a {ll) ... {r) c [ ^ ){in) )dx (p) A dx {ll) A ... A dx M 
B cjiynae (popMM d 3 x^ mm nojiy^HM paBeHCTBO 

[ ' - (c [k) -c (fc) c (r) -c [k) c [r) )dxW A cfc« A da;0') 

H3 paBeHCTB (5.3.16) h (5.3.17) cne^yeT 

(5.3.18) (c^, , w , - c[t ,cS r L - c<*> .c< r > Adx<*> A tfaW A ^0) = 
v ; v w(j),(p) WO) (p)(0 WW (p)0) ; 

HeTpyznro y6e,n,HTbCH, hto 

(5.3.19) = (-cW w ^ w + cS;j w< gi w )ifaW A dx«) 

= - 2c $ufVm dx(i)AdxU) 



5.3. HerojiOHOMHbie KOop,a,nHaTi>i 



ITo^CTaBHB (5.3.19) b (5.3.18), nojiyniiM 

(5.3.20) ( C W, Mp) - 2c$ u) c$ m )dxM A dx^ A dx® = 

H3 (5.3.20) cjie^yeT 

(fc) (fc) (fc) 

(5.3.21) %) ^7l M f^^ U) +2 ^ >> 

Mm onpe^ejiHM (popMy kphbh3hm fljifl cba3hocth (5.3.1) 

Q = du> + [w, a>] 

f7 D = + C%u A A w b = flydx* A dx J 
r,a,e mm onpe^ejiaeM o6i>eKT kphbh3hm 

r? = <%rf - a,-rf + c^vfrf + if 4 

$OpMa KPHBH3HM flJIS CBA3HOCTH (5.3.2) is 

(5.3.22) 0£ = dw a c + ujI A w\ 
Tjifi Mbi onpe^ejiiiM oGteKT KpnBH3Hbi 

(5.3.23) R?j = Rfoj = diT^j — djT bi + r£$rjy — r^T^ + r£ fc < 
Mbi onpe^ejiHM TeH3op Phhh 

p pa a pa a pa , T^a j^a pc , pa fc 

ribj — It ba j — O a l b j — UjL ba -\- 1 ca l b j — 1 c jl ba -f 1 &fc C aJ - 



DiaBa 6 



reoMeTpHnecKHH o6teKT 



6.1. MeTpHKO-acpcpHHHoe MHoroo6pa3He 

B cjiy^ae cba3hocth (5.3.2) mm onpe,a;ejiHM cpopMy KpyqeHHe 

(6.1.1) T a = d 2 x a + w£ A dx b 
Ife (5.3.2) cjie^yeT 

(6.1.2) ujI A dx b = (r^ c - T a cb )dx c A dx b 
IloflCTaBjiflH (6.1.2) h (5.3.14) b (6.1.1) mm nojiymM 

(6.1.3) T a = T? b dx c A dx b = -c a cb dx c A dx b + (r£ c - T a cb )dx c A dx b 
tjs)& Mbi onpe^ejiHJiH TeH3op KpyneHHe 

(6.1-4) T c a b = T bc - Y a cb - c a cb 

KOMMyTaTOp BTOpblX npoiOBcmHbix hmggt bh,u; 
(6.1-5) u% - u% = R$ lk vP - Jf h u% 

113 (6.1.5) cjie/iyeT, ^rro 

(6.1.6) c b - a - R a d a d - 

B puMaHOBOM npocTpaHCTBG Mbi have metric tensor gij h cbh3hoctb T^ . 0,n~ 

HO H3 CBOHCTB pHMaHOBa IipOCTpaHCTBa - 3TO CHMMeTpHH CBH3H0CTH H paBeHCTBO 

Hyjiro KOBapHaHTHOH npoH3BO,a,Hoii MeTpHKH. 3to nopo>K/iaeT TecHyro CBH3b Mex- 
py MeTpuKOH n CBH3HOCTbio. However CBH3HOCTb is not necessarily symmetric n 
KOBapnaHTHaa npoH3BO,a;Hafl MeTpHHecxoro TeH3opa mojkbt 6biTb OTjmiHa ot 0. B 
nocjie^HeM cnyiae mm bbo^hm HeMeTpniHocTb 

(6.1-7) Q«=4 = 4 + r ^ + r^ 

Tax Kax npoH3BO,n;HaH MeTpn^ecKoro TeH3opa He paBHa 0, mm He MoaceM nofl- 
HHMaTb hjih onycxaTb HH^eKC TeH3opa BHyTpn npoH3BO,iiHOH kbk mm sto flejiaeM b 
o6m x ihom pHMaHOBOM npocTpaHCTBe. Tenepb 3Ta onepanna npnHHMaeT rae^yroirrnn 

BHfl 

a \k = H' J "j:i- ■ '/';'»., 
9to paBeHCTBO rjir MeTpHHecxoro Teraopa npnHHMaeT c^eflyroirrnii bht; 

ab ai bj 

9-k = ~9 9 9ij;k 

OnPEflEJiEHHE 6.1.1. Mm 6yn;eM Ha3MBaTb MHoroo6pa3ne c KpyHemieM h HeMeT- 
pn^HOCTbro MeTpHKO-acptpHHHbiM MHoroo6pa3HeM [12]. □ 
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6. TeoMeTpHHecKHH o6teKT 



Ecjih mm roy^aeM no,a;MHoroo6pa3He V n MHoroo6pa3HH V n + m , mm bh^hm, hto 
HMepcHH nopojK^aeT CBH3H0CTb T^ 7 , KOTopaa CB33aHa co CBa3HOCTbK> b MHoroo6- 

pa3HH COOTHOHieHHeM 

de l 

pa J — pi P m p k _l L 

1 /3 7 e a - 1 mfc e /3 e 7 + ^ 

Cjie^,OBaTejibHO, He cymecTByeT HenpepbiBHoro BJiojKeHHH npocTpaHCTBa c Kpyie- 
HieM B pHMaHOBO npocTpaHCTBO. 

6.2. reoMeTpniecKHH cmmcji KpyneHHa 

IIpeflnojiojKHM, hto aid - HeKOJiHHeapHbie BeKTopM b tohkb A (cm. cpnr. 6.2.1). 



Mm npoBe^eM recmesHnecKyio L a ie- 
pe-3 TO^xy A, Hcnojib3ya BeKTop a 
Kax KacaTejibHbiii BeKTop kI„b Ton- 
Ke A IlycTb t - KaHOHH^ecKHH napa- 
MeTp Ha L a h 

dx k k 

Mm nepeHeceM BeKTop b B^ojib reo- 
^e3HHecKoii L a H3 to^kh A b Tonicy 
.B, onpe^ejieHHyio 3HaneHneM napa- 
MeTpa r = p > 0. Mm o6o3HaHHM 
pe3yjibTaT 6'. 

Mm npoBejjeM reoflesnnecKyio Ly 
Hepe3 TO^Ky B, Hcnojib3ys BeKTop 
b' Kax KacaTejibHbiii BeKTop k Ly b 

TO^IKe B. IlyCTb If' - KaHOHHieCKHH 

napaMeTp Ha Ly h 

dip' 

Mm onpe^ejinM TOHKy C Ha reo^e- 
sniecKoii Lf,' 3HaneHHeM napaMeTpa 



Mm npoBejj,eM recmesniecKyio Lb ne- 
pe3 TOHKy A, Hcnojib3yH BeKTop b 
Kax KacaTejibHbiii BeKTop kLjb toh- 
Ke A. IlycTb ip - KaHOHHHecKnii napa- 
MeTp Ha Lb h 

— - b k 

dp 

Mm nepeHeceM BeKTop a Bjjojib reo- 
jjesH^ecKoii Lb H3 touch A b TOiKy 
D, onpejjejieHHyio 3HaneHHeM napa- 
MeTpa tp = p > 0. Mm o6o3HanHM 
pe3yjibTaT a' . 

Mm npoBe,n;eM reojjesnnecKyio L a > 
lepes Tcracy D, Hcnojib3ysi BeKTop 
a! Kax KacaTejibHbiii bcktop k L a < b 

TOHKe D. IlyCTb T 1 - KaHOHHHeCKHH 

napaMeTp Ha L a i h 

dx k ik 
dr> 

Mm onpeflejiHM Tonicy E Ha recvue- 
3nnecKoii L a i SHaieHneM napaMeTpa 
r' = p 



p = p 

€>opMajibHO jihhhh AB n DE Tax ace, kbk jihhhh AD h BC, napajuiejibHM. 
TJjihhm OTpe3KOB AB n DE paBHM Tax »ce, xax ,i;jihhm OTpe3KOB AD n BC paBHM. 
Mm Ha3MBaeM Taxyio (pnrypy napajuiejiorpaMMOM, nocTpoeHHMM Ha BeKTopax 
a n b c BepniHHon b TO^ice A. 

Teopema 6.2.1. IIpednojiocHCUM CBADE - napajuiejiozpaM c eepmunou e 
moHKe A; mosda nocmpoeunasi dimypa ne 6ydem 3a,MKHyma [17]. Bejiununa pa3AU- 
uun Koopdunam moueK C u E poena noeepxHocmuoMy UHmezpajiy npynenuji Had 
amuM napajuiejiozpaMMOjU 



.6.1 



A CE x k 



T dx T 



Adx n 



(3.1 



^D,OKa3aTejiBCTBO 3Toro yTBepm^eHHH h Haniejr b [22] 



6.2. TeoMeTpHHecKHH cmmcji KpyneHHa 
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Phc. 6.2.1. Meaning of Torsion 



Ax k = —t + + 0(t 2 



^OKA3ATEJibCTBO. Mm MO»ceM Hclhth npHpameHHe KOopflimaTbi x k Bfloiib 
reoflesH^ecKoii b BH,a;e 

dx k 1 d 2 x k 

dx " 1 _ u dx dx n _ , o . 

= — T — r T + O(t) 

dr 2 mn dr dr [ ' 

r^,e r - KaHOHH^ecKHii napaMeTp h Mbi BbiHiicnaeM npoii3BO#Hbie h KOMnoHeHTbi 

B Ha^ajIbHOH TOHKe. B HaCTHOCTH 

A AB x k = a k p - irf n „(^)a m a> 2 + 0(p 2 ) 
BflOJib reo^esH^ecKOH L a h 

(6.2.1) A BC x k = b' k p - l -T k mn {B)b lm b' n p 2 + 0( P 2 ) 
B,n;ojib reoflesH^ecKOH . 3,n;ecb 

(6.2.2) b lk = b k - T k nn (A)b m dx n + 0{dx) 
pe3yjibTaT napajuiejibHoro nepeHOca b k 113 A b B h 

(6.2.3) dx k = A AB x k = a k p 

c TOHHOCTbio ,a;o Majioii nepBoro nopa/pca. IloflCTaBjiHH (6.2.3) b (6.2.2) h (6.2.2) b 
(6.2.1), mm nojiy^HM 

A BC x k = b k p - T k mn {A)b m a n p 2 - l -T k ln {B)b m b n p 2 + 0{p 2 ) 

06m,ee npiipameime KOop^HHaTM x K B,o;o.nb nyTii ABC HMeeT bi^ 

Aabcx 1 * = A AB x k + A BC x k = 

(6.2.4) = (a k + b k )p - T k mn (A)b m a n p 2 - 
- l -T k nn (B)b m b n p 2 - l -T k mn {A)a m a n p 2 + 0(p 2 ) 
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AHajiorH^HO o6mee npnpamGHHG KOop,a;HHaTM x K BflOJib nyTii ADE hmggt bh^ 
A ADE X k = A AD x k + A DE x k = 

(6.2.5) = (a k + b k )p-r k mn (A)a m b n p 2 - 

-\T k mn {D)a m a n p 2 - l -T k mn {A)b m b n p 2 + 0(p 2 ) 
H3 (6.2.4) h (6.2.5) aneflyeT, *ito 

A ADE X k - A ABC x k = 

= T k mn {A)b m a n p 2 + \T k nn {B)b m b n p 2 + \T k mn {A)a m a n p 2 - 
A 1 A 2 

-T k m {A)a m b n p 2 - \v k mn {D)a m a n p 2 - \v k m (A)b m b n p 2 + 0(p 2 ) 

A 2 A i 

JIflsi floCTaTO^HO Majioro SHa^GHHH p no^HGpKHyTMG cjiaraeMbie B3aiiMHO yHH^TO- 
»caiOTCH h Mbi nojiy^aeM HHTerpajibHyio cyMMy ^jih BbipajKeHHfl 

A ADE x k - A ABC x k = JfjFtm ~ T k mn )dx m A dx n 

OflHaKO He^OCTaTO^HO HaHTH pa3HOCTb 

A ADE x k - A ABC x k 

hto6m HaHTH pa3HOCTb Koop^HHaT tohgk C h E. Koop^HHaTM MoryT 6biTb Hero- 

JIOHOMHblMH H Mbi flOJIJKHbl yHGCTb, HTO KOOp^HHaTM BflOJIb 3aMKHyTOrO nyTH H3- 

MeHHKDTCH (5.3.15) 

Ax k = <f dx k = - [[ c k nn dx m A dx n 

Jecbade JJs 

iyie c - oG-beKT HeranoHOMHOCTH. 

OxoH^aTejibHO pa3HOCTb KOop^HHaT to^gk C h E hmggt bh,i; 

A CE x k = A ADE x k - A ABC x k + Ax k = JJjXta ~ It„ - c k nn )dx m A dx n 

Hcnojib3yfl (6.1.4), mm ,2;oKa3ajiH y tbgp^k^ghhg . □ 

6.3. CooTHonieHHe Meac^y cbh3hoctbk» h MeTpmcoH 

CeinaC Mbi XOTHM HaHTH, KaK MM MOXeM Bbipa3HTb CBfl3HOCTb, eCJIH H3BeCTHM 

MGTpHKa h Kpy^GHHG. CorjiacHO onpG^GJiGHHio 

— ^ikij — 9ij;k — 9ij,k ~ 1 ik9pj ~ 1 jkdpi 
— Qkij = dij.k — ^ikdpj ~~ ^kjdpi ~ ^jkdpi 

IlGpGHGCGM npoH3BO,a;Hyio g h kpyhghhg b jiGByio ^acTb. 



(6.3.1) g ijtk + Q kij - S p ]k g pi = T P k g pj + T p kj g pi 
MeHAH nopa^OK HH^eKCOB, mm 3anHineM ein,6 rb& ypaBHemia 

(6.3.2) g jk ,i + Qij k - S^gpj = V p igpk + T p k g pj 

(6.3.3) gu,j + Q 3 kt - S^gpk = T p kj g pl + T P 3i g pk 



6.3. CooTHOineHne MejK^y cbh3hocti>io h mbtphkoh 
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Ecjih mm BbraeM paBeHCTBO (6.3.1) 113 cyMMM pclbghctb (6.3.2) h (6.3.1), to Mbi 
nojiy^HM 

9ki,j + 9jk,i ~ 9ij,k + Qijk + Qjki - Qkij - Sfjgpk - S p ki g pj + S p jk g pi = 2T p i g pk 
OKOHHaTejibHO mm nanyHaeM 

r^i = -^g pk {gki, + gjk : i - g^.k + Qijk + Qjki - Qkij - S^sv-fc - Sndrj + S r jk g n ) 
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IIpHJTO:>KeHH5I B 06lD,eH TeOpHH OTHOCHTejlbHOCTH 



7.1. CHHXpOHH3ai],Ha CHCTeMbI OTCHeTa 

Tax KaK Ha6jiio,i];aTejib nojib3yeTca opToroHajibHMM 6a3HCOM rjih h3mgpghhh b 
KajK,a;oii tohkg, mm MoaceM o>KH,i];aTb, ^to oh TaKJKe nojib3yeTCH HercuiOHOMHMMH 

KOOp^HHaTaMH. Mbi TaK JKe BHflHM, HTO KOOp,H,HHaTa BpeMeHH BflOJIb JIOKajIbHOH CH- 
CTeMbI OTCHeTa HBJiaeTCH co6cTB6HHbiM BpeMeHeM Ha6jiroflaTejiH. Tax KaK CHCTeMa 
OTcneTa coctoht h3 jioKajibHbix cncTeM OTC^eTa, mm coKii^aeM, hto hx co6cTBeHHbie 
BpeMeHa cnHxpoHH3HpoBaHM. 

Mm onpe,n;ejifleM cHHxpoHH3au;Hio cncieMM oTcneTa KaK HerojiOHOMHyio 
KOop^HHaTy BpeMeHH. 

TaK KaK CHHxpoHH3an,HH - 3to HerojiOHOMHaa KOopflHHaTa, 3to nopo»c^aeT ho- 
Bbie (pHSiinecKiie flBJieHHH, KOTopbie mm flOJBKHbi HMeTb b BH^y, Kor^a pa6oTaeM c 

CHJIbHblMH rpaBHTaUHOHHblMH nOJIHMH HJIII BMIIOJIHHeM TOHHbie H3MepeHHH. HlDKe 
H OnHHiy OflHO H3 3THX 3BJieHHH. 

7.2. HerojioHOMHbie Koop/pmaTM b rpaBHTaijHOHHOM nojie 

u,eHTpajiBHoro Tejia 

Mm 6yfleM H3yHaTb Ha6jiio,i];aTejifl, Bpamaromeroca BOKpyr n,eHTpajibHoro Tejia. 
Pe3yjibTaTM oiieHOHHM ii xopoiini, Kor,n;a 9Kcn,eHTpHCHTeT okojio 0, TaK KaK mm 
6ya;eM nsy^aTb KpyroByio op6nTy. TeM He MeHee, ocHOBHaa nejib stoh oneHKH - 
noKa3aTb, hto mm HMeeM H3MepHMoe ^eiicTBHe HerojiOHOMHOCTH. 

Mm ncuib3yeMCH MeTpiiKOH HlBapuiiiHJib^a rjir ueHTpajibHoro Tejia 

(7.2.1) ds 2 = r —^-c 2 dt 2 — dr 2 - r 2 d(f> 2 - r 2 sin 2 

r r — r g 

2Gm 



G - rpaBHTauHOHHaa KOHCTaHTa, m - Macca ueHTpajibHoro Tejia, c - CKopocTb CBeTa. 

3Ta MeTpiIKa HMeeT CBH3HOCTb 



1 10 — 



2r(r - r g ) 

F l _ r a{r-r a ) 

00 ~ 2r 3 
pi _ r g 

11 2r ( r - r o) 
r 22 = -(r-rg) 



rSs = -(r- 



r g ) sin 



2 



r 2 —I 

1 12 — 
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7. IlpHJlOJKeHHSI B 06lU,eH TeOpHH OTHOCHTGJlbHOCTH 



Tgg = — sin (j) COS (j) 

r 3 

L 13- r 
T23 = COt <ff 

51 xony noKa3aTb eme o^hh cnoco6 pacCTCTa 9(p(peKTa /^onnjiepa. 3(p(peKT JJp- 
nnjiepa b rpaBHTainiOHHOM none HBJiHeTCH xoponio royHeHHMM HBJieHHeM, o^HaKO 
MeTO,ii, KOTopbiii r noKaacy nojie3eH, hto6m jiy^ine noHHTb (pH3HKy rpaBHTainiOH- 
Horo nojifl. 

Mm mojkgm onncaTb flBHJKeHHe (pOTOHa b rpaBHTannoHHOM nojie, nojib3yscb 
ero bojihobmm bgktopom k l . /JjiHHa 3Toro BGKTopa paBHa 0; -j^-; = const; Tpa- 
eKTopHH aBJiaeTCH reoflesH^ecKofi, h cjie^OBaTejibHO, KOop^HHaTM SToro BeKTopa 
yziOBJieTBopaiOT ^H(p(pepeHLi,HajibHOMy ypaBHemno 

(7.2.2) dk { = -T l kl k h dx l 

Mm Hin;eM HaeroTy uj CBeTa h kP nponopiniOHajibHO uj. PaccMOTpnM pa^najibHoe 
flBHJKeHne (pOTOHa. B stom cjiy^ae bojihoboh bgktop hmggt bh,u; k = (fc° , k 1 ,0,0). 
B n,eHTpajibHOM nojie c MeTpuKOH (7.2.1) mm MoaceM Bbi6paTb 



k 1 = 

k° 

dt = -rjdr = dr 

k L 

Torjia ypaBHeHne (7.2.2) npHHHMaeT bhji 

dk° = -Tl^dt + ^dr) 



i r 


r — 


r 9 


r — 


r 9 


r 




1 


r 


c r - 


- r, 



oj I r \ r n uj 
c 




V T — r g 2\ r { r ~ r g)' 2 r ( r — ' r g) V r ~ r g 

*i = r Jl dr 

uj 2r(r — Tg) 

1 r 

In uj = — In h In C 

2 r-r g 

Ecjih mm onpe,a;ejiHM uj = ujq, Kor,a;a r = oo, mm nojiy^HM OKOH^aTejibHO 

UJ = UJ , 



7.3. 3a^ep5KKa bpgmbhh b rpaBHTau,noHHOM nojie ijeHTpajibHoro Tejia 
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7.3. 3a,zi,ep>KKa BpeMeHH b rpaBHTaipioHHOM nojie ijeHTpajitHoro Tejia 

Mm H3yHHM BpameHHe BOKpyr neHTpajibHoro Tejia. Pe3ynbTaTM hbjihiotch 

TOJIbKO OUeHKOH H XOpOIHH, KOr,3,a 3KCH,eHTpHCHTeT OKOJIO 0, Tax KaK Mbl roy^a- 

eM KpyroBbie op6nTbi. OcHOBHaa sa^ana stovl oueHKH - noKa3aTb, hto mm HMeeM 

H3MGpHMbIH 3(p(peKT HGrOJTOrOMHOCTH . 

JXsssMie cpaBHHM h3mgpghhh ,a;Byx Ha6jiKmaTejieH. IlepBbiH Ha6jiio,i];aTejib 3a- 
(pHKcnpoBaji CBoe nojioJKeHne b rpaBHTanHOHHOM nojie 



s 

t = - 

c 



r = const, 4> = const, 9 = const 
BTopoii Ha6jiK)^;aTejib BpamaeTCH BOKpyr ueHTpa nojia c iioctoshhoh CKopocTbio 



t 



(r - r g )c 



(r — r g )c 2 — a 2 r 3 
r = const, 8 = const 
Mm Bbi6epeM HaTypajibHbifi napaMeTp /tjih o6ohx Ha6jiio,z];aTejieH. 

BTopoii Ha6jiioflaTejib nanvmaei CBoe nyTeinecTBHe, Kor^a s = 0, h 3aBepinaeT 
ero, Kor/ia B03BpamaeTCH k toh ace TO^xe npocTpaHCTBa. Tax KaK <fr - iniKJiH'recKaa 
KOopflHHaTa, BTopoii Ha6jno,n;aTejib 3aBepinaeT CBoe nyTernecTBHe, Kor,n;a (f> = 2ir. B 
stoh TO^Ke mm HMeeM 

2-7T j (r — r g )c 2 



a V r 
2ir 

t = T = — 

a 

3HaHeHHe HaTypajibHoro napaMeTpa nepBoro Ha6jno,n,aTe.jiH b stoh TOHKe 



2tt 
si = — c 

a V T 

Pa3HHD,a MejK^y HX Co6cTBeHHMMH BpeMeHaMH 



2tt / r — r„ I (t — r a )c 2 — a 2 r 3 

31 — S 2 - 



a 



Mm onpe^,ejiHJiH paaHHiry b caHTHMeTpax. Hto6m nojiyHHTb pa3HHiry b ceKyH^ax, 
mm ,a;oji>KHbi ,a;ejiHTb o6e HacTH Ha c. 




nepeiifleM k KOHKpeTHMM ^aHHbiM. 

Macca CojiHua paBHa 1.989io33 r, 3eMJia BpamaeTCH BOKpyr CojiHua Ha paccTO- 
hhhh 1.495985iol3 cm ot ero Hempa HanpoTHJKeHHe 365.257 jxReH. B stom cjiynae 
mm nojiyHHM At = 0.155750625445089 ceK. MepKypnii BpamaeTCH BOKpyr CaiiHua 
Ha paccTOHHHH 5.791iol2 cm ot ero n,eHTpa HanpoTHJKeHne 58.6462 ^Heii. B stom 
cjiy^ae mm nojiynHM At = 0.145358734930827 ceK. 

Macca 3eMJiH paBHa 5.977io27 r. KocMHHecKHii Kopa6jib, KOTopbiii BpamaeTCH 
BOKpyr 3eMJiH Ha paccTOHHHH 6.916iq8 cm ot ero ueHTpa HanpoTAJKeHHe 95.6 mhh 
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7. IlpHjiojKeHHsi b o6meii TeopHH othocht6jii>hocth 



hmggt At = 1.8318io — 6 cex. JlyHa BpamaeTca Boxpyr 3eMjiH Ha paccTOHHHH 
3.84iol0 cm ot ero n,eHTpa HanpoTHJKeHHe 27.32 ^Heii. B stom cnynae mm nanynHM 
At = 1.372io - 5 cex. 

^jia jiyHinero npe,a,CTaB.neHHH r noMecraji sth ^aHHbie b Ta6jiHHM 7.3.1, 7.3.2, 
h 7.3.3. 

Tax Kax nacM nepBoro Ha6jiio,i];aTejifl b momcht BCTpenn noKa3biBaiOT 6ojibinee 
3HaHeHHe, oh on,eHHBaeT B03pacT BToporo Ha6jiio,z];aTejifl CTapnie peajibHoro. Tax, 
ecjiH B3HTb napaMeTpbi op6nTM S2 H3 [10], to mm nanynHM, hto 3a 10 Myr S2 6yn,eT 
MOJio»ce Ha .297 Myr no cpaBHeHHio c oueHKoii Heno^BHJKHoro Ha6jiro^aTejifl. 

Tabjihd,a 7.3.1. CojiHue - ueHTpajibHoe Tejio, Macca - 1.989iq33 r 



cnyTHHK 


3eMJia 


MepxypHH 


paccTOAHHe, cm 


1.495985i 13 


5.791i 12 


nepno^ BpameHHH, p^e& 


365.257 


58.6462 


3a,a;epjKKa BpeMeHH, cex 


0.15575 


0.14536 



Taejihua 7.3.2. 3eMJiH - ueHTpajibHoe Teno, Macca - 5.977iq27 r 



cnyTHHK 


KOCMHHeCKHH KOpa6jIb 


JlyHa 


paccTOHmie, cm 


6.916io8 


3.84i 10 


nepHO,n BpameHHH 


95.6 mins 


27.32 flHeii 


3aflep»cKa BpeMeHH, cex 


1.8318m -6 


1.372m - 5 



Taejihua 7.3.3. Sgr A - ueHTpajibHoe Tejio, S2 - cnyTHHK 



Macca, Mq 


4.1io6 


3.7 10 6 


paccTOHHne, cm 


1.4692i 16 


1.1565i 16 


nepno^ BpameHHH, jieT 


15.2 


15.2 


3a,a;epjKKa BpeMeHH, mhh 


164.7295 


153.8326 



7.4. IIpeo6pa30BaHHe Jlopemja b opGirrajiBHOM HanpaBJieHHH 

IlpHHHHa 3a,iiep>KKH BpeMeHH, KOTopyio mm oneHHJiH BMHie, Haxo^HTCH b npe- 
o6pa30BaHHH JIopeHua Me:»c,n,y CTannoHapHMM h BpamaioiHHMCH Ha6jiroflaTejiHMH. 
3to 3HanHT, hto mm HMeeM BpaineHne b hjiockocth (e(o),e(2))- Ba3HCHbie BeKTopa 
fljia CTannoHapHoro Ha6jno,a;aTejifl - sto 

e (o) = (-i/— ,0,0,0) 
e (2) = (0,0, 1,0) 

Mm npeflnojiojKHM, hto pjin BpamaioiHerocH Ha6jiroflaTejiH H3MeHeHHe (j) n t npo- 
nopnnoHajibHM h 

d<f> = ujdt 



7.4. IIpeo6pa30BaHne Jlopemja b op6nTajibHOM HanpaB ji6hhh 
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EflHHH^Hbifi bgktop CKopocTH b 9TOM cny^ae ^ojiJKeH 6biTb nponopinroHajieH BGK- 
Topy 

(7.4.1) (1,0, u,0) 
^jiHHa SToro BeKTopa 

(7.4.2) L 2 = r —^c 2 - r 2 oj 2 

r 

Mbl BHflHM B 3TOM BbipajKeHHH OHeHb 3HaKOMMH y30p H OJKH^aeM, HTO JIHHeHHafl 

CKopocTb Bpamaromerocfl Ha6jiioflaTejiH V = lot . 

TeM He MeHee, mm ^ojijkhm noMHiTB, ito mm BbinojiHaeM H3MepeHiie b rpaBii- 
Tau;HOHHOM nojie h KOopflHHaTM hbjihiotch jimub apjibixaMH ^jih pa3MeTKH TO^ex 
b npocTpaHCTBe BpeMeHH. 9to SHa^iiT, ito HaM Hy»ceH KoppeKTHMii MeTOfl jijia 

H3MepeHHH CKOpOCTH. 

Ecjih o6i>eKT ^BHJKeTca ot to^kh (t, (f) k TOHKe (t + dt, <f> + d<p) mm ^ojijkhm h3- 

MepHTb npOCTpaHCTBeHHbie H BpeMeHHbie HHTepBajIM Me»C^,y 3THMH TOHKaMH. Mm 

npe,a;nojio>KHM, hto b o6enx TOHKax HMeiOTca Ha6jiio,i];aTejiH An B. Ha6jiio,a;aTejib A 
nocbijiaeT o,a;HOBpeMeHHO cbgtoboh ciiniaji B h msw, kotopmh HMeeT yrjiOByio cko- 
pocTb oj. KajK^MH pa3, Kor,n;a Ha6jiio,i];aTejib B nojiy^aeT Kaxyio-TO HHCpopMauHio, 
oh nocbijiaeT CBeTOBoii cnrHaji o6paTHO A. 

Kor^a A nojiyiaeT nepBbiii cnrHaji, oh mojkct oneHHTb paccTOAHHe B. Ko- 
r^,a A nojiy^aeT BTopon cnrHaji, oh mojkbt OHemrrb, Kax ,n,o.nro flBHrajica mrh #o 
B. 

BpeMa nyTeniecTBHH CBeTa b o6ohx HanpaBjieHiiax o,u;ho h Toace. TpaeKTopna 
CBeTa onpe^ejieHa ypaBHeHHeM ds 2 = 0. B flaHHOM cjiy^ae mm HMeeM 

— ^c 2 dt 2 - r 2 d<j> 2 = 
r 

Korfl,& CBeT B03Bpain,aeTCfl k Ha6jiKmaTejno A, H3MeHeHne t paBHO 



dt = 2. c _1 r# 



Co6cTBeHHoe BpeMH nepBoro Ha6jno,iiaTejiH paBHO 

ds 2 = r _Il c 2 4 ^_ c -2 r 2 d(j) 2 

r r — r g 

Cne^OBaTejibHO, npocTpaHCTBeHHoe paccTOAHne 

L = rd(f> 

Kor^a oG-beKT, ^BHJKyiHHHCfl c yrjiOBoii cxopocTb uj, npii6biBaeT b B, H3MeHeHne t 
paBHO — . Co6cTBeHHoe BpeMa b stoh TOHKe paBHO 

ds 2 = r _J± c 2 d(j) 2 UJ -2 



T 



r 

Cjie,a;oBaTejibHO, Ha6jno,n;aTejib A H3MepaeT cxopocTb 



v = i = * 
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7. IlpHjiojKeHHsi b o6meii TeopHH othocht6jii>hocth 



Mm MO»ceM Hcnojib30BaTb CKopocTt V Kax napaMeTp npeo6pa30BaHHH JIopeH 
n;a. Tor^a fljiima (7.4.2) BeKTopa (7.4.1) paBHa 



l = K r—± C 2 - — = Kr—±c< i ( i 



v 2 \ 



Cjie,a;oBaTejibHO, BpeMeHHoii opT ^BHJKymerocH Ha6jiio,i];aTejifl 

e' ( o)=(^ 0,^,0 



6(0) '^'- r / ^i-^'V^V J(l-^)° 



IIpocTpaHCTBeHHbiH opT e'^ = (A,0, B,0) opToroHajieH e'^ h HMeeT fljiHHy —1 
Cjie,a;oBaTejibHO, 

(7.4.3) L^Il c 2 i A -r 2 ^-B = 

r L L 

(7.4.4) L^JjL c 2 A 2 -r 2 B 2 = -1 

r 

Mbl MOJKeM Bbipa3HTb A H3 (7.4.3) 

A = cr 2 — — r 2 ojB 
r-r g 

H nO^CTaBHTb B (7.4.4) 

c - 2 ^—rWB 2 -r 2 B 2 = -l 
r-r g 

V 2 

-^-r 2 B 2 -r 2 B 2 = -1 
c l 

OKOHnaTejibHO npocTpaHCTBeHHbiii opT b HanpaBjieHHH ^bhjkghhs 

-2 r 1 11 

e (2) = I c rtJ / r >°. / . ;0 



-(2) 



r-r g f[Zv* r J 1 _vi 



Cjie^OBaTejibHO, mm nojiyiHM npeo6pa30BaHHe 

1 V 1 

e (o) — ; e(o) H ; e (2) 



( 7 - 4 - 5 ) , y i i 

e (2) = ; e( ) H e (2 

c /j _ v£ A v 3 



Ecjih CTau,HOHapHbifi Ha6jiK)^;aTejib nocMJiaeT CBeT b pa^najibHOM HanpaBJiemoi 
BpamaromHHCH Ha6jiroflaTejib Ha6jiio,n,aeT scpcpeKT ^onnjiepa 



7.4. IIpeo6pa30BaHne Jlopemja b op6nTajibHOM HanpaB ji6hhh 
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Mm jjoji^khm flo6aBHTb 3(p(peKT /Jonnjiepa fljia rpaBHTannoHHoro nana, ecnii ^bh- 
jKyrrniHca Ha6jiio,i];aTejib nojiy^aeT pajjnajibHyio BOJiHy, KOTopaa npHinjia H3 6ecKO- 
HeHHOCTH. B 3tom cjiy^iae 3(p(peKT ^onnjiepa npnM6T cpopMy 

J = I T = 

V r - T 9 yjl-lg- 

Mm npHBO^HM oi],eHKy pjin flHHaMHKH 3Be3flbi S2, KOTopaa BpamaeTca BOKpyr 
Sgr A b Ta6jinn,ax 7.4.1 n 7.4.2. Ta6jinn,M ocHOBaHM Ha flByx pasjinmbix oneHKax 
fljia Maccbi Sgr A. 

Ecjih mm B03bMGM Maccy Sgr 4.1io6M0 [10], to b nepnneHTpe (paceroaHHe 
1.868iol5 cm) S2 HMeeT cxopocTb 738767495.4 CM/ceK n 3(p(peKT ^onnjiepa paBeH 
uj'/uj = 1.000628. B 3tom cnyiae mm H3MepaeM AJiiiHy 2.16474/im ,n,jia bojihm, 
H3JiyHaeMoii c ,o;jihhoh 2.1661^m (Br 7). B anoneHTpe (paccToaHne 2.769iol6cm) S2 
HMeeT cxopocTb 49839993. 28cm/s h acJxpeKT /^onnjiepa paBeH u'/cj = 1.0000232. 
Mm H3MepaeM jjjinHy 2.166049/xto jujik toh »ce caMofi bojihm. Pa3HOCTb MescJiy 
flByMa H3MepeHHaMH ,hjihhm bojihm paBHa 13.098A. 

Ecjih mm B03bMeM Maccy Sgr 3.7io6Mq [11], to b nepnijeHTpe (paccToamie 
1.805iol5cm) S2 HMeeT cxopocTb 713915922. 3cm/ s h 3(p(peKT ^omuiepa paBeii 
lu'/lu = 1.000587. B 3tom cjiyiae mm H3MepaeM jjjinHy 2.16483/im JiJia bojihm, 
H3JiynaeMOH c jjjihhoh 2.1661/xm (Br 7). B anoneHTpe (paccToaHne 2.676iol6cm) S2 
HMeeT cxopocTb 48163414. 05cto/s h 3(p(peKT ^onnjiepa paBeH uj'/uj = 1.00002171. 
Mm H3MepaeM flJiHHy 2.1666052//m Ji,jia toh »ce caMoii bojihm. Pa3HOCTb MejKiiy 
ji,ByMa H3MepeHHaMH fljiBHM bojihm paBHa 12.232A. 

Tabjihua 7.4.1. 3(p(peKT /^onnjiepa Ha 3eMjie fljia bojihm, H3Jiy- 
^aeMoii c S2; Macca Sgr A pasHa 4.1i O 6M [10] 





nepHHfiHTp 


anoueHTp 


paccToaHne cm 


1.868iol5 


2.769i 16 


cxopocTb cm/s 


738767495.4 


49839993.28 


uj'/uj 


1.000628 


1.0000232 


HSJiynaeMaa BOJiHa (Br 7) fim 


2.1661 


2.1661 


Ha6jnojj;aeMaa BOJiHa /xm 


2.16474 


2.166049 



Pa3HOCTb MejK,n;y ,a;ByMa H3MepeHnaMn ,u;jihhm bojihm paBHa 13.098A 



Taejihua 7.4.2. 3(p(peKT ^onnjiepa Ha 3eMJie .xijia bojihm, H3Jiy- 
laeMoii c S2; Macca Sgr A paBHa 3.7io6M [11] 





nepHijeHTp 


anon,eHTp 


paccToaHne cm 


1.805i O 15 


2.676i 16 


CKopocTb cm/s 


713915922.3 


48163414.05 


uj'/uj 


1.000587 


1.00002171 


HSJiynaeMaa BOJiHa (Br 7) /im 


2.1661 


2.1661 


Ha6jnojjaeMaa BOJiHa \xm 


2.16483 


2.1666052 



Pa3HOCTb Mempy ^ByMa H3MepeHnaMn ^jihhm bojihm paBHa 12. 232 A 
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7. IlpHJlOJKeHHSI B 06lU,eH TeOpHH OTHOCHTGJlbHOCTH 



Pa3HOCTb MejKfly jj^ByMH h3mgpghhhmh ,o;jihhm bojihm b nepHH,eHTpe paBHa 
0.9A. AHajiH3Hpya sth jjaHHbie, Mbi npnxoflHM k 3aKjnoHeHHio, hto Hcncuib30BaHHe 
3(p(peKTa ^onnjiepa MO»ceT noMOib yjiyHHiHTb oueHKy Maccbi Sgr A. 

7.5. IIpeo6pa30BaHHe Jlopemia b pa/jnajiBHOM HanpaBJieHHH 

Mm BiflHM, hto npeo6pa30BaHne ilopeima b op6nTajibHOM HanpaBJieHHH hmggt 
3HaKOMbiH Biifl. OneHb hhtgpgcho yBH^eTb, KaKOH bhjj; 9to npeo6pa30BaHHe hmggt 
b pa^najibHOM HanpaBJieHHH. Mm HanHGM c npouejiypM H3MepeHHH ckopocth h 
6y^eM nojib30BaTbCH KOop^HHaTHoii CKopoerbio v 

(7.5.1) dr = vdt 

BpeMH nyTGHiGCTBHH CBGTa b o6ohx HanpaBjiGHHHx o,h;ho h tojkg. TpaeKTopna CBeTa 
onpejjejieHa ypaBHeHHeM ds 2 = 0. 

r - r„ 



'A<? di ? _ rfr 2 = 

r — r g 



Korjj,a cb6t B03BpamaeTCH k Ha6jnojj,aTejiio A, H3MeHeHne t paBHO 

r _i , 



dt 



r — r„ 



' g 

Co6cTBeHHoe BpeMH Ha6jno,n;aTejiH A paBHO 

ds 2 = r _Il c 2 4 ^^ c -2 dr 2 

r r — r 



g 



r 



-dr 



2 



Cjie^OBaTejibHO, npocTpaHCTBeHHoe paccTOHmie paBHO 



L= J—^—dr 



• g 

Korjj,a oG-beKT, flBHJKynriificjj co CKopocTbio (7.5.1), npH6biBaeT b B H3MeHeHHe t 
paBHO ^p. Co6cTBeHHoe BpeMH Ha6jirojj,aTejiH A b stoh Tonxe 

ds = -(far v 

r 



T= \l y -v~ L dr 

r 

Cjie^,OBaTejibHO, Ha6jnojj,aTejib A H3MepneT cxopocTb 

L ^ dr 



T - r ^v-Hr 



1 - 'g 

Tenepb mm totobm HaiiTH npeo6pa30BaHHe JlopeHiia. Ba3HCHbie BeKTopa rjir 
CTan,HOHapHoro Ha6jirojj,aTejiH - sto 



7.5. Ilpeo6pa30BaHne Jlopemja b pa,a,na.jibHOM HanpaBJiemm 



r-r g 



r '°'°J 

E^HHHHHbiii bgktop CKopocTH ^ojiJKeH 6biTb nponopipiOHajieii BGKTOpy 
(7.5.2) (M,0,0) 
^jiima SToro BeKTopa 

L 2 = r —^Lc 2 —v 2 = 

r r — r„ 

(7-5-3) f J 2 



r 

Cjie,a;oBaTejibHO, BpeMeiraoH opT ^BiiJKymerocH Ha6jiio,i];aTejiH 



e '(o)-lz'Z' ' 



c^ 1 , =,vj c- L , =,0,0 



, 1 V r-r„ 1 

-c- 1 , ,-\ 9 - . ,0,0 

' 1 _vi\ cV r t l _v±\ 



IlpocTpaHCTBeHHbiH opT e', x \ = (A, 5,0, 0) opTorcmajieH h hmggt flJiimy 
Cjie,a;oBaTejibHO, 

(7.5.4) Z^lL^A--^— > = 

r L r — r g L 

(7.5.5) ^^c 2 A 2 - — - — B 2 = -1 

r r — r g 

Mbl MOJKeM Bbipa3HTb A H3 (7.5.4) 



A = cr 2 - — '■ -vB = C - 2 —^—VB 



( r - r g) 



H nO^CTaBHTb B (7.5.5) 
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7. IlpHJio^eHHa b o6mefi Teopan OTHOCHTejibHOCTH 



A = c-*^—vJ' 



1 _ V2 



"v 1 

OKOHHaTejibHO npocTpaHCTBeHHbiii opT b HanpaBjieHHH ^bhjkghhs 



e' (1) = I c- 2 V, f—!— 1 ,J r rg 1 ,0,0 

CjieflOBaTejibHO, mm noflynaeM npeo6pa30Bamie b 3HaKOMoii (popMe 

1 . V 1 



e (o) — , e (o) H , 

(7.5.6) , V 1 1 



7.6. ScpcpeKT ^onnjiepa b npocTpaHCTBe ©pHflMaHa 

Mbi paccMOTpiiM flpyrofi npnMep b npocTpaHCTBe <J>pii,n,MaHa. MeTpraca npo- 
CTpaHCTBa HMeeT bh,zj; 

ds 2 = a 2 (dt 2 - d X 2 - sin 2 X (d0 2 - sin 2 6d<p 2 )) 

fljia 3aKpMToii MO,a;ejiH h 

rfs 2 = a 2 (dt 2 - d X 2 - sinh 2 x(d6> 2 - sin 2 6d(/) 2 )) 

OTKpblTOH MOflejIH. CBH3HOCTb npOCTpaHCTBa (a, (3 npHHHMaiOT 3HaHeHH5J 1, 

2, 3) 



oo — — 



r° =-- 



IIocKOJibKy npocTpaHCTBa cynropcynTO, fljia Hac He HMeeT 3HaHemie HanpaBJie- 
Hne pacnpocTpaHeHHH CBeTa. B stom cny^ae 



dk° = I ';' /.• '/,•*' 



Tax xaK k - H30TponHbiii BeKTop, KacaTejibHbiii k ero TpaeKTopnn, mm HMeeM 

k a 

dx a = T7 rdt 



Tax xax k = — . to 



lu da da ,„,„ da 

d— = ttuj H g aa k k = -2—lu 

a a z toa a z 



adu + coda = 
auj = const 

Cjie^OBaTejibHO, Kor,a;a a pacTeT, lu CTaHOBHTCH MeHbine h ,a;,nHHa bojihm pacTeT. 



7.7. Ilpeo6pa30BaHne Jlopemja b npocTpaHCTBe 3>pHflMaHa 
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a pacTeT, Kor,a;a cbgt nyTeinecTByeT CKB03b npocTpaHCTBO BpeMH, h 3to npuBO- 
flHT k KpacHOMy CMemeHHio. IIpHnHHOH Ha6jno,iiaeMoro KpacHoro cmgihghhh hbjih- 
eTCH He pa36eraHne rajiaKTHK, a H3MeHeHne reoMeTpnn. 

PaccMOTpnM Tenepb Kax KpacHoe CMein,eHHe MeHaeTCH bo BpeMeHH, ecnn Ha- 
najibHaa h KOHenHaa tohki He ^BHJKyTCH. JIjir npocTOTbi h 6yn,y H3MeHHTb TOJibKO 
X- Xi - Ha^ajibHoe 3HaneHne i X2 - KOHenHoe 3HaneHne. TaK KaK Ha TpaeKTopnn 
CBeTa dt = dx, mm HMeeM 

X = Xi + 1 ~ *i h = X2 - Xi + h 
Cjie^OBaTejibHO a(ti)u>i — a(t2)w 2 . CMein,eHHe ^onnjiepa HMeeT bi^ 

K{tl) = ^l = ^p) 
K ' wi o(t 2 ) 

Ecjih Ha^ajibHoe BpeMH H3MeHaeTCH t'l = tl + dt, to K(tl + dt) = a(tl + dt) / 
a(t2 + dt) IlpoH3BO,i];Hafl K no BpeMeHH HMeeT bh,i; 

aia 2 — aia 2 



K 



a 2 

fljis 3aMKHyToro npocTpaHCTBa a = cosht. Tor,zj;a a = sinhf. 

sinhti coshi 2 — sinhi 2 coshii sinh(ti — t 2 ) 



K = 



cosh 2 t 2 cosh 2 i 2 



K yMeHbmaeTCH, xor^a t\ yBejiHHHBaeTCH. 

7.7. IIpeo6pa30BaHHe Jlopemja b npocTpaHCTBe Opa^MaHa 

Hto6m H3ynHTb npeo6pa30BaHHe JIopeHH,a b npocTpaHCTBe (DpH^MaHa, h xony 

BOCnOJIb30BaTbCH MeTpHKOH B (DOpMe 

ds 2 = c 2 dt 2 - a 2 (d X 2 + b 2 (d0 2 - sin 2 0d(j> 2 )) 

y Mens ecTb ^Ba Ha6jiio,i];aTejifl. O/niH He ^BHJKeTCH h HMeeT CKopocTb (1,0,0,0), 
a flpyroii ^BHJKeTCfl B,a;ojib x H er0 cxopocTb HMeeT bh,u; C = (l,i>,0,0), h mm 
nojiOJKHM V — av. 

MeTpHKa ^naroHajibHa h KOop/niHaTM 6, 4> He MeHHiOTCH. Y Hac B03HHKaeT 
npeo6pa30BaHHe b hjiockocth t, x- 

E^HHHHHaa CKopocTb nepBoro Ha6jno,n,aTe.jiH HMeeT BH,n, 

e = (-,0,0,0) 

c 

h BeKTop, opToroHajibHbiii eii, HMeeT bh^ 

ei = (0,-,0,0) 
a 

^jiHHa BeKTopa C HMeeT bi^ 



V 



2 



L = \/c 2 — a 2 v 2 = cy 1 j" 

Cjie^OBaTejibHO, e^HHHHHbiii BeKTop ckopocth BToporo Ha6jIK3flaTejIH HMeeT BHfl 

Mm Hin,eM BeKTop 

ei = (A,S,0,0) 



fi4 



7. IlpHJlOJKeHHSI B 06lIJ,eH TeOpHH OTHOCHTGJlbHOCTH 



KOTopbiii opToroHajieH BeKTopy e . Jlfla SToro mm hmggm 

(7.7.1) c 2 A 2 - a 2 B 2 = -1 

(7.7.2) c 2 Ay - a 2 By = 
Mm nojiyHHM 113 ypaBHeHHH (7.7.2) 

a 2 

(7.7.3) A = —vB 

c l 

Mm no,a;cTaBHM (7.7.3) b (7.7.1) h nojiy^HM 

B 2 (^v 2 ~a 2 ) = -l 
B= 1 



Cjie^,OBaTejibHO 6a3nc BToporo Ha6jiK)^aTejifl HMeeT bi^ 

e'o = ( 7= :, ^=,0,0) 



Tenepb Mbi MexseeM Bbipa3HTb e' ^epes e 



1 y 

2o = ; eo H ; ei 

/ 1 _ c 

1 

^=e H ei 



DiaBa 8 



reoMeTpna MeTpHKO-acpcpHHHoro MHoroo6pa3Ha 



8.1. KpHBaa 3KCTpeMajibHoii fljiHHbi 

CymecTByeT pp& pa3Hbix onpeflejieHHH reoflesH^ecKofi b phmcihobom MHoroo6- 
pa3HH. 0,u;ho H3 hhx onnpaeTCH Ha napajiJiejibHbiii nepeHoc. Mbi 6y,n;eM Ha3MBaTb 
cooTBeTCTByromyro KpHByro aBTonapajuiejibHoii. ^pyroe onpe^ejieHne onnpaeT- 
csi Ha fljiHHy TpaeKTopHH. Mm 6yn,eM Ha3biBaTb cooTBeTCTByromyio KpuByio 3kc- 

TpeMajlbHOH. B MGTpHKO-a(p(pHHHOM MH0r006pa3He 3TH JIHHHH HMeiOT pasjiH^Hbie 

ypaBHeHHH [17]. ypaBHemie aBTonapajuiejibHoii kphboh He MeHae. 0,a;HaKO, ypaB- 
HeHne SKCTpeMajibHoii kphboh MeHaeTCs 81 . 

Teopema 8.1.1. Ilycmb x l = x l (t, a) - KpueaM, aaeucsiuiflM, om napaMempaa, 
c cfiuKcupoeawHUMU moHKdMU npu t = t\ u t = t<i, u mu onpedejixeM ee djiuny nan 



t'2 



dx 1 dx 3 



Tozda 

f* 2 (\ dx k dx J dx 3 \ 

(8.1.2) 5s = J y- (g kj;i - g ik . tj - g ir . k ) -^-^ds - 9ijD— ) Sx 1 

zde Sx k - u3MeHenue djiuuu, nozda a Mensiemcsi. 

^OKA3ATEJlbCTBO. HMeeM 



ds / dx % dx 3 



dt V 5u dt dt 

6s = / — ^ -, '-dt 

Mm MO»ceM oijeHHTb 3HaMeHaTejib stoh ,u;po6h 

k dx 1 dx 3 dx l dx 3 

dx^ dx^ dx^ Sx^ dx^ 

= ga-kSx k dx , dt—— + 2g lj T) k 5x k — — + 2g ij d— — 

yy ' dt 3 lk dt dt b 3 dt dt 

r k dx 1 dx 3 D8x l dx 3 

-9ij-,kSx —— + 2 gij — 



dt dt " 3 dt dt 

H MM HMeeM 

g ij . k 8x k dx i ^-+2g ij D6x i ^ 



Ss = 



O ds 
Z dt 



8 ' 1t !to6i>i BbmecTH ypaBHeHHe (8.1.3), a cjieflyro EfleaM, KOTopue PaineBCKHii [23] Hcnojib30Baji 
KJix PnMaHOBa MHoroo6pa3HH 
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8. TeoMeTpHa MeTpiiKO-a<p(pHHHoro MHoroo6pa3iisi 



f t2 (\ . kj tdxi nr i dx j \ 
J ^- 9l] , k Sxdx — + 9,DSx — j 



„ dx k , dxi , / „ dx 3 \ dx k , dx 3 „ .• „ c?x J 

ti 



9ij Sx —j 



t2 f t2 ( 1 dx k dx J dx 3 \ 

+ J {^(a^i-g^-g^^^ds-gvD—yx* 



IlepBoe cnaraeMoe paBHO 0, TaK Kax tohkh, r^e t = t\ h t = t%, 3acpHKCHpoBaHbi. 
Cjie^OBaTejibHO, Mbi flOKa3ajiH yTBepjK^eHHe TeopeMbi. □ 

Teopema 8.1.2. dncmpeMaAbHasi npueasi ydoejiemeopfiem ypaeneHuw 

D ¥r 1 a , \ dx k dxj 

(8.1.3) _^. = _^( ffw _^_ W!fc )__ 

^[OKA3ATEJlbCTBO. HT06bI HaHTH JIHHHK) SKCTpeMajIbHOH flJIHHbl, Mbi BOC- 

nojib3yeMCH (pyHKHHOHajiOM (8.1.1). Tax xax Ss = 0, to 

dx k dx 3 dx 3 
2 ^ " " ——'' S - '■'■•' ) — = ° 
cjie^yeT H3 (8.1.2). □ 

Teopema 8.1.3. IlapajiJiejibHuu nepenoc edojib 9KcmpeMajibHou Kpueou coxpa- 
HMem djiuwy Kacamejibnozo eenmopa. 

,HOKA3ATEJlbCTBO. ITyCTb 

i _ dx l 
ds 

- KacaTejibHbifi BeKTop k 3KCTpeMajibHoii kphboh. H3 TeopeMbi 8.1.2 cne^yeT, hto 

Dvl tl 1 / X k i 

11 _ ln,__. , _ ,, . .. _ V 3 



— 9 1 2 (9kj;i ~ 9ik;j — 9ij;k) 



D9kiv k v l Dg u k , , k Dv< 

1 = — v v + g k i—r—v +g k iv —j— = 

as ds ds as 

= gkl;pV P V k V l + 

+9kig tk ^ {g r j;i - 9ir;j ~ 9ij;r) V r V 3 V l + g k lV k g d - (g r j;i - gir j ~ 9ij;r) V r V 3 = 

= 9ki-pV p v k v l + (g rj -i - gi r -j - gy ;r ) v r v J v l = 
Cjie^,OBaTejibHO ^jiHHa BeKTopa v l He MeaaeTCH B^ojib SKCTpeMajibHoii kphboh. □ 

8.2. IlepeHoc <E>peHe 

Bee ypaBHeHHH, KOTopbie mm bmbo^hjih ,h,o chx nop, pa3JiHHHM, o^HaKO ohh 
HMeiOT HenTO o6mee b CBoeii CTpyKType. Bee 3th ypaBHemia BbipajKaiOT ^BHJKeHHe 

BflOJIb KpHBOH H B HX npaBOH ^aCTH Mbi MOXeM BHfleTb KpHBH3Hy 3TOH KpHBOH. 

Ilo onpe,n;ejieHHio, KpHBH3Ha kphboh paBHa 



8.2. IlepeHOC <I>peHe 
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Cjie^OBaTejibHO, mm mojkgm onpe^ejiHTb e,a;HHHHHMH BeKTop e\ TaKoii, hto 

jj dx l 

ds 

SiicLHHe nepeHOca 6a3nca B^,ojib kphboh oieHb BajKHO, Tax KaK sto no3BOJiaeT 
HaM H3ynaTb xax hbmghsgtch npocTpaHCTBO BpeMH, Kor,n;a Ha6jiK)flaTejib coBepinaeT 
flBHJKeHHe. Haina 3a^aHa - Hafin ypaBHeHHH, noppftabie nepenocy Opeiie b pima- 
hobom npocTpaHCTBG. Mm ctpohm conyTCTByiomHii 6a3HC v\ TaKHM »ce o6pa30M, 
KaK mm 3to ,n;ejiaeM b puMaHOBOM npocTpaHCTBe. 

BeKTOpbl 

BOo6me roBopa, jihhghho He3aBHCHMM. Mm Ha3MBaeM njiocKOCTb, nocTpoeHHyio Ha 
6a3e nepBbix p bgktopob, p-oii conpHKacaiomeHCH njiocKOCTbio R p . 3t& njiocKOCTb 
He 3aBHCHT ot Bbi6opa napaMeTpa t. 

Haina cjie^yromaa 3a#aHa - nocTpoHTb opToroHajibHbiii 6a3nc, KOTopbiii no- 
Ka»ceT HaM, KaK KpnBaa H3M6H5I6TC5I . Mm 6epeM BeKTop v\ € R\ TaK, hto oh 
KacaTeneH k kphboh. Mm 6epeM BeKTop v p £ R p , p > 1 TaK, hto v l p opToroHajieH 
Rp-i. Ecjih HCxo,a,HaH KpHBaa He H30TponHa, to Kaac^bift v p TaKJKe He H30TponeH h 

MM MOJKeM B3flTb GflHHHHHblH BeKTOp B TOM }Ke HanpaBJieHHH. Mbl Ha3MBaeM 3TOT 

6a3HC cony TCTByiomHM . 

Teopema 8.2.1. IlepeHoc <I>peHe e MempuKO-acfiip'uHHOM MHOzoo6pa3uu UMe- 
em eud 

Dvl 1 . , , 

P vm ( \ k t 

2 = 2 9 y9H;m ~ 9km;l ~ SW;feM V p - 

— epEp-i^p-i^p-i + £,p v p +i 
e k = sign{g pq vlv q k ) 
3decb i/% - eenmop 6a,3uca, deuMcyuifizocsi edojib npueou, 

e k = sign(g pq v p k v q k ) 
^[OKA3ATEJibCTBO. Mm onpeflejiaeM BeKTopM v k tbkhm o6pa30M, ito 

(8.2.2) ^ = \g m {g kl , m - g km -i - g m iM^ P + a%v\ 

r^e a* = 0, Kor/ia q > p + 1. Tenepb mm mojkcm onpe^ejiHTb K03(p(pHHHeHTM a|. 
Ecjih mm B03bMeM npoH3BOJj;Hyio ypaBHeHHH 

gijVpVp = const 

h no,a;cTaBHM (8.2.2), mm nojiyiHM ypaBHeHne 



ds ds ° 6 ds 6 a 



+9ij(-^g m (9ki; m - gkm-.i - g m hk)viv a + a«i/*)i^+ 

+5y^a(^.9 Jm (.9M;m - 5fem;/ - g m i-k)v\v\ + a\v q ) = 



gir,k^K 1 d+ 



q < p + 1. Ilojiarafl £ p = a£ , mm nojiy^HM 

P £ 



8. TeoMeTpHa MeTpiiKO-a<p(pHHHoro MHoroo6pa3iisi 

+9i 3 ^9 {9kl;m ~ 9kma ~ g m l-k) v l v a v b + 9v a a v q v b + 
+9i3Va\g 3m {gkU m ~ 9km;l ~ ffmljjO^M + 9i]K a l^ q = 
V'l + .'/->■:; - .'/>•..:< ~ 9ji;k + Hi • : • ~ 9ki;j ~ 9ij;k) + 

+e b a b a + +e a al = 

a? p = 0, Kor,a;a q > p + 1 no onpe,a;ejieHHio. Cjie,n;oBaTejibHO a* = 0, Kor^a 

' p 

Konn;a q = p, mm nany^HM 

— 

Mm ncmyHHM (8.2.1), xor^a no^CTaBHM b (8.2.2). □ 

8.3. IIpoH3BO/i;HaH JIh 

BeKTopHoe nojie £ fe Ha MHoroo6pa3Hii nopcoK^aeT HH(pHHHTe3HMajibHoe npeo6- 
pa30BaHHe 

(8.3.1) x' k = x k + etl k 

KOTopoe Be^eT k npoH3Bo^Hofi JIh. IIpoH3BO,z];Hafl JIh tobopht HaM, kbr c^^eRT 
H3MeHaeTCH, Kor,i;a mm ^bh^kgmcs B,a;ojib BGKTopHoro nana. 

Teopema 8.3.1. IIpoH3Bo^i,Haa JIh mgtphkh UMeem eud 

(8.3.2) C^g a b = C,<a>9kb + £, + Tka9lb£, +T kb gia£, + g a b;<k>£, 

,HOKA3ATEJibCTBO. Mm HaHHGM c npeo6pa30BaHHH (8.3.1). Tor^a 
9ab{x') = g a b(x) + g a b,c^£, c 

= 9ab - e£%g c b - C^bffac 
CorjiacHO onpe^ejieHHro npoH3BO,a,Hoii JIh, mm meeM 

£tgab = gab(x') - g' ab {x') 

= g a b^ c + e^ a g cb + e^ b g ac 

= {g a b;<c> +Ta r c gdb + rt c gadH c 

+ <$<a> - Wat d )9cb + e(er<6> - Wb^gac 
(8 3 3) ^9ab = gab;<c>C + ^dbF + ^adf 

+ £<«>Sc6 - Wat^cb + % <b> 9ac ~ Wbt d 9ac 

(8.3.2) cjie^yeT H3 (8.3.3) h (6.1.4). □ 
Teopema 8.3.2. npoH3Bo,a,Ha5i JIh cbh3hocth UMeem eud 



?.3.4) £f r^, — ~R bcp £, p — T bp . <c> ^ p — T be £? <c> + £,^ <bc> 



8.3. Ilpon3BOAHasi J1h 



fifl 



,HOKA3ATEJibCTBO. Mm Hclhhgm c npeo6pa30BaHHfl (8.3.1). Tor^a 



Tl(x>) = TUx') + A a bc (x<) 
(8.3.5) = n c (x) + Tt^e? + At c (x) + A^e? 



T£(x') = r' b a c (x , ) + A' b a c (x') 

_d^_dxf_dxs_ dx la d 2 x e dx' a dx f dx 9 

~~dx^dx^dx^ fg[ ~ X ' + dx e dx' b dx' c + ~dx T dx^dx 7 ^ fa ^ X > 

= T a bc + et%Tt c - < 6 C - ee, c Tie + + <e)(-<c6)) 
+ ^bc + e Ce^bc — e C&^ec — e ^c^bc 



(8.3.6) T&tf) = Tl + eC r 6c - <& r ?c ~ ^te - <cb 

IIo onpe^ejieHHio 

ca _ ca , j^a~CP 
S;<e> — S.e ' 1 peS 

(8-3.7) Ce = C<e>-r^e 



<e> x peS 

t" _ t" i pa cP _ pP C a 

?;<e/> — ?:<e>,/ 1 p/?:<e> 1 e/?;<p> 



to i pa rt I pa <rP x P« tP _ pP pa 
Ve/ + 1 pe,/? ^ 1 pe? J + 1 p/?;<e> 1 e/?;<p> 



ca I pa tP I pa <rP __ pa pP e»" i pa tf> _ pP pa 
Ve/ "r 1 pe,/? " l " i peS ; </> 1 pe 1 r/S T 1 p/?;<e> 1 e/?;<p> 



(8.3.8) £ a e/ — £ ; a < e /> ~ Fpe,f£ p ~ ^peC ; </> + rp e r^£ r - r^£? <e> + r^^. a <p> 

Mm no,ii;cTaBHM (8.3.8) h (8.3.7) b (8.3.6) h nany^HM 

= r? c + £ ( C ; '<e> 1 . r _ r peC p )r oc - £ ( £ : e < > 2 _ )r£ c - e( C|< c > 3 T _ r^ c ^ p )rg e 

_ ,/-<ra _ pa CP _ pcTri 5 _l_ pa _ pP _ ^ r _ pa - ^ i pP t a \ 

t l?;<cb> i pc,b? 1 pcV<b> 2 T 1 pe l rb <; ^ 1 pfcS;<c> 3 T 1 e {,? ; <p> J 

(8.3.9) 

pTa / '\ _ pa - I (pa rpe plFfPpe - i pe rria , fTtffF_ ta , ™ cp'i 

L bc\ X > — L bc + e ^;<e> 1 cb 1 pe? 1 be T ?;<c> J be + 1 pe? 1 be S ; <cb> + 1 pc.b? J 

CorjiacHO onpe^ejieHHro npoii3BcmHOH JIh, mm HMeein, nojib3yacb (8.3.5) h (8.3.9), 



- rfc - <<e>r c e - Tf e en c + £? <c> 7£ + r£?T£ - ^ <cb> + r^K 1 

(8.3.10) 

/™,pa _ pa CP fa /T>e . -p a cPye _ c& T a — Pe £PP° J- £ a P a tP 

'~'i L bc ~ L bc,p^ S;<e>- 1 ci) ri peS 1 be ?;<c> J be L pe? 1 be ?;<cb> x pc,b? 
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Ife (8.3.10) h (6.1.4) cjie^yeT, ^to 

/vpa - — fa CP _ fo cp 
J ~£ L be ~ 1 cb.p^ 1 ep.bS 



I pa re CP _ pa pe CP i pa pe CP _ pa pe CP i pa pe cp 
"r 1 pe 1 bc'S 3 , T 1 ep 1 be? T" 1 ep 1 be? 4 -y 1 ep 1 cb^ 4 T 1 ep 1 cbS 

_ frrTfl' 4_ pe pa cp _ pa pe CP _i_ f»" re - ^ P _ T°~T^~f:P 
1 pe 1 be*S 1 . T ^ 1 pe 1 eb*^ 1 1 eb 1 pc 1 ? ~ 1 eb 1 cp<s 1 eb 1 epS 

col rpe c e rpa I C a rpa CP rpa CP 

— ?;<e> J cb ~~ S;<c> 1 be "+" S;<cb> — 1 ep.b? ~ 1 bc,p? 

/- pa - _ pa cp _ pa cp i pa pe CP _ pa p e CP 
J -^ L be — 1 c6,p^ 1 cp,b<S ' 1 ep 1 cb? 1 eb 1 cpS 

_ rpa ~pe~cP _ pa - Tie CP _ p^T^a pp _ ycTrpe cp 
pe 1 bc.S ^ y 1 ep J bes ^ -'-pe^ebs 1 eb epS ^ 

. c a rpe C e r P a _l_ C a 

1.3.11) ?;<e> J cb — ?;<c> J be "+" ?:<eb> 

_ 7^° CP i pa - Tie cP pe rpa cP pe 7« CP 

J cp:<b>S ' 1 eb^cp^ „ 1 cb J epS . 1 pb J eeS 



H3 (8.3.11) h (5.3.23) cjie^yeT, hto 



2 eg p 4 _£Z_1__5-T 

■3 



T a £P _1_ Pa rpe cp _ pe 71a cp _ pe 7™ cp 

^bc;<p>S '^ep^bcS x bp eeS ^cp^be? 



/" t pa _ pa CP 
^-C 1 be — U cpb l i 



cpb c 

rpe rpa cP rpa rpe cp rpe rpa cp 

cp e6S pe cbS bp ce^> 

ca Tie ce 71a 1 ca 

?:<e> J cb S;<c> J be "+" S;<cb> 

fpa cp 71a cp 

J cp;<b>s J bc:<p>S 



1.3.12) 



A^e = ^ebp^ 

/71a T^e 1 71a rpe , rpa rpe \CP 

\ eb cp ' ep be ~>~ ee pb)^> 

ca T^e ce 71a _■_ ca 

?;<e> J cb ?;<c> 1 be ' ?;<cb> 

rpa cP rpa cp 

1 cp;<b>S J bc;<p>S 

H3 (8.3.12) h (8.4.1) cjie^yeT, ^to 

/• pa - _ Da CP 

^C 1 be — ^epb? 



_ pa CP _ pa cp _ pa cp 
n bcp^ n pbc$ -n-cpb? 

IT" i. rpa cP 1 7 1 " CP 

' - t bc:<p>? ' J pb;<c>S ~r J cp:<b>S 2 

ca T^e ce 71a 1 ca 

S;<e> J cb ?;<c> J be <5;<eb> 

Tia cp 71a cp 

1 cp;<b> C i 2 J bc;<p>S 

(8.3.13) ^T^ c = -R1 cp t7 - R a pbc £, p - T op . <c> {i p - £,^ <e >Tcb - ^< c > T be + C : a < c b> 
Mm no^CTaBHM (6.1.6) b (8.3.13) 

(8.3.14) £^r^ c = -Rl cp t\ P — ?bp;<c>£ P ~ ^cbC<e> 1 ~ ^te^O ~ ^bc^<p> 1 + 



<bc> 



(8.3.4) cjie^yeT H3 (8.3.14). □ 

Cjie^CTBHE 8.3.3. ITpou3eodHaM JIu cen3Hocmu e puManoeoM npocmpancmee 
UMeem eud 

(8.3.15) CtT a bc = -R« hp e + Ccb 

^[OKA3ATEJibCTBO. (8.3.15) cjie^yeT H3 (8.3.4), Kor^a T bc = □ 



8.5. BeKTOp KnjiHHra 
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8.4. To»c/],ecTBO BnaHKH 

Teopema 8.4.1. IJepeoe mootcdecmeo BuauKU djisi npocmpancmea c npyneHU- 
eju UMeem eud 

rpk I rpk _i_ rpk i rpk rpP . rpk rpP , rpk rpP 

ij;<m> ' mi;<j> ~*~ jm;<i> ' pi jm pm ij ' pj mi 

(8.4.1) 



'jm' ijm ~ "my 

,HOKA3ATEJibCTBO. /LacpcpepeHiniaji paBeHCTBa (6.1.3) hmggt bhjj; 



i£ m m a p a <F = (r). m - r^jr a a 4 a p 

JIpe (popMbi paBHbi, Kor,n,a ix KOScpcpimiieiiTbi paBHbi. Cjie^OBaTejibHO 



rpk _j_ Tifc _i_ ^pfc _ pfc pfc I pfc pfc i pfc pfc 

2j,m "r" mij ' jm,i ji,m ij,m im,j mi,j mj,i jm,i 

Mbl Bbipa3HM npOH3BOflHbie, nOJIb3yflCb KOBapHaHTHblMH npOH3BOflHbIMH, H H3Me- 

hiim nopaflOK cjiaraeMbix 



rpk _ pfc T^P ,-pP rpk _ -pP rpk 

± ij;<m> L pm ± ij ^ > L im pj ^.j, L jm ± pi^ T 

I rpk pfc rp'p | pp rpk pP rpk 

'^- L mi\<j> L pj 1 mi^ ' mj pi^ ^ij^pm^^ 

I rpk _ pk rpP i pP rpk _ pp rpk 

' ± jm;<i> 1 prjm ' ji pm 1 mi pj „ 



pfc _ pfc i pk pp _ pfe pp _ pk y p 4- r fc r p 

.72, m jm,i ^ pm 1 x pi A j'm pm 1 ~ x pi x jn 



pk _pk , pfc pP _ pfc pp _ pk pP , pfc pP 

imj ij,^ Pj i>m pm L ij L pj^ im^ ~ 1 pm 1 ij ^ 

pfc _ pfc _|_ pfc pP _ pfc pP _ pk pP _|_ pfc pP 



' mj,i mi,j ' mj PJ mi pi mj 



.4.2) 



T^fc I T^P /Tifc I T^P T^fc I rpk i rpP rpk _j_ T^fc 

ij:<m> ' mi pj ' jm pi ' mi;<j> ' ij pm ' jm;<i> 



- 7?^ _l_ K»fc i f?fc 

— jmi ' ijm ' mij 



(8.4.1) cjie^yeT hs (8.4.2). □ 

ECJIH MM B03bMGM npOH3BOflHyK3 (pOpMbl (5.3.22), Mbl yBHflHM, HTO BTOpOe 
TOJKfleCTBO BliaHKH He 3aBHCHT OT KpyHeHHH. 

8.5. BeKTop KnjiHHra 

HHBapHaHTHOCTb MeTpHHeCKOrO TeH30pa g npH HH(pHHHT63HMajlbHOM KOOpflH- 

HaTHOM npeo6pa30BaHHH (8.3.1) iiphbo^ht k ypaBHeHHio KnjiHHra. 

Teopema 8.5.1. Ypaenenue Kujiuhzcl e MempuKo-atftfiuHHOM MHozoo6pci3uu 
UMeem eud 

(8.5.1) C- <a >9kb + ^ <b> 9ka + T l ka9lh i k + Tl b gU k + g a b:<k>t k = 

^OKA3ATEJlbCTBO. HHBapHaHTHOCTb MeTpuHecKoro TeH3opa g osHa^aeT, hto 
ero npoH3BO,iiHaH J1h paBHa 

(8.5.2) C t g ab = 

(8.5.1) folows hs (8.5.2) h (8.3.2). □ 

Teopema 8.5.2. Ycjioeue uHeapuaumHocmu ceM3Hocmu e Mempww-afyfyuH- 
hom MHOzoo6pa,3uu UMeem eud 

(8-5.3) = Rbcp£ P + ^6p;<c>C P + ^bpCf<c> 
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^[OKA3ATEJlbCTBO. TaK KaK CBH3H0CTb HHBapiiaHTHa npil HH(pHHHTG3HMajlb- 

hom npeo6pa30BaHHH, mm hmggm 

(8.5.4) CsTg = 

(8.5.3) cjie^yeT hs (8.5.4) h (8.3.4). □ 

Mm Ha3MBaeM ypaBHemie (8.5.3) ypaBHemieM KnjiHHra BToporo po^a h 
bgktop £ a BeKTopoM KnjiHHra BToporo po,n,a. 

Teopema 8.5.3. BenmopoM Kujiuma emopozo poda ydoejiemeopsiem ypaene- 

HUK) 



\ • ■ J , rpa £'p , /pa P P i T^P pa i T^a CP i to CP 



^OKA3ATEJlbCTBO. H3 (8.5.3) h (6.1.6) cjie^yeT, ^to 

na (P 

.5.6) 



pa cp _ T-iP ca pa f p i t« CP i CP 

^pbc? J oc?;<p> — -"-cop? ~r-l cp; <&>{; + J cpC ; <6> 



_ pa CP _ T« CP rpa cP 

^bcp? 1 bp;<c>^ M bpS;<c> 

(8.5.5) cjie^yeT H3 (8.5.6). □ 

Cjie^CTBHE 8.5.4. ypaenenueM Kujiuma emopozo poda e puManoeoM npo- 
cmpancmee nejwemca mootcdecmeoM. Cesi3Hocmb e puManoeoM npocmpancmee 
uueapuazmna npu jiw6om UH$UHume3UM,ajibH0M npeo6pa3oeaHuu (8.3.1) 

,HoKA3ATEJlt>CTBO. IIpejKfle Bcero, KpyqeHiie paBHO 0. OcTajibHoe ABJiaeTCH 
cjie^CTBHeM nepBoro TOJKflecTBa BnaHKH. □ 

8.6. IlepeHoc KapTaHa 

TeopeMbi 8.1.2 h 8.2.1 yTBepjK^aiOT, hto flBH»ceHHe B^,ojib kphboh nopo»c^aeT 
npeo6pa30BaHHe BeKTopa, flonojiHHTejibHoe k napajuiejibHOMy nepeijocy. 9to npe- 
o6pa30BaHHe o^eHb BaacHO h mm 6ya;eM Ha3MBaTb ero nepeHocoM KapTaHa. Mm 
onpe,a;ejiHM chmboji KapTaHa 

T(C)m = ■^9 m (gkl;m — 9km;l ~ 9ml;k) 

h CBH3HOCTB KapTaHa 

r w = r fei - r (C)fez = - -g" n {gki- m - 9km-,i - 9mi-,k) 
IIojib3yHCb CBH3HOCTbK3 KapTaHa, mm mojk6m 3aniicaTb nepeHOC KapTaHa B BH^e 

da? = -T^ a k dx l 
CooTBeTCTBeHHO, mm onpe^ejiHM npoH3BO/],Hyio KapTaHa 



V ; a 1 = a?. {l} = dia 1 + r kl a k 



D a 1 = da 1 + T l kl a k dx l 



Teopema 8.6.1. TJepenoc Kapmana edojib ancmpeMajibHou npueou coxpansiem 
dAuny KacamejibHozo eenmopa. 



8.6. IlepeHOC KapTaHa 



7:', 



^[OKA3ATEJlbCTBO. IlyCTb 

i _ 

ds 

- KacaTejibHbiii BeKTop k SKerpeMajibHOH kphboh. H3 TeopeMbi 8.1.2 cne^yeT, hto 
Dv l 1 u , s k j 

~Jf = ^9 K9kj;i ~ 9ik;j - 9ij;k) V V J 

H 

Dg kl v k v l Dg kl k , Dw fc , k Dv l 

— ^ = ~ v v + g k i——v l + g k iv k — = 

as as as as 

= 9ki- P v p v k v l + 

+9kig lk ^ (g r j;i ~ 9ir;j ~ 9ij;r) V r V 3 V l + 

+9kiv k g l1 ^ (g r j;i - 9ir;j - 9i r ,r) v r v 3 = 

= 9ki-pV p v k v l + (g rj .j - g lr[j - g lj;r ) v r v 3 v l = 
Cjie,a;oBaTejibHO fljiHHa BeKTopa v l He MeHaeTCH Bfloiib SKCTpeMajibHoii kphboh. □ 

Mm pacnpocTpaHHM nepeHOC KapTaHa Ha jho6oh reoMeTpHnecKHii o6 r beKT no- 
,h,o6ho TOMy, KaK mm 3to ^.ejiaeM pjin napajuiejibHoro nepeHOca. 

Teopema 8.6.2. 

9ij;{l} = 

,HOKA3 ATEJlbCTBO . 

V; g l3 = dig tJ - T k u g kj - T k t g lk = 

= 9ij;l + -^9 km {9il\m ~ 9im;l ~ 9ml;i)9kj + \9jl\m ~ 9jm;l ~ 9ml;j)9ik = 

□ 

CBfl3HOCTb KapTaHa T kl OTJinnaeTCH ot cbh3hocth T l kl Ha flonojiHHTejibHoe 
cjiaraeMoe, KOTopoe flBJiaeTca CHMMeTpHHHMM TeH3opoM. flnsi jho6oh cba3hocth 
mm onpe^ejiHeM CTaH^apTHbiM o6pa30M npoH3BO,a;Hyio h KpHBH3Hy. YTBepjKfleHHH 
reoMeTpHH h (|>h3hkh HMeiOT o,a;Hy h Ty »;e (popMy, He3aBHCHMO ot Toro ncnojib- 

3yK) JIH H CBfl3HOCTb T kl HJIH CBH3HOCTb KapTaHa. HT06bI 3TO nOKa3aTb, Mbl MOJKeM 

o6o6in,HTb noHHTHe CBA3HOCTH KapTaHa h H3ynaTb CBA3HOCTb, onpeflejieHHyro pa- 

BeHCTBOM 

(8.6.1) fk = rk + 4, 

r,a;e A - sto 0, hjih chmboji KapTaHa hjih jiio6oh flpyroii CHMMeTpHHHbiii TeH3op. 
CooTBeTCTBeHHO mm onpe,ne.n.HeM npoH3BO^Hyio 

Wia 1 =a? <;> = dia*+f^a k 
Da 1 = da 1 + Tf^dx 1 

H KpHBH3Hy 

(8.6.2) M^=diWj-djWi+^^-W% 
3ia CBH3HOCTb HMeeT TO>Ke Kpy^eHne 

(8.6.3) T? b = Tf c -T% 
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C 3toh tohkh 3peHHH TeopeMa 8.6.1 (BHa^aeT, hto 3KCTpeMajibHaa KpiiBaa 
ABjifleTCH reoflesHMecKoii rjir cba3hocth KapTaHa. 

TEOPEMA 8.6.3. Kpueu3na cesi3Hocmu (8.6.1) UMeem eud 



(8.6.4) Rl de — R bde + A be . d — A bd . e + A a cd A c be — A a ce A c hd + S p de Al p 

zde R bde - npueu3Ha cesi3Hocmu T l kl 

^OKA3ATEJlbCTBO. 



pa pa _ pa i pa -pc pa pc 

n bde — 1 be,d 1 bd,e ' 1 cd 1 be 1 ce 1 bd 
pa i /i a pa /ta 

— 1 be,d T A be.d 1 bd,e — A bd,e 

+ F a cd + KdWL + He) - (r? e + K e ){vt d + Ai d ) 

pa i a a pa /ta 

— 1 be,d T ^*be,d ~ 1 bd,e — ^bd.e 

i pa pc , pa 4c | m pc | 4a 4c 
+ 1 ed 1 be T 1 cd A be + ^cd 1 be + A cd A be 

_-p a T c — A a V- — V a A c — 4 a A c 
1 ce 1 bd ^ce 1 bd 1 ee^bd ^ce^bd 

- fi> a -4- A a — A a 

— n bde + A be.d A bd,e 

1 pa ac 1 4a pc 1 Aa ac 
' 1 cd^be ' A cd l be ' A cd A be 

_ Aa -pc _-na ac _ Aa ac 
A cc L bd 1 ce A bd A ce A bd 

pa 

— n-bde 



1 Aa _ pa AP , rP , pP Aa 

+ ^beid i pd /i be 2 + 1 bd 7i pe 1 + 1 ed^bp ^ 

^bdie + i pe^ 1 bd 3 1 be^pd^ l _defHp_ 1 

+ £|dj^be 2 + £be^d 5 + ^cd^be 

__ pc 4a _ pa 4c _ 4a ac 
1 bdA:e A 1 ce A bd 3 A ce A bd 
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Cjie^CTBHE 8.6.4. KpHBH3Ha KapTaHa UMeem eud 

R-bde ~ r(c)^ e;d + r(c) fc I d;e 
r(cr cd r(cy be ~ T{cy ce T{cy bd - T| e r(c)g p 



g Rbde — Rbde ~ ^(^Ybe-d + ^(^)bd;e 



□ 



DiaBa 9 



MeTpHKO-acJ^cjDHHHafl rpaBHTaii,Ha 



9.1. 3aKOH HBK»TOHa: CKajiapHBift noTemjiiaji 

3HaHne flHHaMMi To^eHHoii HacTHHM Ba»cHO rjir Hac, Tax KaK mm mojkgm 
irayHaTb KaK ^acTHija B3aHM0,a;eHCTByeT c bhgihhhmh hojihmh, Tax ace kbr CBoiicTBa 

CaMOH HaCTHHM. 

Hto6m Hsy^HTb flBHJKeHiie TOHe^Hofi ^acTHiibi, mm MOJKeM Hcnojib30BaTb no- 
TeHiniaji onpe^ejieHHbix nojieii. IIoTeHiniaji MO»ceT 6biTb CKajispHMM hjih bgktop- 

HblM. 

B cjiy^ae CKajiapHoro noTeHiniajia mm nojio>KHM, ito TOieHHaa ^acrima hmggt 
Maccy noKoa m h mm nojib3yeMCH (pyHKinieii JlarpaH»ca b cjie^yromeM BH^e 

L = —mods — Udx° 

o r,n;e U - CKajiapHbift noTeHu;Haji hjih noTeHijHajibHaa SHeprna. 

Teopema 9.1.1. (TlepBtra 3aKOH HtioTOHaJ Ecau U = (cjiedoeameAbno, 
mu paccMampueaeM ceo6odnoe deucHcenue), mo mejio eu6upaem mpaeKmopuw c 
9KcmpeMajibHou djiuuou. 

Teopema 9.1.2. (BTopoii 3aKOH HBioTOHa ) Tpaenmopuw moHennou na- 
cmuvfii ydoeAemeopjiem du(fid)epeHV ) uaAbHOMy ypaeueuum 

^eTu 1 u° , 

9.1.1 — = — F l 

as mc 

< dx l 
as 

zde mu onpedeAsieM cuAy 

rlJJ 

(9.1.2) F = 3 U g- 

^[OKA3ATEJibCTBO. Ilojib3yacb (8.1.2), mm MOJKeM 3anncaTb Bapnainiio jiarpaH- 
jKnaHa b BH^e 

imc (gu-,i - gik-i - gihk) u k u J ds - mcg tj Du 3 + ^-dx° = 
OTcro^a cjie^yeT yTBepjK^eHHe TeopeMM. □ 

9.2. 3aKOH HbKJTOHa: BeKTopHbiii noTeHnHaji 

B pa3#ejie 9.1 mm royHHJiH ^HHaMHKy CKajiapHoro noTeHiniajia. OflHaxo b sjieK- 
Tpo^HHaMHKe mm paccMaTpHBa6M BeKTopHbiii noTemjiiaji A k . B 3tom cjiy^ae 
^eiicTBHe HMeeT bh^ 



* 2 ( e 
I —mcds Aidx' 

ti 



c 
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76 9. MeTpnKO-acp<pnHHaa rpaBiiTaitHH 

A c = g cd A d 

Teopema 9.2.1. Tpaenmopusi uacmuiifii, deuoicyu^eucsi e eeKmopnoM nojie, 
ydoejiemeopjiem dudidiepem^uaAbHOMy ypaeneHum 

—, = — o9 3 F u u l 

as mc 

1 dx l 
u J = — — 
as 

zde mm onpedejisieM TeH3op HanpaaferaocTH nojia 



F dc = A d , c - A c . d + Sf lc A p = Vc A d - V d A c + S p dc A p 
7IOKA3ATEJibCTBO. Ilojib3yacb (8.1.2), mm MO»ceM 3anncaTb Bapnaixflio flefi- 



CTBHfl B BH^e 

5S = 

ft 2 



^-mc Q (g k j-,i - gij-k ~ 9%k;j) u k u J ds - gijDvPj 5x % - | (6A t dx l + AiSdx l )^j 

Mbi MoaceM on,eHHTb BTopoe cjiaraeMoe 

-- (Ai k dx l 5x k + A t dSx l ) = 
c 

= -- (Ai, k dx l Sx k + T p k A p dx l Sx k + AidSx 1 ) = 
= — [A k . l dx l 8x k + (A t . k - A k -i)dx l 5x k + Sf k A p dx l 5x k + T p kl A p dx l 6x k + A t d6x l ) = 



= -- (DA k Sx k + A k DSx k + {Ai, k - A k ,i) dx l Sx k + Sf k A p dx l Sx k ) = 

= -- ( d (A k 5x k ) + {Ai, k - A kd + Sf k A p ) dx l 5x k ) 
HHTerpan ncm^epKHyToro cuaraeMoro paBeH 0, Tax KaK to^kh, Kor^a t = t\ h 

t — t2, (pHKCHpOBaHbl. CjieflOBaTejIbHO, 



-mc 



OTcro^a cjie^yeT yTBepjK^eHHe TeopeMbi. □ 

H3 3toh TeopeMbi cjie^yeT 3aBHCHMOCTb TeH3opa HanpajKeHHOCTH nana ot npo- 
h3bo,u;hoh MeTpHKH. 9to H3MeHaeT (popMy ypaBHemiH 9HHiHTeiiHa h HMnyjibc rpa- 
BHTau;HHHoro nojia noHBjiaeTca b cjiy^ae BeKTopHoro nans. 

Teopema 9.2.2. Teuaop HanpnotceHHocmu nojisi ne u3MeHsiemcM, Kozda eere- 
mopHuu nomeniitUaji v,3mghm6uicm cosmcho npaeujiy 

zde A - npou360JibHaa (fiyuKi^uM x. 

,HoKA3ATEJlt>CTBO. H3MeHeHne b TeH3ope HanpajKeHHOCTH nojia HMeeT bh^ 
(d d A)., c -(d c A) ;d + S p dc d p A = 
d cd A - T p dc d p A - d dc A + T p cd d p A + S p c d p A = 
9to ^OKa3biBeT TeopeMy. □ 



9.3. IlpHjiHBHoe ypaBHeHHe 
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9.3. IlpHjiHBHoe ypaBHeHHe 

51 paccMaTpHBaio o6o6meHHyio CBfl3H0CTb (8.6.1). Mm nojiaraeM, hto paccMaT- 
pHBaeMbie Tejia coBepinaiOT npoH3BOJibHoe, a He reo^esH^ecKoe ^BHsceHne. 

Mbi npe^nojioiKHM, ito o6a Ha6jnoflaTejiH HaiHHaio-T CBoe nyTeinecTBne H3 cy:,- 
hoh h Toii ace tohkh 91 h hx CKopocTb yupBjieTBopaeT ,zni(p(pepeHHHajibHMM ypaB- 

HeHHHM 

(9.3.!) M = ; 

r^e 7 = 1,2- HOMep Ha6jno,iiaTejifl h dsi - HH(pHHHTe3HMajibHafl flyra Ha reo,n,e3H- 
^ecKoft I. Ha6jiKmaTejib I cjie^yeT reoflesH^ecKofi cbh3hocth (8.6.1), Kor,a,a ai = 0. 
Mm nojio>KHM Tax ace, hto ds\ = ds 2 = ds. 

OTKJioHeHHe TpaeKTopHH (9.3.1) 5x k - 3to BeKTop, coeflHHHioiiniH Ha6jiio- 
^aTejieii. KpHBbie 6ecKOHeHHO Majio 6jih3kh b oxpecTHOCTH HaiajibHoii tohki 

xl(s2) = x\(si) + 5x z (si) 
4(S2) = v\( Sl ) + Sv l { Sl ) 
IlpoH3BO,i];Hafl BeKTopa Sx % HMeeT bh,u; 

d8x % d(x\ - x\ ) i <- i 

CicopocTb oTKJioHeHHa 5x l - 9to KOBapnaHTHafl npoH3BO,a;Hafl 

DSx* d5x l — . k , 

(9.3.2) ds ds u 1 

= Sv l + r[ l 8x k v[ 

Ife (9.3.2) cjie^yeT, ^to 

(9.3.3) Sv i = -Z--T i kl 6x k v{ 



HaKOHeu, mm totobm oneHHTb BTopyro npoH3BO,n,Hyio BeKTopa Sx l 
D^Sx 1 d%^ —D5x k 



ds 2 - ds ds 1 

_ d(6v i + T i M Sx k v{) t —D5x k 



ds ' kl ds 



ds ds 1 fci ds 1 fc( fc( ds 1 

(9-3-4) ^S- = ^ +f&&=M +rp«M +n l5 x kd 4 +n^vi 



Teopema 9.3.1. IIpujiueHoe ycKopenue cesi3Hocmu (8.6.1) UMeem eud 
D^Sx 1 , DSx r ' 



fe„.i 



(9.3.5) IT = ^^T^ + Tl^Sx^ 

+ a 2 -a\+r ml Sx m a[ 



91 Si cjieflyio [20], page 33 
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9. MeTpHKO-a(JxJ)HHHaa rpaBHTaiina 



^JOKA3ATEJibCTBO. TpaeKTopiifl Ha6jno,iiaTejia 1 yflOBjieTBopaeT ypaBHeHHio 
(9.3.6) M = ^ + fr {x Mv[=a\ 



dll 1 

(9.3.7) -l= a \-Ti l v k 1 v{ 

B TO»ce BpeMH TpaeKTopna Ha6jno,a;aTejifl 2 yzjoBjieTBopaeT ypaBHeHHio 
Dv\ dvn 



ds ds 

1 4- Ail*} 

+ I* (an + 5x){vl + 5v k ){v[ + Sv l ) 



d{v\ + Sv*) | — ( _ 



^ + + Pli + T H,m 6xm )( v i v i + Sv k v[ + v k 6v l + 6v k 6v L ) 



Mbi mojkbm nepenncaTb sto ypaBHemie c tohhoctbio ,a;o nopaflKa 1 

Hcnojib3yfl (9.3.6), mm nanyHHM 
dSv 



ds 



+ Tl l 5v k v[+ri l v k 1 6v l +r kLm 5x m v k v[ 



d5v l 
ds 



(9.3.8) ^- = -r kl 5v k v[ - V\ k 8v k v[ - T kl 8x m v k v[ + a 2 -a[ 



Mm noflCTaBHM (9.3.3), (9.3.7), h (9.3.8) b (9.3.4) 

D*6x* -r r h , =z-,D5x 



i i i 

+ a 2 — a-i 



+ ^kA5x m v[+TJJvW Li 



+ ri n Jx m (a n 1 -r" kl v k v[)+T nl 



—DSx r - 



ds 

D^5x l 



= (r^-r* H)m + rj n r» fc ™ v k v [ 

—D5x n , —D8x r ' 

+ ri,— - v -r . 



ds 2 



nl ds 1 ln ds 



+ a 2 -a\+Tl in Sx m a^ 

ll2X x i 

— ("p _ p» 4. r« _ 

^2 ^ mk,l kra,l 1 km,l kl,m 



I pi pn pi rn i pi pn pi rn _i_ pi pn 

£n mfc n/ mk ' nl mk nl km ' nl km 

I 
1 



pi pn I pi pn _ pi pn \ X^fn .k .1 
L mn L kl ' nm L kl L nrn L kl> ud ' u l u 

D5x 
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WSx* , DSx r 



rpl ' n ,l 

— 1 lr 



ds 2 m ds 



(9.3.9) 



rpl pn i pi rpn _|_ pi pn 



+ a 2 -a\+T] nl Sx m a[ 
CuaraeMbie, no^HepKHyTbie chmbojiom 1, npe^CTaBJiaiOT KpHBH3Hy, h cjiaraeMbie, 
no^epKHyTbie chmbojiom 2 npe^CTaBJiHiOT KOBapiiaHTHyio npoH3BO,n,Hyio Kpyne- 
Hia. (9.3.5) cjie^yeT H3 (9.3.9). □ 

3amemahhe 9.3.2. Tejio 2 mojkgt 6biTb y^ajieHO ot Tejia 1. Tor^a mm mojkcm 
BOcnojib30BaTbca npoijeflypoH (Tax »ce kbr b [21]), ocHOBaHHOH Ha napajuiejibHOM 
nepeHOce. C stoh H,ejibK> mm nepeHeceM BeKTop ckopocth Ha6jno,ziaTeji.H 2 b Haiajib- 
Hyro TOHKy Ha6jiKmaTejiH 1 h 3aTeM oueHHM npnjiHBHoe ycxopeHHe. 3Ta npou,e^ypa 
pa6oTaeT b cnynae He CHJibHoro rpaBHTainiOHHoro nojia. □ 

3amemahhe 9.3.3. Ecjih b n;eHTpajibHOM nojie Ha6jno,iiaTejib 1 HMee-T op6n- 
TajibHyio CKopocTb V^, Ha6jiio,i];aTejib 2 jjBHJKeTca b pajjnajibHOM HanpaBjieHHH, h 
06a Ha6jiKiflaTejiH cne,zpyiOT reo^,e3HHecKOH, to npnjiHBHoe ycxopeHHe imeeT bh^ 

^,2 _ U lnk 0X V V 

= (Rl 01 v°v° + R^v^Sx 1 

(-i + S-^O^ 1 



r3 c 2 i„^ 2 2r 



□ 



3amemahhe 9.3.4. Ecjih Ha6jno,a;aTejib 2 cjie,a;yeT reo,a;e3HHecKOH b n,eHTpajib- 
hom nojie, ho Ha6jno,a;aTejib 1 3a(pHKCHpoBaji cboio no3Hiniio Ha paccTOHHHH r, to 



a 1 = rl,v k v l 



kl v v - o 2 2 

YcKopeHHe cjie,zj;yeT 3aKOHy o6paTHbix KBa^paTOB, KaK cjie^yeT H3 (9.3.5). □ 
3AMEMAHHE 9.3.5. Y TeopeMM 9.3.1 ecTb ojj,hh oco6mh cjiyqaii. Ecjih Ha6jno- 

flaTejIb 1 flBHJKeTCH BflOJIb SKCTpeMajIbHOH KpHBOH, MM MOJKeM nOJIb30BaTbCH CBH3- 

HOCTbio KapTaHa. B stom cjiyiae a\ = 0. Ecjih Ha6jno,a;aTejib 2 flBHJKeTCH B,n;ojib 
reoflesH^iecKOH, to 

(9.3.10) a* = ~T(Cy kl v k 2 v k 2 = -T{C) kl (v k v k + 2v[6v k ) 

Ecjih mm no,n;cTaBHM (9.3.3) b (9.3.10), to mm nojiyHHM 

D()T k 

4 = -nC)> k v k - 2T(Cy M v[— + 2T{C)l nl T^ n vlv[5x k 
B 3tom cjiy^iae (9.3.5) npHHHMaeT bhjj, 

(9.3.11) 



n 2 Ar 1 — f) X T k 

^F- = (Rlk + Vn Tl k )v[v?5x k + T? k -^£^<, 



nCf kl v k v k - 2T(C)i lV — + 2T(C)i nl TZ l v^v[Sx k 

ds 



so 



9. MeTpHKO-a(JxJ)HHHaa rpaBHTaiina 



B cjiy^ae HaHajibHbix ycnoBiiii 

Sx k = 
DSx k 



ds 

(9.3.11) HBJifleTCH on,eHKOH ycKopeHHH (9.1.1). □ 
9.4. IIpHJiHBHoe ycKopeHHe h npoH3BOflHaa JIh 

(9.3.5) HanoMHHaeT BbipajKeHiie npoiOBOflHOH JIh (8.3.4). HTo6bi yBimeTb sto 
cxo^ctbo, mm flOJiJKHbi 3anHcaTb ypaBHeHHe (9.3.5) ,npyriiM cnoco6oM. 
IIo onpe^ejieHHio 

Da k _ da k ^- ^x p 
ds ds lp ds 
= a k p v p +f[ p a l v p 

Da k , 

(9.4.1) — = a k <p> v p 

TaK Kax — bgktop, mm mojkgm nerKO HafiTH BTopyio npoiOBcmHyio 



D 2 a k D D^_ D ( a k <p>v P) 



(9.4.2) ds 2 ds ds 

= a k <pr> v p v r + a k <p> vf r v r 

Ha noone^HeM niare mm ncnojib3yeM (9.4.1), Kor,i;a a k = v k . Kor,a;a v p - KacaTejib- 
Hbiii bgktop TpaeKTopHH Ha6jno,iiaTejiH 1, 113 (9.3.1) cjiepje% hto 

(9.4.3) — = vl r v r = a\ 

ds 

11 H3 (9.4.2) h (9.4.3) cjie^yeT, ^to 

(9.4.4) £^ =a k prV P v r + a k <p>a P 

Teopema 9.4.1. Cnopocmb omnjicmeHUM, deyx mpaeKmopuu (9.3.1) ydoe/ie- 
meopnem ypaeueHuw 

(9.4.5) CTs Sx nT\,v k v l = 4 - a\ + T^Sx m a[ 
XlOKA3ATEJitCTBO. Mm no^CTaBHM (9.4.1) h (9.4.4) b (9.3.5). 



8x\ <kl> v k v l + 6x k <p> a p = Ti n 5x^ <k> v k v[ + [W Hm + T^.^Sx^A 
+ ai 2 -a[+T^ l 5x m a[ 

(g 4 6) = (T?Jx™ <k> - 5x] <kl> + B^6x m + r km . t<l> 5x m )v L A 

+ a\ - a\ - Sx^di 

(9.4.5) cjieflyeT H3 (9.4.6) 11 (8.3.4). □ 



9.4. IlpHjiHBHoe ycicopeHHe h npoH3BO^Haa J1h 
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Ha nepBbiii b3tjisir mojkho npe^nojioacHTb, hto CKopocTb otkjioh6hhh reo,a;e- 
3HHecKoii HBjiaeTCfl BeKTopoM KmiHHra BToporo rana. 9to bo3mojkho, xots ypaB- 
HeHHe 



He cjie^yeT H3 ypaBHemifl 

(9.4.7) £a«»^V = 

O^Haxo ypaBHeHHe (9.4.7) noKa3biBaeT TecHyio CBH3b MejK^y rjiy6oKOH chmm6tph- 
efl npocTpaHCTBa BpeMeHH h rpaBHTan,HOHHbiM nojieM. 
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BGKTOpHBIH nOTeHUHajI 75 

BeKTop-CTpoKa 29 

BTOpOH 3aKOH HbfOTOHa 75 
reOMeTpHHeCKHH 06'beKT B BeKTOpHOM 

npocTpaHCTBG 35 

reOMeTpHHeCKHH 06'beKT B KOOpflHHaTHOM 

npeflCTaBjieHHH 35 
reoMeTpHHecKHii 06'beKT rana A 36 

rGOMGTpHHGCKHH o6 r t>eKT THna A B 

BeKTOpHOM npocTpaHCTBe 36 

rOJIOHOMHBie KOOp^HHaTbl BeKTopa 41 
TOJIOHOMHUe KOOpflHHaTbl CBH3HOCTH 41 

rpynna acpcpHHHbix npeo6pa30BaHHft 33 
rpynna CHMMeTpHH 31 

^BHJKeHHe Ha MH0r006pa3HH 6a3HCOB 34 

KBa3nacpcpHHHoe npeo6pa30BaHne Ha 
MHoroo6pa3HH 6a3HCOB 33 

KBa3H^BH>KeHHe Ha MH0r006pa3HH 6a3HCOB 

34 

Koop^HHaTHaH CHCTeMa OTcneTa 39 
KOopflHHaTHoe BeKTopHoe npocTpaHCTBO 35 
KOop,o;HHaTHoe npe^CTaBjieHne rpynnbi b 
BeKTOpHOM npocTpaHCTBe 35 

KOOp^HHaTHblH H30MOpCpH3M 35 

KOopflHHaTbi reoMeTpniecKoro 06'beKTa 35 



KOopflHHaTbi reoMeTpHiecKoro 06'beKTa b 

Koop,o;HHaTHOM npe^CTaBjieHHH 35 
KOopflHHaTbi npeflCTaBjieHHa 31 
KpHBH3Ha KapTaHa 74 

jieBOCTopoHHee KOBapnaHTHoe 

npe^CTaBjreHHe rpynnbi 23 
JieBOCTopoHHee KOHTpaBapnaHTHoe 

npeflCTaBJieHne rpynnbi 23 
jieBOCTopoHHee npeo6pa30BaHne 23 
jieBbiii CflBnr Ha rpynne 24 
jiHHenHoe npe^CTaBjieHne rpynnbi 29 
jiOKajibHaa CHCTeMa OTCieTa 40 

MeTpHKO-acpcpHHHoe MHoroo6pa3ne 47 
MHoroo6pa3ne 6a3HCOB a4>cp HHHOro 

npocTpaHCTBa 33 
MHoroo6pa3ne 6a3HCOB BeKTopHoro 

npocTpaHCTBa 31 
MHoroo6pa3ne 6a3HCOB eBKjiHflOBa 

npocTpaHCTBa 34 
MHoroo6pa3ne 6a3HCOB n,eHTpo-acp(pHHHoro 

npocTpaHCTBa 33 

HeBbipojKfleHHoe npeo6pa30BaHHe 23 
HerojiOHOMHaa KOop^nHaTa 43 
HerOJIOHOMHbie KOOpflHHaTbl BeKTopa 41 

HerojiOHOMHbie Koop^nHaTbi Ha 
MHoroo6pa3HH 43 

HerOJIOHOMHbie KOOp^HHaTbl CB5I3HOCTH 41 
HeMeTpHHHOCTb 47 

06'beKT HerOJIOHOMHOCTH 43 

OflHOpoflHoe npocTpaHCTBO rpynnbi 26 
o,o;HOTpaH3HTHBHoe npe^CTaBjieHne rpynnbi 
26 

opSnTa npe^CTaBjieHna rpynnbi 25 
opTOHOpMajibHbiii 6a3HC 34 

OTKJIOHeHHe TpaeKTOpHH 77 

napajuiejiorpaMM 48 
naccHBHoe npeflCTaBjieHne 32 
naccHBHoe npeo6pa30BaHHe Ha 
MHoroo6pa3HH 6a3HCOB 32 
nepBbin 3aKOH HbioTOHa 75 
nepeHOC KapTaHa 72 
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Ilpe,a,MeTHi>iH yKa3aTejib 



nepeHoc OpeHe 67 
nOTemjHajibHaa SHeprna 75 
npaBOCTopoHHee KOBapnaHTHoe 

npeflCTaBJieHHe rpynnbi 24 
npaBOCTopoHHee KOHTpaBapnaHTHoe 

npeflCTaBJieHHe rpynnbi 24 
npaBOCTopoHHee npeo6pa30BaHne 23 
npaBtiii CflBHr Ha rpynne 24 
npe^CTaBHTejiB reoMeTpHnecKoro o6T>eKTa 

b BeKTopHOM npocTpaHCTBe 36 
npe^CTaBjieHne rpynnBi 24 
npeo6pa30BaHHe Jlopemra 41 

npHHIJHn HHBapnaHTHOCTH B BGKTOpHOM 

npocTpaHCTBe 36 
npoH3Be^;eHHe reoMeTpHnecKoro o6 r teKTa h 

KOHCTaHTbl B BeKTOpHOM npOCTpaHCTBe 

36 

npoH3BOflHaa KapTaHa 72 
npoH3BOflHaa JIh 68 
npoH3BO^;Haa JIh mgtphkh 68 
npOH3BOflHaa JIh CBa3HOCTH 68 
npaMoe npoH3Be#eHHe npe^CTaBjreHHH 

rpynnbi 25 
ncpacpcpOBa npoH3BOflHaa 40 

CBa3HOCTb KapTaHa 72 
chmboji KapTaHa 72 
CHHxpoHH3au;Ha CHCTeMbi OTCieTa 53 
CHCTGMa OTcneTa b npocTpaHCTBe coSbithh 
40 

CKajiapHMH noTGHL(Haji 75 

CKOpOCTb OTKJIOHeHHa 77 

CTaHflapTHbie KoopflHHaTbi 6a3nca 32 
cyMMa reoMeTpHiecKHx o6 r beKTOB b 

BGKTOpHOM npOCTpaHCTBe 36 

TeH3op KpyneHHa 47 

TeH3op Hanpa^KeHHOCTH nojia 76 

TpaH3HTHBHoe npeflCTaBjieHne rpynnbi 26 

ypaBHeHne KnjiHHra 71 

ypaBHeHHe KnjiHHra BToporo po^a 72 

(popnia KpyneHne 47 

ijeHTpo-acpcpHHHbiH 6a3HC 33 

SKCTpeMajibHaa KpHBaa 65 
acpcpeKTHBHoe npe^CTaBjreHHe rpynnbi 26 

HflpO He9(p(peKTHBHOCTH npeflCTaBjieHHa 
rpynnbi 26 



DiaBa 12 



CneijHajTbHbie chmbojim h o6o3HaHeHHa 



An aepcpHHHOG npocTpaHCTBO 33 
a *<!> npOH3BOflHaa 73 

HerojiOHOMHtie KOopflpmaTbi BeKTopa 
41 

a 1 rojiOHOMHtie KOopflHHaTu BeKTopa 41 

B(A n ) MHoroo6pa3He 6a3ncoB acp(pHHHoro 

npocTpaHCTBa 33 
B(V) MHoroo6pa3He 6a3HCOB BeKTopHoro 

npocTpaHCTBa 31 
B{CA n ) MHoroo6pa3He 6a3HCOB 

i(eHTpo-acpcpHHHoro npocTpaHCTBa 33 
B(£ n ) MHoroo6pa3He 6a3ncoB GBKjrtiflOBa 

npocTpaHCTBa 34 

CAn ijeHTpo-acpcpHHHoe npocTpaHCTBO 33 

(di,ds l ) KOopflHHaTHaa cncTGMa OTCieTa 
40 

D a 1 npoH3BOflHaa KapTaHa 72 
Da 1 npOH3BOflHaa 73 

npoH3BcmHaa b^ojtb bgktophoto nojia 
e(fe) 42 
D5x i 

CKOpOCTB OTKJIOHGHHa 77 

ds 

e =< O, et > acpcpHHHBiii 6a3HC 33 

e 6a3HC BGKTopHoro npocTpaHCTBa 31 

ey 6a3nc b BeKTopHOM npocTpaHCTBe V 31 

e =< Hi > H,eHTpo-acp(pHHHbiH 6a3nc 33 
e> k ' cpopMa chctgmbi OTCieTa 40 

£n GBKJIHflOBO npOCTpaHCTBO 34 

e =< Hi > opTOHopMajibHbifi 6a3HC 34 

£nm nCGBflOGBKJIHflOBO npocTpaHCTBO 34 

e\ CTaHflapTHBie KoopflHHaTBi 6a3nca 32 

k 

CTaH^apTHBie KOop^HHaTBi chctgmbi 
OTCieTa 39 

ZU) BGKTOpHOG nOJIG CHCTGMBI OTCHGTa 39 

efc bgktop 6a3Hca 32 
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e =< eu\,i G / > CHCTGMa OTCieTa 39 
e = (e( fe j , c?' fc ' ) cncTGMa OTcnGTa, 

paCIIIHpGHHOG OnpGflGJIGHHG 40 

GL (An) rpynna acpcpHHHBix 

np6o6pa30BaHHn 33 
G(V) rpynna roMOMopcpn3MOB bgktophoto 

npocTpaHCTBa V 31 

L(a)b jigbbih CflBiir 24 

C(T^ >C npOH3BOflHaa JIh CBa3HOCTH 68 

£-£9ab npon3BOflHaa Jin mgtphkh 68 

L(g)e naccHBHOG np6o6pa30BaHH6 32 

i(M) MH05K6CTBO JieBOCTOpOHHHX 

H6BBipO>K^6HHBIX npG06pa30BaHHH 
MHOJKGCTBa M 23 

0((w,f v ),a G G, (wA(a)- 1 ,L(a) : i v )) 

rGOMGTpHHGCKHH 06^6^ B 
KOOp^HHaTHOM npG^CTaBJIGHHH 35 

0(v, geG, f(g)v) = {w = f(g)v : g G G} 
opSnTa npc^CTaBjiGHHa rpynnBi G 25 

R(g)e aKTHBHOG np6o6pa30BaHH6 31 

Rbde KpnBH3Ha KapTaHa 74 

JZ£y KpHBH3Ha 73 

R(a)b npaBBiii CflBHr 24 

r(M) MH05K6CTBO npaBOCTOpOHHHX 

HeBBipo>KfleHHbix np6o6pa30BaHHH 
MHO^KecTBa M 23 

V KOOp^HHaTHOe BGKTOpHOG npOCTpaHCTBO 

35 

(l/) KOOp^HHaTBI B BGKTOpHOM 

npocTpaHCTBG 35 

V BGKTOpHOG npOCTpaHCTBO 31 

0((w, ew, ey)> a G G, (wA(a)^ 1 , L(a)e w , L(a)e v )) 

rGOMGTpHHGCKHH o6t>GKT B BGKTOpHOM 

npocTpaHCTBG 35 
a:'*' HGrojiOHOMHaa KOopflHHaTa 43 

Sx k OTKJIOHGHHG TpaGKTOpHH 77 

<5 TOJK^GCTBGHHOG npG06pa30BaHHG 23 
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Cneu,najibHbie chmbojim h 0603H&H6HH3 



<5fc = (<5|) o6pa3 BeKTopa S e npn 

H30MOp4>H3Me B KOOpflHHaTHOe 
BGKTOpHOG npOCTpaHCTBO 35 

(k) 

(^(3) Her0J10H0MHBie KOOp^HHaTBI 
CB5I3HOCTH 41 

r(CY kl chmboji KapTaHa 72 

Ft, CBS3HOCTB 73 
_ t. 

1 y TOJlOHOMHbie KOOpflHHaTbl CBH3HOCTH 
41 

r\ l CB33H0CTB KapTaHa 72 

W, \/,\ oS^eKT HerOJIOHOMHOCTH 43 

w(0 

V; a 1 npoH3BOflHaa KapTaHa 72 
V;a ! npOH3BOflHaa 73 



